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1 Delta Function Units
Note first that the Dirac delta function has ineeuits of its argument. For example, in
[3(x=x)dx=1 (unitesy [ f(QS(x %) de { § ( units of function , 1)
J(x — X) has units of ¥ (cm ™ in cgs unitsM  in natural units). Similarlyg (k — K) has units of X (cm
in cgs, since units of wave numbeare the inverse of length unitd; ™ in natural units).

In 3D, 3® (x — x') [often just written asy (x — x)] has units of 1/volume (ctin cgs,M °
natural units);0® (k — k" [often just written ad (k —k’)] has units of volume (chin cgs,M 2 in
natural units).

2 Creation and Destruction Operator Units
Thus, in the 3D relation for the coefficients o ttontinuous solutions,

[a(k).a (k) |=8(k-k), )
the delta function has units ofk®/(M ~* in natural units), so tha(k) and a'(k) operators each have

units of 1/ vk (M ~32in natural units).
So, in
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given thatw andk have the same units, aatk) has units as shown just above (3), tigdras units ok
(Mt in natural units)b(k)

Note thatghaving units ok (M) in the discrete case
1 —|kx Lkx i

p(x) =) —— + e, (3-37a) intext,  (4)
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means thaa(k) in that case is unitless. This follows from tlmeenutation relation



[a(k).a" (k') |= 3 discrete case, (5)
sinced is unitless.

3 Hamiltonian for Continuous Solutions

From www.quantumfieldtheory.info/H_operator_and_noneigaates.pdf equation (37) therein,
for continuous solutions, the Hamiltonian operasgor

H = [ o (A7 (k) +15(0) + A5 (k) +15(0))dk
Ny(k)=a(k)a(k) Ny (k)= b (k) b(k) (continuou$

(10-8) irSFQF Ttext. (6)

For the vacuum terms in (6), tld€0) factor of infinity has units of I(space vol), or equivalently,
since k| = 2771 (A is wavelength), units of space volume. Thé(0) represents the infinite volume of
space over which our HamiltoniaH represents the total energy. Thus, thgphysical) space
Hamiltonian volume density for the vacuum energy is

Hyac = F\'/VaC = [ (3 +3)d%k =[x k. 7

Note, from (6), that the vacuum terms factor osidimensionless (no units). That is,

1= ((number of vacuum particle stajy  unit vokinpas@) { unit vol inx spade

e (8)
dimensionsM~/ M~ = dimensionless .
4 Number Operator Units
For the number operator relations
Na(k)=a'(k)a(k) (discretd Ny(k)=4d (k) ak) ( continuoys, 9)

we know thatN,(k) is unitless (a number operator without dimensjioRsom the Hamiltonian operator
for continuous solution scalars (6), we see figk) is a number density operator (densitkirspace).
That is,

Na (k) Ay (k) = (number of real particle stafes  unit volkin  space dimerssibhM®  (10)

These operators act on all states spread throligh»akpace, as our integrationsxrspace (as well
ask space) in the continuous solution approach ara fro to +o in all directions.

5 Creation and Destruction Operators Derived: Continuous Case

In parallel with the discrete solution derivatiohSect. 3.6.1, pg. 58, @FQFT, consider the&th
wave component of a wave packet kethgs Then

A (K)Ine)=ne|ne) (11)

wheren, has the same units A§(k), i.e., (number of real particle statek)#pace vol). Note carefully,
thatny is for all space (infinite spatial volume).



We then ask, what is
a(k)|n)=|m)? parallel to (3-71) for discrete case inttex12)

Ny (K)my =A% (k) a(k)|n) = d (k) dk) dk)| ) parallel to (3-72) (13)

%,—/
use commutator

=(a(k)a" (k) -o(0)) a(k) [ n) = dk) d (k) 4k)| v)-5(0) 4k)| R)= &) W(K)| W-3(0) &) W)

(14)
=a(k)ne| ne)=5(0) alk)| )= m 4k)| w)~5(0) 4k)| w)=( n-5(9) &) w=(w-3(9) & -
So,
NVa(K)Im)=(nc-0(0) m)= m|m)  w= p-5(0)  parallel to (3-74).  (15)

In (15), my and n¢ are for all space (infinite in size in our conws solution math where all
integrals are over « to + ). Thus, for any finite number (however small)kostates per unit volume
of spacem andny must be infinite.

If we define new quantitiegny and,my as spatial densities, i.e., as humber per untiadpalume,
such that

_ number ok fields per unk volume

I _ , - , 16
M = uMk Voo M= um¥% uR u e unit volume of space (16)

then the RHS of (15) becomes

me=n-\%L=ymV=,RY¥- VY. 17)
Dividing (17) byV,, we have
uM = N1, (18)
and thus, from (15),
Nal(k
2aljm)=(,n-1im)= ) ) (19)

00

(18) and (19) remind us of (3-74) BFQFT But, whereas (3-74) implied(k) in the discrete
solutions case decreased the total numbérsihtes by one, here in the continuous solutioss, atk)
decreases the states per unk volume per unik volume by one.

Similar analysis leads ta*(k) in the continuous state increasing khetates per unk volume per
unit x volume by one. Thus, the continuous solutions fagefts a(k) and a'(k)are respectively,

destruction and creation operators. By paralleicldg(k) and b*(k)behave in the same way foitype
states.



