Student Friendly Quantum Field Theory Volume 2 — The Standard Model
Proofs of Gamma Matrices Trace Relations (5-87), Page 160
by Luc Longtin

From (5-49) and (5-51), we have: yy® =1 and Yoy® = —y%y>
We also recall the cyclic property of traces, namely Tr (4B) = Tr (BA).

Tr (yyf ..v*yY) = Tr (SyS yyP .yHyY) ...then, using the cyclic property
e
=1

Tr (y*y# ...y”y") = Tr (ySy*y* ...y”y"yS)

Using the anticommutation of y° with any of the gamma matrices, we can then move, say, the y° matrix at the right end,
to the left, right before the y* matrix. For an initial odd number of gamma matrices, such a moving of the y° will pick up
an odd number of (—1) factors. Therefore:

Tr (yyf ..v*yY) = =Tr °y> y*¥¥ ..v*yY) (odd number of initial y’s)
——
=1
Tr (Va]/ﬁ ---V”Vv) = —Tr (]/“yﬁ ...y”y") (odd number of y’s)
So: Tr (y“yﬁ y”y") =0 (odd number of y’s)

Now, using the cyclic property of traces, we have that:

Try® =Tr (iwﬁ) = Tr (iy3y%y1y?) buty®yf = —yBy® (a £ p)...
A B
Try® = (=1)3Tr (iy°y'y?y3) = —Try> 50
Next: Tr (¥°>y%) = Tr (y*y®) = Tr (—y>y%) (using (5-51), y°y%* = —y%*y>)
Tr (%) = =Tr (5y®) so |Tr (¥y®) = 0]

Or, using our first result above, since y°> consists of 4 gamma matrices, and so y>y* consists of 5 (an odd number of)
gamma matrices, it follows immediately that Tr (y°y%) = 0.

Next: Tr (ySy“yﬁ ) Using the cyclic property of the trace, then anticommutation, we get...
Tr (y5y*y#) = Tr (yPy5y%) = —Tr (ySvFy?) (moving y° to left one place)
Therefore, the trace must be fotally antisymmetric in the indices af5.

We recall the gamma anticommutation relations: [y“, Y ] L=2 g*P1

Casea = B: Tr (Y°y*y%) = Tr (¥°g**I) = g** Tr (¥°) =0 (no sum over @)
-0

Casea #fB: Tr (ySy“yﬁ) ...using yHy# = gt = 41 (no sum over W)

Tr (y5y%y#) = +Tr (y*y*ySy*y¥) ...choose u # aand u # B
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Because u # a and u # 8, y* will anticommute with y°, %, and y#, so we can write:
Tr (y°y*y#) = (=103 Tr (y*y°y“yPy*) = FTr (r*y5yevFy*)
Then, using the cyclic property of the trace, we can write:

Tr (ySy*y#) = FTr (y*y* ySy*yP) = =Tr (y5y%y#)
—t1

So: Tr (y5y*y#) =0

Next: |[Tr (ySy“yﬁ y”) =0 (we have an odd number (4+3) of gamma matrices)

Next: Tr (ySy*yPy#y¥) = Tr (y°y®yF[2g"' 1 — y'y*])

Tr (ySy*yPy*yY) = 2g* Tr (ySy*yP) — Tr (ySy*yPyVyH)
=0

Tr (ySy*yPy*yY) = =Tr (¥Sy*yPy¥y*)

We could thus switch any two adjacent gammas among y*y#y*y" and get a minus sign. Now if any two of these
gammas were to be the same, we could switch gammas until we would get these same gammas next to each other. Then,
their product would be 1, and we would end up with the trace of > multiplied with 2 other gammas, which we have
shown above is zero.

Therefore, in order for the trace to be different from zero, y%, y#, y#,y” must all be different. Since y°> = iy°yly?y3
contains all the different gammas, and y%,y#,y*,y" are all different, it follows that y°, ¥, ¥2,y> will each appear twice
in the product of the eight gammas. We saw that switching any two adjacent gammas yields a minus sign. So, we can keep
switching gammas until all the four different gammas stand together in pairs. Each such pair then equals 1.

So, the end resultis:  Tr (ySy*yPytyY) =i Tr (Y 'y y2y3yyPy#yY) = £i Trl = +i4
Say the order of afuv is the same as that of 0123. In that case, we get:

Tr (YSy%yPy*yY) = i Tr vy 2y 3y Oy vy 2y®) = —i Tr %Y ° vy 2y 3y v 2y?)
e —
=1
Tr (YSy%yPyryY) = =i Tr Gy 23y y2y®) = —i Tr (r iyt v2y3y2y?)

——

Tr (¥ y yPy#yY) = i Tr Py3y?y®) = i Tr <y2y2 V3V3> =—iTrl=—i4
- =

Now, if the order of afSuv is an even permutation of 0123, we will get the same result, —i4, as we would need an even
number of switches to return the order to that of 0123, which implies an even number of factors of (—1). And, if the
order of afSuv is an odd permutation of 0123, we will get the result i4. We can combine these results compactly in the
following form:

So: Tr (yS]/“yﬁ y”y") = —i4eBmv ...where e*PHV is the Levi-Civita tensor.

Page 2 of 2



