QED/FIELD THEORY OVERVIEW: PART 1

Wholeness Chart 5-4. From Field Equations to Propaganar©bservables
Heisenberg Picture, Free Fields
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density, free for photons

" quantization
Postulate #1

Bosons: Quantum field (or equivalently}{) same as classical, fields are complex, larrd..
Spinors: Dirac eq from RQM with states fields. DeduceC from Dirac eq;H from Legendre transf.

QFT Lagrangiarn
density, free

£22=(0,0'0°0- 11%p'p)

Lr=glio-my 2=y,
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2" quantization
Postulate #2

Bosons:[qd (x.t) ,ﬂs(y,t)} = [qd T 1y } =id J(x-y), ¢' = any field, other commutators = 0.

Spinors: Coefficient anti-commutation relationsgll coefficient commutation relations for bosons

Bosons: using conjugate momenta expressionsyialds |

Equal time [A”(x bR (y t)]
commutators - . : A o '

(intermediate [qo(x,t) ’(o‘r(y’t)J = |5(x—y) Not needed for spinor derivation. s

step only) =-ig™"o(x-y)

Bosons: Using free field solutions frwith 3D Dirac delta function (e.g., for discretdigions,
+o00 .
3(x-y) =vi > e KnY) ) "and matching terms, yields the coefficient cortatars|.
n=-—oo

Coefficient t 0T _ ' ey | = e to
Coeficient I [a(k).a'(«')]=[ o) 5 k)] | [a ()< (P)] = d(p) A ()] | [ar(k)as k)]
discrete = O :Jrsdpp. =Z;5584<k’ {0="1,{123=1
continuous =d(k -k") =5s9(p-p’) ={,0s0(k —k')
Other coeffs All other commutators = 0 All othetimommutators = 0 All other commutators = 0

The Hamiltonian Operator

Substituting the free field solutions into the figamiltonian densit{Ho, integratingHg =f7-{od3x, and
using the coefficient commutatorsn the result, yieldg. Acting on states withlg yields number operator

Ho Yea(Nafk)+5+m(k)+3) | ZE (N ()= N (p)=3) | Zeac(Nr (k) +3)

k f ,

Na (k) =a' (k) alk Nr(P)=6"(p)g (p
Numbter a( )_ T( ) ( ) _r ] T( ) ( ) Nr(k)=Zr6}T(k)f%(k)
operafors Np (k) =b" (k) blk ) Nr (P)=d"(p) ¢ (p)

Creation and Destruction Operators

EvaluatingNa (K) a(k) |nk) (similar for other particle types) withand the coefficient commutators yielgds
creation a'(k),b'(k) ¢ (p), a "(p) ar (k)
destruction a(k),b(k) ¢ (p). 4 (p) ar (k)

Normaliz factorg
lowering

raising
tot particle num

tot particle num;
lowering

raising

a(k)Ine :\/E In¢ D ¢ (p) ‘//r,p> =10) as with scalars
a'(k)In)=/n+1In+D | c(p)I0)=

N(¢):;(Na(k)_l\’b(k) N@w)= (N (p) - Nr (p)) N(A”):Z Nr (k)
P,r

k,r

wr,p> as with scalars

Q= §0++ gp_ [//:[/j++[/j_ A/'I+

g =¢" +9"” g=y"+y A

n
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Four Currents and Probability

Four currents
(operators)

j””u:o

i#=(p)=-i(¢

Ho-gtg)

i“=(pi)=0v"y

j,u = (Aa"‘”Aa _ AC’,,qurf)

=0 for photons(A,:,T = Au)

Emphasis in field theory is usually on the numbfgparticles (k) operator), and particle probability
densities are rarely used. For completeness, howane to make the connection with quantum mecisa

they are included below. (Antiparticles would haaegative values of those below!)

nic

for QFT states

p(x.t)=

Single particle , .0 ,
robabilit {o(x.0] i° ()] elx.0) —_— .

b y As at left, but with Dira¢® above = 0 for chargeless particles
density (not Note integration ovek', notx ' ¢ : g p :
operator) _1

For typea plane wavep =y
Charge, not Scalar typéb particle— negativep. Photons— p= 0.
probability Led to conclusion that is really proportional tahargeprobability density.

Observables
Observable operators like total energy, three maamenand charge are found by integrating corresimgnd
density operators over all 3-space. (For spin #gtedns assumed below wih= - €)
. BT (Nalk) () [R=SE(NEINE) BT (K
p.r ,
. = 3- - a = + _r =

P =3 P Zk(N (k)+ Nb(k)) P—Zp(Nr(p) N (p)) P=> kN (k)
momentum K p.r k.r
g qi* =q(p.) q( i —(constan)) - 0,8 = ( 0 for photons

J-sodg’ X= jsod3x=
Q < 0 for photons

DICHORLNQ) ~e2 (M (p)- N (p) P
Spin operator -5 =10 0 i=123
for RQM states | N/A ' 2|0 o magnitude = 1 for photons,
and QFT fields o, =2D Paulimatrices
Helicity operatol s.p
for RQM states | N/A ﬁ helicity eigenstates
and QFT fields P
Spin operator + 3 : _
for QFT states N/A J-l/l Zdex magnitude = 1 for photons,
. . Z.

Helicity operator J.I/IT [ijwd 3x helicity eigenstates
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Bosons, Fermions, and Commutators

Operations on states with creation, destructiod,raimmber operators above yield the properties belo

W.

Properties of
states:

na (k) =0,1,2,...00
So spin 0 states bosonic.

n; (p) = 0,1 only
So spin ¥z states fermionic.

n (k) =0,1,2,...00
So spin 1 states bosonic.

Bosons can only
employ
commutators

Fermions can

If anti-commutators used
instead of commutators with
Klein-Gordon equation
solutions, then observable (ng
counting vacuum energy)
Hamiltonian operator would
have form

Ho’ = 0 andHg® lpk) =0 ji.e.,

Commutators lead to 2 or more
identical particle states co-existing
same multiparticle state. Anti-
tcommutators lead to only one giver
single particle state per multi-partic
State.

Therefore, commutators cannot be
used with spin %2 fermions.

Same as spin 0.

only employ o
anti- all scalar particles would have| This is further proof that we need
commutators | zero energy. commutators with bosons.
Hence, we cannot use
anticommutators with spin 0
bosons.
The Feynman Propagator
Creation and destruction of free particles (& patiicles) and their propagation visualized below.
time time time time time time
. y y y y y v
eynman . &
diagrams RN 4 AN y ‘%ﬁg ﬁH
g \‘\ / & _YT
x x E / A S
a) ty<tx b) tx<ty a) ty<ty b) tx<ty a) fy<ty by tx<t,
Step 1 If t, <ty T{qp(x)qp*( y)} =¢(X¢'(y),ie. theg'(y) operates first, and should be placed on the right
Time ordered | If ty<t,, T{qo( X) @' ( y)} =¢'(y)¢( %, i.e, thep(x) operates first, and should be placed on the.right
operatorT
P Note thatg(X) commutes withg' (y) forx# y. [Fermion fields anti-commute.]
ot — i — — v
Transition <0|T{¢(X)¢ (y)} |0) = A ‘ <0|T{¢/a(x)417/3(y)} |0) = iS4 ‘ <0|T{A/j(x) A ( 9} 0) = iD.*
amplitude The above vacuum expectation values (transitionliandps) represent both
(double density 1) creation of a particle at y, destiarctat x, and - ,
in x andy) } transition amplitude = Feynman propagator

2) creation of an antipal

rticle at x, tdestion at y
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Step 2

Propagator in
terms of two

By adding a term equal to zero to the Feynman matos above, it can be expressed as
vacuum expectation values (VEVs ) of two commutator

commutators
i (x-y)= iSeqs (x= ) = D (x=y) =
(o[ (x) @ ()]0 ty<t Olfwz () @3(N) 1,19 ty<tc | (o A (x). &7 (9]0 t,<
O (V)@ (9]0 =<ty | ~(0[@5(y) wa(X]19 te<ty | (O A (y). 247 (]O k<t
Step 3

As 3-momentun
integrals

With the coefficient commutation relations, the ebdwvo commutators (for each spin
type) can be expressed as two integrals over 3-mtumespace

DefiBitilon]c of [¢+ (x) ,qﬁ'(y)] =ia"(x-y) [t//;(x) ,t,z'//}(y)]+ =iSe( X Y [A (X)), A ( 30] = iD"F(x-y)
symbols for : _ . _ _ . _ o
commutators [CUH(Y) @ (X)]= A" (x-y) ‘[Wﬁ(y) ’l//a(x):|+ =iSs(x Y |~ (y) A (X)] = iD"" (%=
, Fip(x-y)
+ 1 g k) 3 5" =— : J.(/pi m)e d’p uvt UV At
AT = d>k 3 E iDAY= =—g#Vin~
2(277_)3 CL{( 2(2”) P g
A*, S, D" represent particled”, S, D"/~ represent anti-particles. Symb@&S =S*,z
Although fields such agare operators, because of their coefficient coratian relations, each integra
above is a number, not an operator. The expectasitue of a number X is simply the same number
((0]X]0=X(0]0=X. So, the Feynman propagator will also be singphumber (no brackets needed.)
Step 4 . . . . :
Contour integral theory (integration in the compdane) permits the above two integrals
ﬁ]“:‘e‘;?gltgur (for each spin type) over real 3-momentum spadetexpressed as contour integrals.
i UVE
iAi - isi: |D -
o o e -ik(x-y)
. ik(x-y) . ip(x=y) Fig” e’ 4
Ti I+e oy il (p+m)e dp Pl —d%k
(2”)4 c* k2_#2 (2”)4 c* p2_m2 ( 7T) ,u
photon=0
Step 5 Taking certain limits with contour integrals in tbemplex plane yields a single form for the

As one integral

Feynman propagator that works for any time ordeaind will prove more convenient.

in physical
space

in momentum
space

Ap (x-y)=
. e—ik(x—y)
(2n)4'[k2—,uz+i£
1
A (K) =
F( ) kz_ﬂ2+i£

d*k

SFa,B(X_ 3&:
, ﬂﬂ+®€“*”

d4
(27) p>-m’+ie P

__ptm

SFa,B(p)_pz_mz_,_ig

DE" (x-y) =
—g" e_ik(x_y)d4k
(2n)*? K*+ie
AV
DA (k) =—3
F ( ) k2+i£
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