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Part Two 

Interacting Fields 
 

“The mystery was, where did the electron come from when a nucleus suffered a beta 
decay? Fermi’s answer was that the electron .. is created in the act of decay, through 

an interaction of the field of the electron with the fields of [other particles]. 
…QFT gave rise to a new view not only of particles but also of the forces among them.” 

Steven Weinberg 
The Search for Unity: Notes for a History of QFT 
MIT Press (1977) 
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Chapter 7      Version Date: December 1, 2011 

Interactions: The Underlying Theory 
 

“Physics is very muddled again at the moment; it is much too hard for me 
anyway, and I wish I were a movie comedian or something like that and had 

never heard anything about physics!” 
Wolfgang Pauli 
In a letter to R. Kronig, 25 May 1925 

 
“Like every other branch of learning, the study of the rainbow is a giant 
onion. Each cook merely succeeds in removing another layer, and then, 
after a short blush of satisfaction, some iconoclast points out that there 
is at least one more layer to be removed before the core is attained.” 

Raymond L. Lee, Jr. and Alistair B. Fraser 
The Rainbow Bridge: Rainbows in Art, Myth, and 
Science (PSU Press, 2001), p. 276. 

 

 

7.0 Preliminaries 
Within a few decades, Pauli’s 1925 consternation was well resolved by the development of QFT 

and concomitant experimental discoveries. As Steven Weinberg noted in the quote on the prior 
page, the new theory changed physicists’ worldview by providing a mathematical structure that 
framed forces (interactions) not merely in terms of exchanges in energy and momentum between 
particles, but also as the means by which particles are created, destroyed, and transmigrated from 
one type to another. The layer of Nature troubling Pauli and others had been peeled back and 
exposed. 

7.0.1 Background 
However, even within that layer, there were sub-layers. There were different kinds of 

interactions the standard model (SM) of QFT was eventually able to describe. These comprise the 
electromagnetic, weak, and strong forces. 

The first of these succumbed to theory by the 1940-50s in the form of quantum electrodynamics 
(QED), the primary subject of the remainder of this volume. The weak and strong forces, the 
subjects of the second volume in this set, came later, but by the 1970s were fundamental, fairly well 
understood, facets of QFT. 

Gravity, the fourth known interaction, seems to comprise, from a quantum perspective, a 
substantial layer of knowledge all to itself. In some way, virtually everyone agrees, it must fall 
under the umbrella of a theoretic structure encompassing it and the other three forces. However, at 
the time of this writing, a few years from the 100th anniversary of Pauli’s expression of frustration, 
we still do not have a complete theory of quantum fields that includes all four interaction types. 
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7.0.2 Chapter Overview 
In this chapter, after first discussing fundamental aspects of electromagnetic interactions in 

classical theory and RQM, we lay the general groundwork for interactions of all three interaction 
types in the SM of QFT. In the next chapter, we will narrow that more general approach to 
electromagnetism specifically and develop QED. 

First, we review classical e/m with source terms (i.e. with interactions) 
• Maxwell’s equations in 3D + 1 formulation in E, B including sources ρcharge, jcharge  
• Maxwell’s equations in 4D formulation in Aµ including 4D source sµ = (ρcharge, jcharge) 
• The classical interaction e/m Lagrangian (i.e., including sµ) 

Then, we consider RQM for e/m interactions, specifically 
• Photons represented by Aµ in Maxwell’s 4D equation including interaction term sµ 
• The quantum interaction e/m Lagrangian (i.e., including sµ) 
• The Dirac equation in ψ  modified to include e/m interaction from Aµ 
• An example: Interaction Dirac equation solves the relativistic hydrogen atom problem 

And then, interactions in QFT, including 
• The Interaction Picture (a third kind of picture beyond the S.P. and the H.P.) 
• The S-matrix (scattering matrix) and the S (scattering) operator 
• Dyson’s expansion of the S operator 
• Wick’s theorem applied to Dyson’s S operator expansion 

Free vs interacting fields 
In all prior chapters we have worked solely with free fields/particles. In the remainder of the 

book we deal solely with interacting fields/particles. 

7.1 Interactions in Relativistic Quantum Mechanics 

7.1.1 Maxwell’s Equations with Sources 
In Chap. 5, XXX Eq. (5-1) XXX, we showed the source free (no interactions) Maxwell field 

equations in a vacuum, in naturalized Gaussian units. If we include the charge density ρcharge and 
current density jcharge, these equations, in 3D + time format, describe interactions for E and B with 
electrically charged sources. 
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By introducing the potentials Φ and A, where 
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and 0 = 0 for both of (7-1)(c) and (d). 
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Re-writing (7-3) in terms of the 4-potential Aµ and the charge 4-current sµ, we can do Prob. 1 
to show 

 ( ) ( )( ) ( ) ( ) ( )charge chargewith iA x A x s x A ,A , s ,α µ µ ν µ µ µ
α ν ρ∂ ∂ − ∂ ∂ = = Φ = j . (7-4) 

If, as we did in the sourceless case, we employ the Lorentz gauge condition 

 ( ) 0A xν
ν∂ = , (7-5) 

the Maxwell 4D interaction equation in terms of the four potential becomes 

 ( )A x s .α µ µ
α∂ ∂ =  (7-6) 

For the free field case of Chap. 5, we had the same equation with the electric charge source 4-
current sµ = 0. 

7.1.2 The Classical Electromagnetic Interaction Lagrangian 
The full electromagnetic Lagrangian (density), including interactions, must give rise to (7-6) 

when substituted into the Euler-Lagrange field equation 

 0 with ; e/mn
n n

,

d
, A

dx
µν

ν
φ

φ φ
 ∂ ∂− = = =  ∂ ∂ 

L L
L�L . (7-7) 

By doing Prob. 2, one can prove that the full electromagnetic field classical Lagrangian is 

 ( )( ) ( )( ) ( ) ( )1
2

0 I

e/m

e/m e/m

A x A x x A x ,sν µ µ
ν µ µ= − ∂ ∂ −

������������������

L L

L  (7-8) 

where “0” and “I” subscripts denote the free and interaction parts, respectively, of the Lagrangian. 

7.1.3 Electromagnetic Interactions in Relativistic Quantum Mechanics 
Relations (7-6) and (7-8) hold for classical electromagnetism where sµ is the classical electric 

charge 4-current. In quantization, we assume the quantum form of the Lagrangian (density or total) 
is the same as the classical, and thus, so would be the resulting wave equation. In RQM, we would 
then consider Aµ to represent the quantum photon state (ket, wave function). Thus, (7-8) represents 
the RQM electromagnetic Lagrangian (density). 

But then, quantum mechanically, how should one interpret sµ ? In Chap. 4 (XXX eq. (4-34) to 
(4-37) pg. 92 XXX), we saw that the probability 4-current for an electron in RQM, where ψstate 
represents the electron wave function state, is 

 ( ) where 0state statej , j µ
µ

µµ ρ ψ ψ= = γ ∂ =j . (7-9) 

It seems natural to assume charge density varies directly with probability density (denser regions of 
the particle itself would be regions of higher measured charge density). Thus, we can assume 

 state states ej eµ µµ ψ ψ= − = − γ  (7-10) 

where the total charge of the electron would be (see XXX Chap. 4, (4-37)) 

 0 3 0 3s d x e j d x e= − = −∫ ∫ . (7-11) 

Using (7-6), (7-8), and (7-10), we can then represent the RQM interaction wave equation for a 
photon as 

 state state stateA eα µ
α

µψ ψ∂ ∂ = − γ  (7-12) 

with the corresponding RQM e/m interaction Lagrangian for a photon as 
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(7-12) governs the behavior of a photon (Aµ
state) in the presence of an electron (ψ state). 

7.1.4 The Electromagnetic Interaction Dirac Equation 
In Chap. 4, we studied the free Dirac equation, which described an electron not interacting with 

any electromagnetic particle (i.e., photon). In Chap. 5, we studied Maxwell’s equation for a free 
photon, not interacting with any electrons (or positrons), i.e., (7-12) with the RHS = 0. In the prior 
section we developed Maxwell’s equation for a photon interacting with an electron, i.e., (7-12). 
What we need to develop, in order to complete the picture, is the full Dirac equation describing the 
electron interacting with a photon. 

The Full Quantum E/M Lagrangian 

To this end, consider that0
e/m

L  of (7-13) represents the free photon part of the full e/m 

Lagrangian. If we assume I
e/m

L   represents the e/m interaction part for both the photon and the 

electron (since it contains factors of both), then we need only add the free electron contribution to 
(7-13) to get a Lagrangian containing all terms relevant to photons, electrons, and interactions 
between them. From Chap. 4, XXX (eq. (4-60), pg 104 XXX), we know this term to be 

 ( )1 2
0

/ a
state statei mαψ γ ψ= ∂ −L  . (7-14) 

Thus, the full e/m Lagrangian is 

 ( )1 2

1 21 2

1 1
2

11
00 0

/

//

, a
state state state state state

state state

, e/me/m
I I

A A i m e Aν µ
ν µ α µ

µψ γ ψ ψ ψ

==

   
= − ∂ ∂ + ∂ − + γ      

   
�������������������� �����������

L LLL L

L  (7-15) 

where we change superscript notation to reflect the spins of the particles in each term of (7-15). 

The Full Dirac Equation 
To find the interaction form of the Dirac equation, we use (7-15) in (7-7) with 1nφ ψ= = . The 

result (do Prob. 3) is 

 ( ) state state
state

i m e Aµ
µ µ

µγ ψ ψ∂ − = − γ  (7-16) 

As an aside, using (7-15) in (7-7) with 2nφ ψ= =  results in the adjoint full Dirac equation. 

Clarification 
Some readers may be concerned at this point that we have used the Lagrangian density 

methodology, which is normally reserved for quantum and classical fields, to develop the full Dirac 
equation for quantum states (corresponding to particles, not fields). One would expect to use the 
total Lagrangian L (integration of L over all space) instead of L, since (7-16) is a wave equation for 
interacting states, not fields. This may be a little confusing. 

The presentation above is somewhat historical, as similar logic was used to deduce the 
interaction Dirac equation, prior to the full development of QFT. Given that the classical e/m 
equation in Aµ is a field, not particle, equation, we, and early researchers, had little choice. 

However, even in the context of 1st (particle) and 2nd (field) quantization as we have come to 
understand them, the issue is not such a big one. This is because we did not employ commutation 
relations for fields Aµ and ψ, analogous to Poisson bracket relations, in the above development. It is 
the adoption of commutation relations for those fields that turns them into creation and destruction 
operators quantum mechanically. We did not do that, so Aµ and ψ  remain as states, not quantum 
fields, in the above treatment. Of course, for RQM, we would still have commutation relations for 
dynamical variable operators, such as px and X, though we would not have them for Aµ and ψ . 

7.1.5 The Relativistic Hydrogen Atom: Applying the Full Dirac Equation 

We made one assumption in determining (7-15) and thus (7-16), and this was that 1 2 1
I
e/m / ,

I=L L  

completely represented the interaction between Aµ and ψ, for both, not simply one, of them. If we 
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apply (7-16) to a real world problem, and predict the measured results, we would have good 
grounds to accept that assumption and (7-16) as valid. 

Early researchers did exactly that by applying (7-16) to the hydrogen atom and found excellent 
agreement with experiment. They found it predicted relativistic effects not accounted for by the 
non-relativistic Schrödinger equation. We do not repeat this rather extensive analysis, but outline 
the basic steps involved and the final results below. Interested readers can find the full treatment in 
Merzbacher, E., Quantum Mechanics, 2nd ed., Chap. 22 (John Wiley, 1970) or Itzykson, C. and 
Zuber, J.B., Quantum Field Theory, Chap. 2 (McGraw-Hill, 1980). 

Fundamental Steps: Relativistic Hydrogen Atom Analysis 
For the analysis of the relativistic hydrogen atom, there are two assumptions. 

1) The full (interaction) Dirac equation (7-16) governs. 
2) The e/m potential exerted by the proton nucleus and felt by the bound electron is solely a 

Coulomb (static, no moving charge sources = no magnetic fields, so A=0) potential with 4-potential  

 ( )0state
Ze

A ,
r

µ = Φ Φ = , (7-17) 

where Ze is the charge of the nucleus and r is the radial distance from the assumed point nucleus. 

Then, carry out the analysis. 

3) Express the interaction Dirac equation (7-16) in spherical coordinates. 
4) Solve (7-16) (the spinor space indices are hidden, so this is really a matrix equation) for ψstate 

using (7-17). 
5) Find the energy eigenvalues, i.e., the electron energy levels, of the eigenstate solutions ψstate. 

With the result 

6) The fine structure formula for electron energy levels found via the analysis correctly describes 
the relativistic effects on the measured hydrogen atom spectral line distribution. 

7.1.6 RQM Interactions Summary 
Do Prob. 4 to construct a wholeness chart summarizing electromagnetic interactions in RQM. 

7.2 Interactions in Quantum Field Theory 

7.2.1 The QFT Electromagnetic Interaction Wave Equations 
In Chaps. 3, 4, and 5, we saw that for each spin type, the Schrödinger picture wave equation for 

a state and the Heisenberg picture wave equation for the associated quantum field had the same 
form. In the former case, the wave equation solution was a state, i.e., a particle wave function. In the 
latter, the wave equation solution was a quantum field, i.e., an operator that created and destroyed 
states. For free scalars, this equation was the Klein-Gordon equation; for spinors, it was the (no 
interactions) Dirac equation; and for massless vectors (photons), it was Maxwell’s equation 
(sourceless, in terms of Aµ). 

It would seem natural, therefore, to assume the same thing is true for interactions. (See lower 
part of Fig. 7-1.) And thus, our interacting spinor field and photon wave equations in the Heisenberg 
picture should simply be (7-12) and (7-16) for fields, i.e., 

 A eα µ
α

µψ ψ∂ ∂ = − γ  (7-18) 

 ( )i m e Aµ
µ µ

µγ ψ ψ∂ − = − γ  (7-19) 

with the associated Lagrangian (7-15) for the ψ  and Aµ operator fields, 
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Alternatively, of course, we could go through the steps of 2nd quantization similar to what 
we did in earlier chapters, only this time it would include interactions. (See RHS of Fig. 7-1.) This 
approach would not be much different from what we did in Sects. 7.1.3 and 7.1.4 (adopting the 
classical field L as the quantum field L) except that we would also invoke field commutation 
relations for the bosons and anti-commutation relations for the fermions. By either approach we 
obtain (7-18) through (7-20) with the fields Aµ and ψ  being operators that create and destroy states. 
 

Figure 7-1. Two Paths to Quantum Electrodynamics 

7.2.2 The Naïve vs Realistic Approaches to Solving Interaction Wave Equations 
For the Hydrogen atom, we saw in RQM that one could use (7-19) (in its (7-16) form for states) 

with a simple Coulomb potential in the zeroth component of Aµ  and readily obtain a good solution. 
We could do the same thing in QFT, the only difference being that our solutions ψ  and ψ  would 
destroy and create electron states (which were the same H atom bound states found in RQM). 

But in QFT, we seek to do much more than this. We will need more general interactions between 
electrons, positrons, and photons where Aµ cannot be represented so simply and where it is not 
independent of ψ. In general, Aµ and ψ will depend on one another. That makes (7-18) and (7-19) 
into non-linear coupled partial differential equations, which are notoriously difficult to solve. 
Solving them in closed form, for all but the simplest cases like (7-17), is essentially impossible. 

So, whereas, we might naïvely consider that, for any particular problem, all we need to do is 
solve (7-18) and/or (7-19) for the given boundary and initial conditions, the reality is not quite so 
simple. We must seek other, non-closed form, solution avenues. 

Modern day computers can help in providing numerical solutions, but early researchers in QFT 
did not have such things. Also, the route those researchers did take provides considerable insight 
into the inner workings of the theory. That route, for the QFT e/m interaction theory known as 
quantum electrodynamics (QED), was forged in large part by Richard Feynman, Freeman Dyson, 
Julian Schwinger, and  Sin-Itiro Tomonaga. It involves two things, 

i)  perturbation theory, and 
ii) a trick known as the Interaction Picture. 

The first of these, for QFT, is expressed in terms of the second, as described in the next section. 
 

7.3 The Interaction Picture 

7.3.1 Review of Heisenberg and Schrödinger Pictures 
Recall from Chap. 2 XXX Sect. 2.6, pg 25-29 XXX (summarized in Wholeness Chart 2-4, which 

is repeated as the top half of Wholeness Chart 7-1 below) that in the Schrödinger Picture (S.P.), 
states are time dependent and operators are usually time independent. In the Heisenberg Picture 
(H.P.) it is reversed. States are time independent and operators are often time dependent. The key 
equation in the S.P. is the state equation of motion (top left block in NRQM is the Schrödinger 
equation, and in spinor RQM, the Dirac equation), since the operator is usually unchanging. The key 
equation in the H.P. is the operator equation of motion, since the state is unchanging (frozen in time, 
as it were). Both pictures make the same predictions for measured values, e.g., expectation values. 
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                  Wholeness Chart 7-1. Comparing Shrödinger, Heisenberg, and Interaction Pictures 

Schrödinger vs. Heisenberg Pictures (from Chap. 2 with |Ψ〉 = generic state) 

 States Operators Expectation Values 
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In H.P., the 

operator eq of motion 
Expectation value and its eq of motion are 
the same and equally key in both pictures 

 
Schrödinger vs. Interaction Pictures 
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Clarification 
Distinguishing between the partial vs. total time derivative of an operator can sometimes be a bit 

confusing. It is related to the explicit vs implicit time dependence of the operator. 
For example, the potential energy Φ of a charged particle near a capacitor depends on the charge 

on the capacitor (and typically the distance from it.) That charge could be i) dependent solely on the 
electrical dynamics of a freely oscillating circuit to which the capacitor is attached and not a direct 
function of time per se, or ii) driven by a voltage source across the capacitor whose voltage varies 
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(typically sinusoidally) with time. In both cases, the charge (and thus the potential energy 
nearby) changes in time. In the second case, it is an explicit function of time; in the first, it is 
implicit. 

Mathematically, the potential, and the charge q, in each case can be expressed as 

 
( )
( ) ( )

) potential implicit function of time ( varies in time)

)potential explicit function of time

i i

e e

i q q R,L,C,i,i i

ii q q t CV t ,

Φ ∝ = Φ

Φ ∝ = = Φ

ɺ

 (7-21) 

where R and L are circuit resistance and inductance, C is capacitance, and i is current. Thus, 

 
) 0 though often 0 implicit function of time

) 0 and so generally 0 explicit function of time.

i i
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e e
e

d
i ,

t dt
d

ii ,
t dt

∂Φ Φ= ≠ Φ
∂

∂Φ Φ≠ ≠ Φ
∂

 (7-22) 

Φi can change in time, because it depends on current i and that varies with time (i is the solution to 
the unforced RLC circuit), but is not explicitly tied to the passage of time t. 

Of course, we could have a potential at a point in space due to both a time dependent voltage 
source capacitor plus another capacitor in a freely oscillating circuit. In that case, 

 ( )) potential explicit function of timeiii q q R,L,C,i,i ,tΦ ∝ = Φɺ . (7-23) 

The partial and total time derivative behaviors for (7-23) are the same as (7-22) ii ). 
As an example, the S.P. Hamiltonian operator HS is comprised of K.E. plus P.E., where the latter 

could be like Φ above. Φ is, in the vast majority of real world situations, not an explicit function of 
time, and since K.E. is not an explicit function of time, HS is then not an explicit function of time 
either. All S.P. operators in all cases considered in this book will not be explicit functions of time. 

From the top row, operators column of Wholeness Chart 7-1, we note that S.P. operators only 
change in time (total time derivative) if they are explicit functions of time. But, in this book, we will 
always have OS ≠ OS(t), and so any OS we deal with will be constant in time. Its total time 
derivative will be zero. 

O as a Dynamical Variable Operator 
If our operator O is a dynamical variable operator like H, P, etc, then in all our cases in this 

book, since the S.P. total time derivative of O
S is zero, there is no real equation of motion for O

S
 in 

the S.P. In the H.P. (see 3rd row, operators column) the operator has a non-zero equation of motion 
if the operator in the H.P. does not commute with H. If it commutes, the operator in the H.P. is 
conserved. 

O as a Quantum Field 
In the Appendix of Chap. 3, we showed that the operator equation of motion for free relativistic 

scalar fields (OH = φ) in the H.P. (3rd row, operators column) actually reduces to the Klein-Gordon 
equation. It can be shown that the same general form reduces, for spinors, to the Dirac equation, and 
for vectors, to the Maxwell equation. 

Expectation Values for O as a Dynamical Variable Operator 
The expectation value of a dynamical variable operator is the same in the S.P. and the H.P., as 

one can see (with |Ψ〉 representing, generically, any particular state) via 

 † †

H H

H
S S S HS S S H

H

I I U U U U .

Ψ Ψ

= Ψ Ψ = Ψ Ψ = Ψ Ψ = Ψ Ψ
���������� �����

S S S

O

O�� O O O O  (7-24) 

In similar fashion, the time derivative of such an operator can also be seen to be the same in 
either picture. (Do Prob. 5 to show this.) 

Expectation Values for O as a Quantum Field 
Note that the expectation value for the Klein-Gordon scalar field operator φ, for a particular state 

of two scalar particles, each of 3-momentum k′ is, in the Heisenberg picture (see Chap. 3, relation 
XXX (3-81), pg. 59 XXX for coefficients arising from creation/destruction operators) 
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 (7-25) 

where the zeros in the second row result from the effect of each a(k) destroying (making equal to 
zero) any state not containing a scalar particle of 3-momentum k. When the a(k′) operator acts, it 
reduces the ket by one particle with resulting bracket equaling zero. Each of the creation operators 
b†(k) creates a particle in the ket, so the bra and ket differ, and the resulting bracket is zero. 

The result is zero expectation value for φ, and this would be true for whatever state, including 
the vacuum, that we choose. This effectively means that we would measure nothing if we tried to 
measure the quantum field φ. The field itself is unmeasurable. Hence, the RH column of Wholeness 
Chart 7-1 would be all zeros, as fields have no expectation values that could vary in time. 

This contrasts with dynamical variable operators, such as energy, momentum, and charge, which 
for any given state, do have expectation values and are indeed measurable. Thus, the RH column of 
Wholeness Chart 7-1 relates specifically to dynamical variables. 

In general (do Prob. 6 for practice), the expectation value for any quantum field, including spinor 
and vector fields, is zero1. 

Pick the Easiest Picture to Do What We Want to Do 
The S.P. was easier to use in NRQM and RQM. The H.P. was easier to use in QFT for free 

particles, and that is what we employed in our development of QFT in Chaps. 3, 4, and 5. 

7.3.2 The Third Kind of Picture 
 It turns out that a third picture, the Interaction Picture (I.P.) is easier to use for interactions in 

QFT. For one reason, as we are soon to find out, it facilitates use of perturbation theory in place of 
trying to solve the coupled, non-linear, partial differential equations (7-18) and (7-19). 

Additionally, the I.P. allows us to analyze interacting fields using all the results of our free QFT 
development from Chaps. 3, 4, and 5, so, we won’t have to go through similar lengthy steps for 
interacting fields. We get this huge benefit by breaking the Hamiltonian into two parts. 

Breaking the Hamiltonian into Free and Interaction Parts 
The Hamiltonian (total, not density) for e/m interactions in the S.P. can be expressed, from the 

Lagrangian density (7-15) and the Legendre transformation, as (with φ r generically representing 
any quantum field) 

 
�

( )1 21 1 1 2 3 1 2 1 3
0 0

just e/m (interaction part)(free part)0 0

/S , r / / ,
r I

SS
IHH HH

H H d x d xπ φ

=

= = − − −∫ ∫ɺ
��� ������������������

L L L , (7-26) 

where, for simplicity, we will take the symbol H as the S.P. Hamiltonian (as we did in the S.P. vs. 
H.P. treatment) and H0 as the S.P. free part of the Hamiltonian. HI

S represents the interaction part of 
the Hamiltonian in the S.P. Thus, (7-26) is simply 

 0
S
IH H H= + . (7-27) 

Note, for future reference, that for all cases in this book, 

 andI I I IH L= − = −H � L . (7-28) 

 

                                                 
1 Exceptions to this exist in more advanced areas of QFT, but please do not worry about them for now. 
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Using Only the Free Part of the Hamiltonian to Transform to the Interaction Picture 
The transformation from the S.P. to the I.P. is similar to the transformation from the S.P. to the 

H.P. (see Wholeness Chart 7-1, 2nd row, LH column) except that we only use the free field part of 
the full Hamiltonian without the interaction part. Thus, the transformation from the S.P. to the I.P. is 

 0
0

iH tU e−= . (7-29) 

where U0 is a unitary operator (see XXX Box 2-3 of Chap. 2, XXX pg. 27 XXX), where 

 †
0 S I

U Ψ = Ψ , (7-30) 

and where subscripts “S” and “I” on generic states |Ψ〉 indicate the S.P. and I.P., respectively. For 
operators, where superscripts “S” and “I” represent the S.P. and I.P., respectively, 

 †
0 0

IU U =S
O O . (7-31) 

Parts of the Hamiltonian Expressed in the I.P. 
For the free part of the Hamiltonian operator H0 = H0

S, we see that 

 0 0 0 0† †
0 0 0 0 0 0 0 0 0 0

iH t iH t iH t iH tI SH U H U U H U e H e H e e H− −= = = = = , (7-32) 

because H0 commutes with itself. (See expansion of e–iHt example in Box 2-3.) Thus, 

 0 0 0
S IH H H= = . (7-33) 

By doing Prob. 7, one can see that this equality generally does not hold for the interaction part, 

 �
†
0 0

generally

I S S
I I IH U H U H= ≠ , (7-34) 

and thus, we will represent the interaction picture Hamiltonian as 

 0
I I

IH H H= + . (7-35) 

7.3.3 Equations of Motion in the I.P. 
The I.P. equation of motion for operators is 
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(7-36) 

or 

 0

0 in this book

[ ]
I I

Id
i ,H

dt t
=

∂= − +
∂

���

O O
O . (7-37) 

where the last term, thoughout this book, is zero, because we only deal with operators for which 
∂O

S/∂t = 0 (see first line of (7-36). 
Thus, the equation of motion for operators in the I.P. depends only on the free part of the 

Hamiltonian.  
The I.P. equation of motion for states is (found by doing Prob. 8, which every reader should do) 

 I
II I

d
i H
dt

Ψ = Ψ . (7-38) 

And hence, the equations of motion for states in the I.P. depends only on the interaction part of 
the Hamiltonian. 
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The I.P. equation of motion for expectation values is (found by doing Prob. 9) 

 
I

I I
I I

d
i ,H

dt t

∂ = Ψ − + Ψ  ∂
O OO . (7-39) 

The above relations (7-27) to (7-38) are summarized in the bottom half of Wholeness Chart 7-1. 

7.3.4 Big Benefit from the I.P. 
Note (from Wholeness Chart 7-1) that (7-37) has the same form as the operator equation of 

motion in the H.P., except that we have H0 in the I.P. and H in the H.P. 
This means if we were working in the H.P. for the special case of free fields, where H = H0, then 

that H.P. special case equation of motion for an operator would be the same as the I.P. general case 
equation of motion for the operator. Hence, we can take all results we obtained for operator 
behavior in the H.P. free field development of Chaps. 3, 4, and 5 and use them, as is, in the I.P. 
general case development for interacting fields. 

 For quantum field operators (such as O
I = φ, ψ, or Aµ), (7-37) has identical form to the H.P. 

equation of motion for fields where H = H0. Thus from our note earlier on pg. 190 under “O as a 
Quantum Field”, (7-37) reduces to the Klein-Gordon equation for scalars, the free Dirac equation 
for spinor fields, and the free Maxwell equation for photons. Quantum fields in the I.P. behave just 
like the free quantum fields we have already studied. 

If you are now saying “great” to yourself, then you recognize the value of the I.P. 

7.3.5 Expectation Values in the I.P. 
Expectation values remain the same in the I.P. as they were in the S.P. (and H.P.). This should 

not be too hard to prove to yourself by doing Prob. 10. Measured values remain the same, but the 
underlying math differs. A familiar refrain in studies of the quantum realm. 

7.3.6 Visualizing States in the I.P. 
Consider a single particle scalar plane wave state expressed in the coordinate basis. In the S.P., it 

looks like, where K is a normalization factor and sub/superscript meaning should be obvious, 

 0 IiE t iE t iS iEt i
stateS

Ke Keφ φ − − +− += = = k xk x ii . (7-40) 

Note that EI is a number, a measured value if we were to measure, and thus is the same in any 
picture. Transform the state (7-40) to the I.P., 

 0 0 0 0 0†
0

see Box 2-3 expansion 

I I IiH t iH t iE t iE t i iE t iE t iE t i iE t i
S ,stateS I

U e K e e Ke e Keφ φ φ− − + − − + − += = == = =k x k x k xi i i

���������
. (7-41) 

So we see that the state in the H.P. varies in time only with the interaction energy, in accord with 
(7-38). (Use (7-41) in (7-38)). The operator U0

† takes out the H0 dependence of the ket. 

7.3.7 Bottom Line for the I.P. 
In the I.P. 

• the state equation of motion depends on only the interaction Hamiltonian HI
I, 

• operator equations of motion depend on only the free Hamiltonian H0, thus, importantly, 

• the operator equations of motion in the I.P. are the same as the operator equations of motion 
in the H.P. for free fields (i.e., for H 

I = H0 with HI
I = 0), so all operator relations derived in 

Chaps. 3, 4, and 5 are valid in the I.P., 

• meaning the free field case Klein-Gordon, Dirac, and Maxwell equations (of motion) from 
the H.P. are the same as those in the interacting case in the I.P., and so 

• quantum fields φ, ψ, and Aµ in the I.P. (the solutions to the field equations of motion) are 
the same as the free quantum fields solutions in the H.P. developed in Chaps. 3, 4, and 5. 
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So in the I.P., 
• we only need to solve the state equation of motion (7-38). 

 
Wholeness Chart 7-2 summarizes the above and provides examples from the three pictures for 

states and operators. 
 

                    Wholeness Chart 7-2: Examples from the Three Pictures 

 

7.3.8 A Subtle Point 
I don’t recommend that the new comer get sidetracked thinking too much on the following at 

this point in her/his studies. We include it here to be complete. 
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Our commutation relations for fields involve the conjugate momentum (again, φ r represents 
a generic field) 

 0for free fieldsr rr r
π π

φ φ
∂∂= → =

∂ ∂ɺ ɺ

LL
 . (7-42) 

In Chaps. 3, 4, and 5 we dealt exclusively with free fields and thus, exclusively with the free part 
of the Lagrangian L0. In this chapter, we are dealing with the full Lagrangian, L = L0 + LI. If LI 
contains no time derivatives of fields, then the RH and LH equations in (7-42) are the same. In 
QED, this is true. See LI

1/2,1 of (7-20). 
Thus, all of the relations we developed earlier involving commutators (including creation and 

destruction operator properties, number operators, Hamiltonian and charge operators in terms of 
number operators, etc.) will still hold in QED. 

For weak interactions, the interaction Lagrangian does contain derivatives, so the equality of the 
RH and LH sides of (7-42) does not hold. However, by making similar assumptions to those of this 
chapter for weak interactions, we can obtain a viable theory. More on that in Vol. 2. 

7.3.9 Operator Relations We Can Use in the I.P. 
Thus, if we stay in the I.P., we can use 
 1. free field operator solutions φ, ψ, and Aµ of Part I for interactions 
 2. free field operator creation and destruction properties for interactions 
 3. free field number operators for interactions 
 4. free field observables operators for interactions 
 5. free field Feynman propagators for interactions 

7.3.10 Notation Change 
From now on, we will be working solely in the I.P., so we will tend to drop the I superscripts (on 

operators) and subscripts (on states) indicating the I.P., except for HI
I andHI

I. 

7.3.11 “Eigenstates” in QFT 
The word eigenstate in QFT generally means a state of one or more particles for which each 

particle has a specific, definite 3-momentum, and additionally, for each fermion, a specific, definite 
spin state and for each photon, a specific, definite polarization. Such multiparticle states are 
eigenstates of the 3-momentum operator and the Hamiltonian (since a given particle energy level is 
readily deduced from its 3-momentum). In the I.P., these operators would be the free field operators 
H0 and P0. Such eigenstates are also eigenstates of number and charge operators, as we have 
developed them in Chaps. 3,4, and 5. That is, each eigenstate has a definite number of each type of 
particle and a definite charge (equal to the sum of charges on the individual particles). 

7.3.12 Summary Wholeness Chart 
Wholeness Chart XXX 8-4 XXX at the end of Chap. 8 summarizes the interaction picture results 

and all material between here and the end of Chap. 8, i..e, from operators, states, and propagators in 
the I.P. to Feynman Rules for QED interactions. Online it can be found at 
www.quantumfieldtheory.info and click on the link “Interacting Fields Wholeness Chart”. 

I strongly recommend keeping that chart by your side as you work through the rest of this, and 
all of the next, chapters. 

7.4 The S Operator and the S Matrix 
In particle theory we have many different interactions that can occur. Many different incoming 

particles can interact with one another. And for every set of incoming particles, there are multiple 
final (and often different) sets of outgoing particles. 

By way of example, one such set of incoming particles is the electron and positron of Fig. 1-1 in 
Chap. 1, pg XXX 2. In that figure, the outgoing particles are also an electron and a positron. But 
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another possibility, in which the intermediary virtual photon mutates into different particle 
types, is an outgoing muon and anti-muon. Or an outgoing tau (also called a tauon or tau lepton) and 
anti-tau. 

As another example, we could have two incoming electrons that scatter off one another by 
exchanging a virtual photon resulting in two outgoing electrons (with many different possible 
individual momenta). Or an incoming electron and a photon scattering off one another (Compton 
scattering) to result in an outgoing electron and photon (with different individual momenta). 

These different interactions have different probabilities to occur. So how do we keep track of 
each and every possible interaction, or more particularly, how do we keep track of the individual 
probabilities for each to occur? The answer, at least in principle, is something called the S Matrix, 
shorthand for Scattering Matrix (since each of these interactions can be considered a scattering 
process). 

7.4.1 The S Matrix 
Consider a column vector for which each component represents a different initial (incoming) 

quantum eigenstate (typically mulitparticle), as on the RH side of (7-43). 
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 (7-43) 

Each component of the column vector on the LH represents a different final (outgoing) 
eigenstate.  

The square of the absolute value of each component of the S Matrix connecting a given initial 
and final state equals the probability of that transition taking place. For example, the probability of 
the first initial state above, of an electron and positron with particular spins and momenta, 
interacting to become the second final state, of an electron and positron with somewhat different 
particular spins and momenta, is 

 
2†

21 21 21 probability of 1st eigenstate transitioning to 2ndS S S= = . (7-44) 

Thus, if we recall the meaning of “transition amplitude” from Chap. 1, each component of the S 
Matrix, Sfi is a transition amplitude for a particular reaction (scattering event, transition, interaction) 
between particles in particular eigenstates. 

Our job from here on out: Learn how to calculate Sfi for any given interaction. 
Note that i) the S Matrix is huge, infinite really, as it not only includes all possible types of 

interactions, but all possible momenta magnitudes and directions for each type (all possible 
eigenstates), ii) many (most) of the components of (7-43) equal zero, since many interactions (such 
as e,γ → e,e+) are impossible (for the example, because charge is not conserved), and iii) the 
diagonal components effectively represent no interaction taking place, i.e., we have the same exact 
final state as the initial state. For example, |S33|

2 represents the probability that the particles in the 
3rd (typically multiparticle) final eigenstate will be measured to be unchanged from the initial ones. 
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7.4.2 The S Operator 
You should now go back and read pgs 2-3 in Chap. 1. Note that XXX (1-6) XXX is the 

transition probability for the initial state of Fig. 1-1 to transition/scatter into the final state of the 
figure. It is the square of the absolute value of the particular component of the S Matrix connecting 
those two states. 

Note that we got to that result from XXX (1-1) (repeated below as (7-45)), which represented an 
operator acting on a ket and step-by-step converting that initial ket state into the final ket state. 

 ( ) ( )
1 21 12 2

one operator
operators that convert initial ket symbol=several
into final ket = same state as bra sub-operators

Trans amplit c d c d c d operator
Bhabha

|_______________|
x x x xx xe e A A e e e e S e eψ ψ ψ ψ+ − + − + − + −= =

�����
�����������

(7-45) 

We suppressed spin and momentum designations in Chap. 1 for simplicity, but you can begin to 
suspect that the ψ and A operators shown in (7-45) are the fields we have been dealing with for 
several chapters now. Going through the steps from XXX (1-1) to (1-6) XXX of Chap. 1, you can 
see that these operators destroy the initial particles, generate a virtual photon that propagates until it 
is destroyed, at which point the final particles are created. The bra represents the final state. When, 
after all the operator fields in (7-45) have operated on the ket, the ket has changed to match the bra, 
there are no more operators left, only a number sandwiched between the bra and ket, which we call 
SBhabha. The bra and ket inner product is one, so we are left with the number SBhabha as our 
transition amplitude, i.e., as our associated component of the S Matrix. 

Thus, where we express the spin and momenta explicitly, 
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 (7-46) 

So, for any interaction, we seek an operator Soper, fi such that sandwiched between the initial state 
ket and the final state bra, it gives us a number that equals the transition amplitude (i.e., the relevant 
Sfi component.) 

That is, for the operator Soper,fi 

 ( )no sum on orfi oper , fiS f S i i f= . (7-47) 

Note that, Soper,fi takes the initial eigenstate into the final eigenstate. 

 ( )no sum on oroper , fi fiS i S f i f= . (7-48) 

7.4.3 General (Non-eigen) States 
Beyond the single final eigenstate of (7-48), we seek a most general form of Soper, such that the 

same Soper will give us the appropriate Sfi regardless of the initial and final states. That is, one single 
operator Soper that can be used for every possible initial ket and final bra of (7-47), but gives us 
different (and correct) Sfi numbers for each different interaction. This is what we will soon 
determine. 

Note that a given initial state of certain particle types (such as an electron and positron) can 
result in any of several possible final state particle types (electron and positron, muon and anti-
muon, or tau and anti-tau). Further each of these final particle combinations can have different 
individual momenta from that of the initial particles (though the total momentum would be the same 
as initially), and thus there are many possible final eigenstates even for the same final particle types. 
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transition amplitude 
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and |f〉 found from 

similar operator 

acting on |i〉  

We seek a single 
operator Soper that 
includes all such 
operators, i.e., that is 

good for any |i〉 or |f〉 
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 So for any given |i〉, there are many possible |f〉, each with a different probability of 
resulting from the interaction. The final general state is a sum of eigenstates each having a certain 
probability of being detected when the state is measured (when general state collapses to an 
eigenstate). Symbolically, where Cf is the amplitude of the normalized fth final eigenstate, 

 

� �

( )1 2

general yields
final state all final

eigstates

1 2 3

1st final 2nd final 3rd final
eigenstate eigenstate eigenstate

f oper oper , fi oper , i oper , i
f f

oper

oper , i oper , i oper , i

S

F C f S i S i S S ... i

S i S i S i

= = = = + +

= + +

∑ ∑
���������

����� ����� ���
1 2 31 2 3i i i

fi
f

.... S f S f S f ...

S f .

+ = = + = + = +

=∑

��

, (7-49) 

From comparison of the last line with the second part of the first line, we see that Sfi is the 
amplitude of the normalized fth final state, and thus we have the 

 
2† †probability of measuring final state given initial state f f fi fi fif i C C S S S= = = . (7-50) 

Since the total probability of finding some final eigenstate upon measuring is one, then 

 
2

1 conservation of probabilityfi
f

S =∑  (7-51) 

(7-51) is called the conservation of probability relation, because our probability of measuring the 
initial state before the interaction was 1, and the probability of measuring some one of the final 
states is 1. (We can’t measure nothing after the interaction. We must, with a probability of 1, 
measure something and all possibilities are included in the general final state.) 

7.4.4 Finding the S Matrix from the S Operator 
From (7-49), we can find any given Sfi component of the S Matrix, such as the f = 2 final state, 
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 (7-52) 

In general, 

 fi operS f S i .=  (7-53) 

7.5 Finding the S Operator 
You may now be thinking that since we have the creation and destruction operators we need 

already from our theory so far, we can simply use them in relations like (7-45). To some degree, you 
may have a point, but there is a formal theory giving us the form of Soper, and we shall develop it 
here. For one reason, we would not know the appropriate constants to use in a relation like (7-45) 
without the full theory. Additionally, there are subtler issues we have yet to bring up which that 
theory addresses, but our simplified approach does not. 

7.5.1 The S Operator from the State Equation of Motion 
We can find the Soper we seek from the state equation of motion, the only thing we haven’t 

already solved for in the I.P. formulation. In the I.P., our state equation of motion, where |Ψ〉 
represents a generic state (multiparticle typically), is 

 ( ) ( )I
II I

d
i t H t
dt

Ψ = Ψ . (7-54) 

In terms of the notation in (7-54), and with subscripts i and f indicating initial and final, 
respectively, 
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 ( ) ( ) ( ) ( )fi f oper f i i oper f iII
f

F S f t S t ,t t S t ,t i= = Ψ = Ψ =∑ , (7-55) 

where we note the Soper must be a function of the initial and final times. Taking our final time tf as 
time t in (7-54) (the state at time t is the final state in effect that has evolved by time t), we have 

 ( ) ( ) ( )oper i iI I
t S t,t tΨ = Ψ . (7-56) 

Using (7-56) in (7-54) yields 

 ( )( ) ( )( )I
oper i I oper iI I

d
i S t H S t
dt

Ψ = Ψ . (7-57) 

This becomes 

 ( ) ( ) ( )
0 as ket not

function of

oper I
i oper i I oper iI I I

t

dS d
i t iS t H S t

dt dt
=

Ψ + Ψ = Ψ
�����

, (7-58) 

and thus the differential equation for Soper is 

 
oper I

I oper

dS
i H S

dt
= . (7-59) 

This has the solution 

 
�

take
= 1

I
I

t

ti
i H dt

operS K e
′− ∫= , (7-60) 

where things work out best if we take the arbitrary constant K in front equal to unity. Note, for t = ti 
in (7-60), Soper must = I, the identity operator, and this agrees with (7-56). 

Our final form for Soper with t=tf  in (7-60) is (note the incorporation of the Hamiltonian density) 
 

 

4f
f

V

t It I ItI iti

ii

oper

d xH dt
S e e

−− ∫ ∫∫= =
H

. (7-61) 

In principle (it isn’t so simple practically, as we will see), if we know HI
I, we know Soper, and we 

can find the S matrix from (7-53) 

 fi operS f S i= .
�

( )
4

1 eig th eigensum
state state hereof eig states

f I
I

V

t

ti
i d x

oper i

iF

f S i f e t
−

=

∫ ∫
= = Ψ

��� ���

H

 (7-62) 

Importantly, note that because (7-61) is a unitary operator (see Box 2-3 of Chap. 2, XXX pg 27 
XXX) the norm (“length” in abstract Fock space) of |F〉 remains the same as that of |i〉. If |i〉 was 
normalized to unit norm, then so must |F〉 be, i.e., 

 †If 1 then 1 I 1oper operi i , i i i S S i F F= = = = = . (7-63) 

If each |f〉 is normalized to have unit norm (which for us it always is), then from (7-62) and 
(7-49), (7-51), the conservation of probability relation must hold. 

7.5.2 Ways to Visualize the S Operator 
There are two ways we can visualize the operation of Soper on a state. 

Physical Space Example 
Consider our Chap. 1 example of an incoming e– and e+ annihilating one another to become a 

virtual photon, which in turn mutates into an outgoing e– and e+. Each possible outgoing state could 
have different momenta for the two particles (with same total momentum). Each such state would 
be a different possible (multiparticle) final eigenstate. Each would, in general, have a different 

Differential equation 
for Soper 

Solution = Soper 

If  initial state had 
unit norm, because 
Soper is unitary, final 
general state has unit 
norm 
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probability of being measured from the other final eigenstates. Of course, we could also have 
final states of fermion pairs µ –µ + or τ  –τ +, each with many different possible momenta states. So, 

 1 1 2 2 1 1 2 2 1 3 2 4 1 1 2 2
1

1 1 2

11 21 1

electron-positron final states muon-antimuon final state

i f f

operr , r , r , r , r , r , r , r ,
e ,e S S e ,e S e ,e ... S , ...µ µ µ

= = =

− + − + − + − +
⇒ ⇒ + + + +

p p p p p p p p

������� ������� �������

����������������� ���������

. (7-64) 

Soper converts the initial eigenstate into a final general state sum of eigenstates where the square 
of the absolute magnitude of the coefficient of each final eigenstate, Sfi, equals the probability of 
measuring that final eigenstate. 

Fock Space Example 
In Fock space (see Chap. 3, XXX Wholeness Chart 3-2, pg 69 XXX), where every eigenstate 

can be visualized as a separate axis in an infinite dimensional space, the Soper can be visualized as a 
sort of abstract “rotation” in that space. The initial state vector |i〉 is “rotated” by the Soper into a new 
vector with components along the eigenstate basis axes. 

In Fig. 7-2, we illustrate this for a final general state composed of only two component 
eigenstates (because we can’t draw any more axes on a 2-D sheet of paper). 

This should seem reasonable, as (7-61) has the form of a function e–iθ where θ is the angle a 
complex quantity (a phasor) in complex space is rotated through. Also, from (7-63), we see the 
norm (abstract “length” = 1) of the state vector is unchanged under the operation Soper, i.e., we have 
a different final vector but it has the same magnitude. This is what happens in rotation. 

By close analogy, a complex number can be represent as z = Reiφ with length R. Operating on z 

with e–iθ is e–iθ z = e–iθ Reiφ = Re–iθ +iφ, which has the same length R, but is rotated throughφ. 
 

 
Figure 7-2. The Action of the S Operator Visualized in Fock Space 

7.5.3 What is HI
I in the I.P. of QFT? 

The interaction Hamiltonian HI
I is different for different interaction types, i.e., different kinds of 

forces. It is one thing for electromagnetic interactions, a different thing for weak interactions, and 
yet another thing for strong interactions. Our present task is to identify it for electromagnetism. 

From Fig. 7-1, we recall that we seem to have discovered a general rule that the interaction 
Lagrangian (or the wave equation, or the Hamiltonian) for states in the S.P. in RQM is the same as 
that for fields in the H.P. and I.P. in QFT. 

Using this rule for RQM e/m theory and QFT e/m theory (which is quantum electrodynamics or 
QED), we got (7-20). From that, we can find the e/m interaction Hamiltonian QEDHI

I via 

 ( ) ( ) ( )1 2 1 1 2 1 1 2 1 3/ , / , I / ,
I I QED I I

V

e x x A x H d xµ
µψ ψ= − = γ = ∫H � L H , (7-65) 

and for QED, this can be used in (7-61) and (7-62). 
In the I.P., fields (operators) behave like free fields, as we have seen. Given this, we take the 

fields ,ψ ψ , and Aµ are free fields (even though they are part of the interaction Hamiltonian). 
We leave further exploration of (7-65) and the development of QED to the next chapter. 

Soper
Assumption: only two 

final eigen states

|f=2 >

|f=3 > |F    =  S21 + S31  > |f=2 > |f=3 >
              Fock space
(most dimensions suppressed)

|i=1 > |f=1  >=

Fock space view of 
action of Soper → like 
a “rotation” of the 
state vector 

Interaction 
Hamiltonian density 
different for e/m, 
weak, strong forces 

Form of interaction 
Hamiltonian density 
for e/m. i.e., QED 

Physical space view 
of action of Soper → 
one state turns into 
another 



 Section 7.5 Finding the S Operator    201 

7.5.4 What Does the Probability |Sfi |
2 Correspond to Physically? 

The question then arises as to what volume V, and what times ti and tf, we are referring to when 
we find a given Sfi from (7-62). Won’t the probability of an interaction rise if two initial particles 
are together for a longer period of time? And will the volume over which a particle (wave) is spread 
affect the probability of it interacting with another particle (wave)? 

First, we have to be clear about what the volume V in (7-65) and (7-62) means. To be precise, it 
is NOT generally (though it could be) the same volume we use in the normalization factors 

1 2/ Vωk  and m / VEp for the fields ψ and Aµ  in (7-65).  (See Whness Chart 5-4, XXX pg 157.)  

We can understand this distinction with the aid of Fig. 7-3, showing real plane waves. (These 
should be complex waves, which we have in quantum theories, but they are harder to portray in a 
figure. For a more correct rendering of quantum waves, see the right side of Fig. 2-1, XXX pg. 17 
XXX.) The plane wave A extends throughout the larger box of volume VA (it may help to consider it 
a standing wave or a moving wave bouncing off the container walls but always filling the box 
completely.) Plane wave B does not extend as far as wave A and is confined to the smaller (thicker 
lines) box of volume VB shown. If such waves were quantum waves, their normalization factors 

would look like 1 2 A/ V ωk  (wave A being a boson), and Bm /V Ep  (wave B being a fermion.) 

Figure 7-3. Two Real Waves, Their Volumes, and the Interaction Integration Volume 
 

Consider, for example, that A represents an electron state and B a positron. In any region 
throughout which the two waves co-exist, such as the volume V in Fig. 7-3, there is some 
probability for them to interact within that region. As time goes on, that probability increases. If we 
were to measure the states inside that region at any time, we would have some probability of finding 
A and B (i.e., the original multiparticle state) and some other probability of finding new waves, say 
C and D (one possible final multiparticle state, perhaps muon and antimuon) or maybe E and F 
(another possible final state, perhaps e- and e+ with different individual momenta from A and B.) 

Note that we can have (and usually do have) situations other than this ideal one. For example, in 
scattering, target matter may be a fixed object, but a stream of particles is directed toward it. A 
target particle wave is essentially confined to the object, but the other particle wave is directed 
toward the object and typically not only extends outside the object’s surface, but only spends part of 
the time with any portion of it passing through the object’s volume. This sort of thing is accounted 
for in ways we will discuss in the chapter on scattering near the end of the book. 

For now, consider the Soper to act on a multiparticle state wherein all particles are confined to the 
same volume V (see Fig. 7-3) for the same time period. And the probability for any final 
multiparticle state to be measured inside that volume V at the end of the time period is | Sfi|

2. 
However, the particles could interact outside V, for example in other regions of VB, throughout 

which both particle-waves are present. To get the total probability of an interaction occurring, we 
will need to integrate (7-65) over this entire region, i.e. take V → VB. Note that HI

I = 0 outside VB, 
so that if we integrate over all space, it is the same as integrating over just VB. 

Note further, that it typically occurs in QFT problems that all particle-waves effectively occupy 
the same volume, i.e., usually, VA = VB. 
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7.5.5 The Usual Scattering 4D Volume = ∞ 
The probability of finding a particular final state inside a relevant 3D region should change with 

time. This is similar to particle decay. As time goes on, the probability of a decay being measured 
increases. There may, of course, be a number of different possible final states, with different 
probabilities of being measured, at any given time. 

Consider the situation for which ti → – ∞ and tf → ∞. In that case, we would have a sort of 
equilibrium of final states, in the sense that Soper would have had enough time to operate such that 
each possible final eigenstate probability would be fixed, and no longer changing with time. 

 We would then have a certain probability for each particular final state to be measured. From 
the initial multiparticle state |i= 1〉, we would have probability |S21|

2 of measuring the 2nd final state,  
|S31|

2 of measuring the 3rd final state, etc. after infinite time had passed. 
Further, if we integrate over all of 3D space, we will obtain the total probability of the 

interaction occurring, as we will have included all regions in which HI
I ≠ 0. 

We will find that considering infinite time and volume for the operation of Soper will be 
advantageous in developing the mathematics of QFT. 

Thus, we define an infinite spacetime Soper by the symbol S as 

 ( )
4I

Ii d x

oper f i
V

S S t ,t e
∞

−∞
−
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∫= → ∞ → −∞ =
H

. (7-66) 

7.6 Expanding Soper 
Soper can be expanded (in a Taylor series like ex = 1 + x + x2/2! + x3/3! + …)   as 
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(7-67) 

If the HI
I above were numeric functions of time, it wouldn’t really matter what order, with 

respect to the tn, we carry out the integrations in (7-67). However, since they are comprised of 
operators (see (7-65), for example) that act on a ket state to their right, as in (7-55) and (7-62), we 
have to be sure that at each point in the integration, the time wise earliest operators are acting first. 
The operation of the operators must occur in the order they occur in nature, in time sequence. So, 
the earliest operator must operate on the ket first, i.e., it must be furthest to the right. The next 
earliest to operate must be second from the right, etc. 

 This means that at each point in the n dimensional space where each axis is a different tn, the HI
I 

dependent on the earliest time of the tn should act first, the HI
I dependent on the next earliest of the 

tn should act next, etc. See Fig. 7-4 for a two dimensional illustration of this, where we are 
integrating over the t1–t2 plane. 

Figure 7-4. Time Ordering of Integrand in tn Space  (All but two dimensions suppressed) 
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We indicate this ordering with the time ordering operator symbol T (see Chap. 3 XXX pg. 72 
XXX) in the integrands of (7-67). The order of the integrand operators is rearranged as we integrate 
over all tn dimensions, such that the operators are time ordered at every point (t1, t2, … tn). 
 

Taking our integration limits to infinity in both space and time, as in (7-66), turns (7-67) into the 
time ordered infinite spacetime Soper, i.e., the Dyson expansion of the S operator, 

 ( ) ( ) ( ){ } 4 4 4
1 2 1 2
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I I I

I I I n n
n

( i )
S ..... T t t ... t d x d x ...d x

n!

∞
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∞

−∞ −∞

∞−=∑ ∫ ∫ H H H . (7-68) 

SPECIAL NOTE:  (7-68) is the usual definition for the term “S operator” as used in QFT. Infinite 
time and space, along with time ordering, are assumed for the more general case of arbitrary time 
and space limits, in what we have been calling Soper. As noted, the result is the same for any V that 
include the entire interaction region, including V → ∞, though it would vary for different finite 
times. So a big difference between Soper and S is that time integration for the latter is always infinite. 
From now on, when we use the term “S operator”, unless otherwise stated, we will mean (7-68). 
2nd NOTE: Similarly, the S matrix elements Sfi in the literature usually correspond to the values for 
infinite time duration of the interaction. For us, they could represent either case, of finite or infinite 
time, but from here on, unless otherwise specified, they will correspond to the infinite time case. 

Also note the symbols we can use for the terms in (7-68) 
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H H H . (7-69) 

7.7 Wick’s Theorem Applied to Dyson Expansion 

7.7.1 Background for Wick’s Theorem 
Time ordering, as we have in (7-68) (or equivalently, (7-69)), is cumbersome to handle 

mathematically, because we can’t keep the same order of operators throughout the integration over 
time. Fortunately, we can convert S into non-time ordered form, where the order of operators does 
not change during integration, via a handy theorem developed by Gian-Carlo Wick. 

Wick’s theorem converts time ordered products of operators into normal ordered products of 
operators (see Chap. 3, XXX pg. 61 XXX) and some things called “contractions”. 
Definition: 

For generic fields A and B (either of which could be φ, ψ, Aµ, φ†, etc) where 

 
� � � �

destruc creation destruc creation
oper oper oper oper

d c d cA A A A A B B B B B+ − + −= + = + = + = + , (7-70) 

a contraction is defined here2 (note the square edged under bracket symbol) as 
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 (7-71) 

The plus sign subscript implies anti-commutation, which is used if both A and B are fermionic. The 
± in front of the relations on the second row takes a plus sign for commutation and a minus sign for 
anti-commutation. 

Note that for fields, as we have seen from the beginning, all commutators/anti-commutators of 
(7-71) are zero unless A = φ and B = φ†, or A = ψ and B = ψ , etc. For the non-zero relations, let’s 
first review our derivation of the propagator. 

                                                 
2 There are several equivalent ways to define the contraction. We have chosen the simplest here. 
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Review of the Propagator 
In Chap. 3, XXX (3-144), (3-145), and (3-143), pg. 78 XXX, we summarized the scalar 

Feynman propagator derivation first four steps as, for a particle (where x →  x1 and y → x2), 

 

( ) ( ) ( ){ } ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )
( )

( )

( )1 2

† †
1 2 1 2 1 2 2 1

† †
1 2 1 2 1 2

1 2
3

2 2

symbol fora number same number

4
3 4

1

2 2

0 0 0 0 if particle

0 0

2

F

x x

C

ik x xik

i x x T x x x x t t

x , x x , x i x x

e i e
d d

k
k ,

π

φ φ φ φ

φ φ φ φ

ω µπ
+

+ − + −

←

−

+

− −−

∆ − = = <

   = = = ∆ −   

−=
−

= ∫ ∫
k

k

���������������� ���������

 (7-72) 

and for an anti-particle, 

 

( ) ( ) ( ){ } ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )

( )

( )

( )

† †
1 2 1 2 2 1 1 2

† †
2 1 2 1 1 2

1 2 1 2
3

2 2

symbol fora number same number

4
3 4

1

2 2

0 0 0 0 if anti-particle

0 0

2

F

C

ik x x ik x x

i x x T x x x x t t

x , x x , x i x x

e i e
d d .

k
k

π

φ φ φ φ

φ φ φ φ

ω µπ
−

+ − + −

←

−

− − −

∆ − = = <

   = = = ∆ −   

= =
−∫ ∫

k

k

���������������� ���������

 (7-73) 

The fifth and final derivation step combined the final parts of (7-72) and (7-73) into a single relation 

 ( )
( )

( )1 2

1 2 2 24
4

2

ik x x

F
i e

i x x d k .
k iπ µ ε

− −+∞

−∞
∆ − =

− +∫  (7-74) 

End of Propagator Review 

Note that (7-71) has the same form as the middle term of the middle row for both (7-72) and 
(7-73). Thus, whenever a contraction (7-71) of scalar fields is non-zero, it is a scalar Feynman 
propagator. Similar results hold for spinor and photon fields. 

Thus, special cases of contractions (the only non-zero cases) are 

 

( )

( )

( )

† †
1 2 2 1 1 2

|_______| |________|

1 2 2 1 1 2
|_________| |__________|

1 2 1 2
|_________|

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) .F

F

Fa a

x x x x i x x

x x x x iS x x

A x A x iD x x

β β

µ ν

αβ

µν

φ φ φ φ

ψ ψ ψ ψ

= = ∆ −

= − = −

= −

 (7-75) 

Review of Normal Ordering 
Recall from our earlier work in Chap. 3 (XXX Section 3.6.6, pg 61 XXX) that normal ordering 

consists of placing all destruction operators to the right hand side inside a given term. I noted in that 
chapter that I consider the application of normal ordering there to eliminate the ½ quanta terms in 
the vacuum ad hoc and suspect, but in the present application, it arises naturally as a part of the 
mathematics of Wick’s theorem, as we are about to see. Symbolically, we use the symbol N to 
indicate normal ordering, i.e., 

 ( ) all destruction operators placed to right of all creation operatorsN ABCD... = . (7-76) 

As part of our definition of normal ordering, note that the switching places of two adjacent 
fermionic fields gives rise to a sign change. This can be justified, in part, because fermionic fields 
obey anti-commutation relations. For example3, given [C,D]+ = 0,  CD = – DC. 

                                                 
3 One might wonder about the cases where we switch positions of particular adjacent fermion operator 
fields whose anti-commutator does not equal zero. Things still work out if we follow the same procedure 
for this case, as well, but it is more complicated. We address this issue in Sect. 7.8. 
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Notation modification 
We will henceforth use subscripts in place of parenthesis arguments for fields, i.e., 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 11 1 1
x x x

A x A A x B x C x ABC x x A x Aµ µ
µ µψ γ ψ ψγ ψ→ → → . (7-77) 

7.7.2 Wick’s Theorem 
We only state Wick’s theorem here and leave the justification of it for Sect. 7.8. The theorem 

turns a time ordered product into a series of normal ordered terms and contractions, which, as we 
noted, helps us in calculating interaction probabilities, because we can keep the operators in the 
same order as we integrate over time. 

 Wick’s Theorem is 

 

{ } { }
1 2 1 2 1

|___________| |_____________| |_____________|

1 1
( ...) .......( ...) ( ...) .......( ...)

( ...) ( ...) ... ( ...) ( ...) ... ..... ...( ... ) ( ... )

( ...

n nx x x x x x

n nx x x xT AB AB N AB AB

N AB AB N AB AB N A Z A Z

N ABC

−

=

    + + + +     
     

+ 1 2 1 2

_ _ _ _
|_|____________| | |_|___________| |

|___ _ ________| |___ _ __________|

) ( ...) ... ( ...) ( ...) ... ....

  + (all normal ordered terms with three non-equal times contractio

x x x xABC N ABC ABC
      + +   
      

ns)

                                              +   etc.

(7-78) 

Note that there are no contractions between operators operating at the same time. We say there 
are no “equal times contractions” in Wick’s theorem. We will discuss equal times contractions in 
Sect. 7.8.4 
Note on Time Ordering: Just as in normal ordering, if we switch positions of adjacent fermions in 
time ordering, we get a sign change as well. 

As an aside, aren’t you glad now that we derived the Feynman propagator in Chap 3 (and Chaps. 
4 and 5), so we didn’t have to detour here through all those pages of sticky math before getting to 
(7-71), (7-75), and (7-78). 

7.7.3 Wick’s Theorem and QED 
In QFT, we take a given HI 

I (from e/m, weak, or strong theory) in Dyson’s expansion (7-69), 
then convert that via Wick’s theorem (7-78) to manageable form. In the next chapter we will apply 
that procedure to electromagnetism by using (7-78) to re-express the integrands of (7-69) where 

 ( ) ( )1 2
1 21 2

( ...) ( ) ( ...) ( ) etc.I I
I Ix xx xAB x A AB x Aµ µ

µ µψγ ψ ψγ ψ= = = =H H . (7-79) 

The result will be QED. 

7.8 Justifying Wick’s Theorem 

7.8.1 A Key Issue 
In both time ordering and normal ordering, the assumption is made that we can simply 

interchange operator order (with a sign change for two fermions). This assumes commutation (two 
bosons or a boson and a fermion) or anti-commutation (two fermions) always holds. 

Yet, as I noted in Chap. 3, when normal ordering was discussed there, doing so flies in the face 
of the very foundation of QFT itself, i.e., that certain operators don’t commute (or for  fermions, 
anti-commute). In fact, even in this chapter, our definition of the contraction (7-71) implies non-
zero commutation/anti-commutation for certain fields. So, it may seem at first blush, that in the 
customary approach using Wick’s theorem (7-78), we blithely assume it is non-zero in some places 
and zero in others. 
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7.8.2 So What is Really Going On? 

The Short Answer 
If we start with any order of operators A1B2C3D4…, we can re-order them any way we like, as 

long as, when we do, we are sure to use appropriate commutation and (for two adjacent fermions) 
anti-commutation relations, which can be non-zero in some cases. The result for any such procedure 
equals the same thing as the originally ordered relation, i.e., 

 1 2 3 4 1 2 3 4 1 2 3 4

Original Re-ordered timewise Re-ordered, destruc opers
order using com & anti- on right using com

com relations & anti-com relations

A B C D ... A B C D ... A B C D ...= =
����� ����� �����

. (7-80) 

If we define the operator Tc as time ordering via substitution of appropriate commutation (anti-
commutation for fermions) relations, and the operator Nc as ordering operators with all destruction 
operators to the right of all construction operators via the same substitution of commutators/anti-
commutators method, then we can express (7-80) as 

 { } { }1 2 3 4 1 2 3 4 1 2 3 4c cA B C D ... T A B C D ... N A B C D ...= = . (7-81) 

We state (justification to follow) that this reduces to Wick’s theorem (7-78) with the time 
ordering operator T simply a time ordering of operators assuming all commutators and anti-
commutators are zero (so switching positions of adjacent bosons is always OK, switching positions 
of adjacent fermions always simply results in a sign change, and switching positions of a fermion 
and boson is always OK, as well.) Similarly, the normal ordering operator N entails the same 
switching method to get destruction operators all to the right of all creation operators. Thus, Wick’s 
theorem for operators A1B2C3D4… is 

 

{ } { }1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
|___| |______|

1 2 3 4 1 2 3 4
|__| |___| |___|__| |

|_____|

... .. ... .. .....

.. .. ....

+ (all normal ordered terms with three contraction

T A B C D N A B C D N A B C D N A B C D

N A B C D N A B C D

  = + + +   
   

 
   + + +   
    

s) + etc.

 (7-82) 

In other words, for Wick’s theorem application, we assume for bosonic fields A1 and B2, that 
A1B2 = B2A1, even if the two fields don’t commute. Similarly, for two fermionic fields C3 and D4, 
we assume C3D4 = – D3C4, even if the two don’t anti-commute. The theorem is structured so that 
the result is the same as one would get by using the method of (7-81). 

A Boson Example 
To help make this clearer, consider the simple example of only two fields in (7-81) where we 

take A1 = φ(x1) and B2 = φ†(x2). We choose these because we know they don’t commute, i.e., 
[φ(x1), φ†(x2)] ≠ 0, since the operators a(k) and a†(k) (and b(k) and b†(k)) are involved, and they 
don’t commute. So, φ(x1)φ†(x2) ≠ φ†(x2)φ(x1), or with the original symbols, A1B2 ≠ B2A1. So, one 
would presume, if the theory is consistent, that we can’t simply make the exchange A1B2 → B2A1, 
as if they did commute. 

With this choice of fields, (7-81) becomes (see the first page of Wholeness Chart 5-4 at the end 
of Chap. 5 and note that if you haven’t locked it into your memory yet that superscript minus sign 
on a field designates construction, and a positive sign designates destruction, then it is time to do so) 

 
( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

† †+ †
1 2 1 2 1 1 2 2

†+ † †+ †
1 2 1 2 1 2 1 2 .

A B x x x x x x

x x x x x x x x

φ φ φ φ φ φ

φ φ φ φ φ φ φ φ

+ − −

+ + − − − −

= = + +

= + + +
 (7-83) 

Thus, let’s set this equal to both the right and left hand sides of an equation, as in (7-80), then re-
order the LHS with lower times further to the right and the RHS with destruction operators all on 
the right. We use the commutation relations and do not assume, as in (7-82) that the fields simply 
commute. 
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{ } { } ( ) ( ){ } ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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† †
1 2 1 2 1 2 1 2

†+ † †+ †
1 2 1 2 1 2 1 2
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φ φ φ φ φ φ φ φ

φ φ

+ + − − − −

+

= → = ↓

 
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  
���������������������������

( ) ( ) ( ) ( ) ( ) ( )† †+ †
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operator on right on right

.x x x x x xφ φ φ φ φ φ+ − − − −
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������� ������� ������� �������

 (7-84) 

Case 1  t2 < t1 

For t2 < t1, the LHS (2nd row) of (7-84) is already in time order. The only term in the RHS 
(bottom row) that doesn’t have destruction operators on the right is the second term. Those two 
fields don’t commute, i.e., 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )† † †
1 2 2 1 1 2 1 2, 0x x x x x x i x xφ φ φ φ φ φ+ − − + + − + − = = ∆ − ≠  , (7-85) 

where we reference the middle row of (7-72) for the meaning of the i∆+ symbol.  

Finding ( ) ( )†
1 2x xφ φ+ − from (7-85) and using it for the 2nd term in the bottom row of (7-84), 

we find (7-84) becomes 
  

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

†+ † †+ †
1 2 1 2 1 2 1 2

†
1 2 1 2

†+ † †
1 2 2 1 1 2

†+ †
1 2 1 2

in time order
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all non-contraction terms

,

x x A B

x x x x x x x x

x x x x x x

x x x x

φ φ

φ φ φ φ φ φ φ φ

φ φ φ φ φ φ

φ φ φ φ

+ + − − − −

+ − + + −

− − −

= =

+ + + =

 + +  

+ +

���������������������������

���������������

have destruction operators, if any, on the right,
re-ordered using non-zero commutation relations

.

�����������������������

 (7-86) 

From (7-72) again, 

 ( ) ( ) ( ) ( ) ( ) ( )††
1 2 1 2 1 2 1 2

|_______|

2 1for

, F

t t

x x i x x i x x x xφ φ φ φ+ − +

<

  = ∆ − = ∆ − = 
�������������

 (7-87) 

(7-86) was obtained by holding fast to the commutation relations of QFT. Using (7-87), we can 
re-write it as 

 ( ) ( ){ } ( ) ( ){ } ( ) ( )† † †
1 2 1 2 1 2 2 1

|_______|
time ordered assuming normal ordered assuming
all operators commute all operators commute

T x x N x x x x t tφ φ φ φ φ φ= + <
������� �������

. (7-88) 

where the N normal ordering and T time ordering in (7-88) means we assume for that ordering 
process that all commutators are zero so we can simply switch orders of adjacent bosons. 
Case 2  t1 < t2 

Now, take (7-84) where t1 < t2. The RHS will remain the same and equals the last two lines of 
(7-86). We do need, however, to re-express every term in the middle line of (7-84). 
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re-order with earlier time on right using commutation relations

c

c

t

T x x x x x x x x

T x x x x

φ φ φ φ φ φ φ φ

φ φ φ φ

+ + − − − −

+ + −

 
 + + + = 
  

+

���������������������������

�������

( ) ( ) ( ) ( )

( ) ( ){ }
2 1

†+ †
1 2 1 2
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c
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 (7-89) 

Note that for the first and last terms in the middle row, the fields commute. We can re-express 
the 2nd term using (7-85). We note the fields in the 3rd term do not commute, using the middle line 
of (7-73), 

 ( ) ( ) ( )†
2 1 1 2, 0x x i x xφ φ+ − −  = ∆ − ≠   (7-90) 

So, from (7-90), we have the 3rd term on the lower line of (7-89) as 

 ( ) ( ) ( ) ( ) ( ) ( )† † †
1 2 2 1 2 1,x x x x x xφ φ φ φ φ φ− + + − + − = −   . (7-91) 

Substituting (7-91) and (7-85) into the middle row of (7-89) and the RHS of (7-88) in to the lowest 
row, we find (7-89) becomes 

 

( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( )
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x x x x x x

N x x x x
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φ φ φ φ φ φ

φ φ φ φ
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+ −
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 + − + 

 = +  

���������������

���������������

 (7-92) 

The bracket commutators in the first and last rows cancel. The negative bracket in the middle 
line can be moved to the RHS (the normal order side), yielding 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ){ } ( ) ( )

†+ † †+ †
2 1 2 1 2 1 2 1

† †
1 2 2 1 1 2for, .

x x x x x x x x

N x x x x t t

φ φ φ φ φ φ φ φ

φ φ φ φ

+ − + − − −

+ −

+ + +

 = + < 
 (7-93) 

From (7-73) 

 ( ) ( ) ( ) ( ) ( ) ( )††
2 1 1 2 1 2 1 2

|_______|

1 2for

, F

t t

x x i x x i x x x xφ φ φ φ+ − −

<

  = ∆ − = ∆ − = 
�������������

, (7-94) 

so (7-93) becomes 

 ( ) ( ){ } ( ) ( ){ } ( ) ( )† † †
1 2 1 2 1 2 1 2

|_______|
time ordered assuming normal ordered assuming
all operators commute all operators commute

forT x x N x x x x t tφ φ φ φ φ φ= + <
������� �������

. (7-95) 

Comparing (7-95) and (7-88), we see that the same relation holds for either ordering. 

A Fermion Example 
By doing Probs. 12 and 13, you can prove to yourself that the same general relation 

 ( ) ( ){ } ( ) ( ){ } ( ) ( )1 2 1 2 1 2 1 2 2 1
|_______|

for andT x x N x x x x t t t tψ ψ ψ ψ ψ ψ= + < <  (7-96) 
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holds for two fermions as well. 

One Boson and One Fermion Example 
By doing Prob. 14, you can prove to yourself, knowing that the commutator of a boson and 

fermion is always zero, that 

 ( ) ( ){ } ( ) ( ){ } ( ) ( )1 2 1 2 1 2 1 2 2 1
|_______|

0

for and .T x x N x x x x t t t tφ ψ φ ψ φ ψ

=

= + < <
�����

 (7-97) 

Other Combinations 
Photon and scalar fields commute, as do neutrino and electron fields. So the general relation 

(7-97) holds for all other combinations of fields, where the fields are of different types. 

Bottom Line 
We have proven Wick’s theorem for two fields of any types for any time order. For generic 

fields A1 and B2, it is 

 { } { }1 2 1 2 1 2
|__|

for any time orderT A B N A B A B= + . (7-98) 

7.8.3 More Than Two Fields 
Hopefully, we have gained some comfort with Wick’s theorem by working through the 

examples with only two fields. And perhaps, we can simply accept that the mathematicians have 
proven Wick’s theorem formally, for us. Much like integral tables, which we employ regularly 
without proving each relation we use, we can simply accept Wick’s theorem, apply it to our work at 
hand, and move on. 

Those wishing to dig deeper and understand a bit better can read the Appendix where we extend 
the above type of analysis to three fields. In that appendix, we then use induction to justify Wick’s 
theorem for any number of fields. 

For those who feel the need for a formal proof, see the original article “The Evaluation of the 
Collision Matrix” by G. C. Wicks (Phys. Rev. 80, 268, 1950), or any of “Notes on Wick’s Theorem 
in Many-Body Theory” by Luca Guido Molinari (wwwteor.mi.infn.it/~molinari/NOTES/Wick.pdf), 
Quantum Field Theory for Mathematicians by R.Ticciati (Cambridge University Press 1999, pg. 85-
87), and Field Quantization by Walter Greiner and Joachim Reinhardt (Springer, 1966, pg. 231-
233). 

7.8.4 The Issue of Equal Time Operators 

Turning Our Different Times Relation into One with Some Equal Times 
Readers may have noticed that (7-82) seemed to be stated for fields A1B2C3D4… where times t1 

of field A1, t2 of field B2, t3 of C3, etc. are all different (none are the same time.) In contrast, our 
statement of Wick’s theorem (7-78) was more general in the sense that it has several fields at the 
same time, such as A1B1C1D1… = (ABCD…)x1 all at the same time, and A2B2C2D2… = 
(ABCD…)x2 all at the same, but different from t1, time. 

We can generalize (7-82) by taking, for example, t1 = t2, so that A1B2 → A1B1. That is, wherever 
we have different fields in (7-82), we can just assume some have equal times. We should thus be 
able to derive Wick’s theorem (7-78) entailing more than one field at the same time from our 
relation (7-82). We would find (7-82) then looks like 

 

{ } { }1 1 1 2 2 2 1 1 1 2 2 2 1 1 1 2 2 2 1 2 3 2 2 2
|___| |______|

1 1 1 2 2 2 1 1 1 2 2 2
|__| |___| |___|____| |

|_______|

.. .. .. .. .. .. .... .. ..

.. .. .. .. ....

+ (all normal

T A B C F G H N A B C F G H N A B C F G H N A B C F G H

N A B C F G H N A B C F G H

  = + + +   
   

 
   + + +   
    

 ordered terms with three contractions) + etc.,

(7-99) 

Same result for 
one fermion and 
one boson 

Same result for 
different type 
bosons/fermions  

Result: Wick’s 
theorem proven 
for two fields 

Three fields treated, 
and extended by 
induction to more 
fields, in Appendix 
 

Operators at same 
time seemingly not 
treated in above 
 
But can generalize by 
taking t2 = t1, for 
example 
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which with slightly different notation looks a lot like Wicks’ theorem (7-78). 

The Fly in the Ointment 
The one difference between (7-99) and Wicks’ theorem (7-78) is that the latter has no equal 

times contractions, whereas the former does. How do we resolve this? 

Resolving the Fly in the Ointment 
i) The Traditional Resolution: 

In traditional QFT, we apply Wick’s theorem using HI
I, which for QED takes the form (7-79), 

which we repeat below. 

 ( ) ( )1 2
1 21 2

( ...) ( ) ( ...) ( ) etc.I I
I Ix xx xAB x A AB x Aµ µ

µ µψγ ψ ψγ ψ= = = =H H  (7-100) 

In that approach it is common to assume the fields in each of HI
I(x1), HI

I(x2), etc are already 
normal ordered. That is, 

 { } { }1 2
1 2

( ) ( ) etc.I I
I Ix x

x N A x N Aµ µ
µ µψγ ψ ψγ ψ= =H H  (7-101) 

If that is so, then all equal time contractions on the RHS of (7-99) are zero, since each is arrived 
at by re-ordering the fields , ,Aµψ ψ  for each HI

I(xi) so they are normal ordered. But if they are 
already normal ordered, no such re-ordering is required, and we have no equal times contractions. 

But, as I’ve said more than once, normal ordering assumes all fields commute (or for fermions, 
anti-commute), and since QFT is grounded in, and only exists because of, non-commutation (non-
anti-commutation) relations, there seems to be an inconsistency. So, I prefer the following 
resolution. 
ii) Another Resolution without Invoking Normal Ordering in HI

I: 
Consider from (7-72) and (7-73), that the contraction for scalar field is 

 

( ) ( ) ( ) ( )
( )

( )

( ) ( )
( )

( )

1 2

1 2

† † 3
1 2 1 2 2 1

† 3
2 1 1 2

3

3

1

2 2

1

2 2

|_______|

x x

x x

ik

ik

e
x , x x , x d t t

e
x , x d t t .

π

π

φ φ φ φ
ω

φ φ
ω

+ −

+ −

−

−

−

+−

 = < 

 = < 

=

=

∫

∫

k

k

k

k

 (7-102) 

For t2 = t1, each of these, at their limiting values, should come into play. So an average of each of 
the expressions in (7-102) with t2 = t1, should be valid. Thus 

 ( ) ( )
( )

( )

( )
( )1 2 1 2

† 3 3
1 2 2 13 3

1 1

2 2 2 2

1

2|_______|

i ie e
x , x d d t t .

π π
φ φ

ω ω

− −− +− 
 = + =
 
 

∫ ∫
k k

x x x xk k
k k

i i

 (7-103) 

Re-expressing (7-103) in terms of cosines and sines 

 

( ) ( )
( )

( )( ) ( )( )

( )( ) ( )( )

1 2 1 2†
1 2

1 2 1 2 3
2 1

3
1

24|_______|

cos i sin
x , x

cos i sin
d t t .

π
φ φ

ω ω

ω ω

− −
= −

− −
− − =

∫
k k

k k

k x x k x x

k x x k x x
k

i i

i i

 (7-104) 

The cosine terms cancel one another. The sin factors in the other terms are odd, whereas the 
denominator ωk is even in k. Integrating over all space these go to zero, leaving us with the result 
that equal times contractions for scalars are zero. Similar logic leads to the conclusions that they are 
zero for Dirac fermions and photon fields, as well. 
The bottom line: Taking equal times contractions as zero everywhere is justified, and thus we can 
leave them out of our statement of Wick’s theorem (7-78). 

But then we get equal 
times contractions, 
which are not in 
Wick’s theorem 

Many treatments 
resolve this by 
assuming HI 

I is 

already normal 
ordered 

But this may 
contradict basic 
postulates of QFT 

Other resolution: 
equal times 
contractions = 0 

Since equal times 
contractions = 0, 
can leave them out 
of Wick theorem 
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7.8.5 Summary of Wick’s Theorem 
To get Wick’s theorem, we start with a series of operator fields, operating in arbitrary order and 

set it equal to itself, i..e, A1B2C3D4…= A1B2C3D4… 
On the LHS, we then re-arrange operator fields using commutation/anti-commutation relations 

such that earlier times are to the right of later times. We herein use the symbol Tc to represent this 
re-ordering operation. The final result of the LHS equals the original LHS expression, since at each 
step, we simply substituted equivalent relations for the original pair of adjacent operators. 

On the RHS, we re-arrange operator fields using commutation/anti-commutation relations such 
that destruction operators are all to the right of creation operators. We herein use the symbol Nc to 
represent this re-ordering operation. The final result of the RHS equals the original RHS expression. 
Thus, the final RHS equals the final LHS. 

The final result of these operations is the same as employing Wick’s theorem (7-78). 
In Wick’s theorem, the time ordering operation T re-orders operators with earlier times to the 

right of later times, but assumes we can switch orders of adjacent operators as if they commuted (or 
for two fermions, anti-commuted). Similarly, the normal ordering N operator re-orders with 
destruction operators all on the right, but assumes we can switch orders of adjacent operators as if 
they commuted (or for two fermions, anti-commuted). 

Using the Tc and Nc operations, we find contractions arising in the final result. Using the T and N 
operations, we insert those same contractions, as designated in Wick’s theorem. 

7.8.6 Applying Wick’s Theorem 
In QFT, we use Wick’s theorem to re-express the Dyson expansion (7-69) in a more suitable 

form, more amenable to calculating S matrix values (and thus probabilities). In Dyson’s expansion, 
we assume the T operator, not the Tc operator, re-orders the integrands. 

7.9 Comment on Normal Ordering of the Hamiltonian Density 
Many practitioners of QFT, and many textbooks, employ normal ordering of the Hamiltonian 

density, both the free and interaction parts, as standard operating procedure. In carrying out such 
ordering, it is assumed that all possible pairs of operator fields have zero commutation (or anti-
commutation) relations. 

As I’ve noted in this chapter (interaction Hamiltonian) and in Chap. 3 (free Hamiltonian), I 
consider this procedure to be inconsistent with the foundational basis of QFT, which postulates the 
non-zero value of commutation (anti-commutation) of certain operator fields. 

However, as a counter argument, it is possible that Nature has organized things such that the 
Hamiltonian density is actually normal ordered, “out of the gate” as it were, on the micro level. On 
the macro level, with many quantum fields forming a macroscopic field, the normal ordering issue 
is not relevant, as macroscopic fields, to high order commute. This can be seen by re-writing a 
typical commutation relation in non natural units, e.g., 

 ( ) ( ) ( )r r r r
s s s s,t , ,t iφ π φ π π φ δ δ  = − = − x y x yℏ . (7-105) 

In our day-to-day measurement systems, ℏ is extremely small (1.055 × 10–34 joule-sec) and so 
this commutator (7-105) is, from a macroscopic perspective, effectively zero. (7-105) is one of the 
postulates of second quantization, from which all of our other non-zero commutation relations, such 
as those for a(k) and a†(k), are derived. Hidden in all of those relations, when expressed in natural 
units, was the fact that, from a human sized point of view, the commutators are effectively zero. 

And thus for our macroscopic Hamiltonian density, we can have any order for the fields 
involved. The usual such order, the one we assume has the same quantum form when we quantize, 
is not normal ordered. But it could be, and we simply are unaware of it, because macroscopically 
the normal ordered and non-normal ordering Hamiltonian densities are essentially the same thing. 

Thus, I concede, though I am not comfortable with it, that Nature might indeed have normal 
ordered Hamiltonian densities at the quantum level. As I have shown in the theoretical 
developments in this book, however, such normal ordering is not required to develop a consistent 
theory. 

Summary of how 
Wick theorem 
arises from 
commutator/anti-
commutator 
relations 

HI 
I in S of Dyson 

expansion in terms of 
T operator  → S in 
terms of N and 
contractions in 
Wick’s theorem 
 

Non-zero 
commutators (anti-
commutators) values 
are very small, ≈ 0 at 
macroscopic scales 
 

So from human  
perspective, all fields 
effectively commute 
(anti-commute)  
 So H  could be 

normal ordered at 
micro scale, but our 
classical theory 
formulation would be 
blind to it and  have 
evolved in non-
normal order form 
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The one possible exception to this is the prediction of a virtually infinite number ½ quanta 
in the vacuum as we discussed in Chap. 3. Normal ordering of the free Hamiltonian density there 
eliminates those pesky things, which have yet to be unequivocally measured in experiment. In a 
footnote in Chap. 3, I referenced an article by me in which this issue may be resolved without 
recourse to normal ordering. 
Bottom line: QFT can be developed without imposing normal ordering on the fields in the 
Hamiltonian density. It can be argued that such normal ordering is inconsistent with the 
commutation relation postulates upon which QFT is founded. However, it is possible that Nature 
may incorporate normal ordering at the quantum level, though our classical theories, from which we 
induce QFT, are formulated without it. 

7.10 Summary of the Chapter 
In Prob. 4, you were asked to summarize the first part of this chapter on RQM interaction theory. 
The theme of the remainder of the chapter, QFT interaction theory underlying principles, is 

summarized in the first two pages or so of Wholeness Chart XXX 8-?? XXX at the end of Chap. 8. 
That comprises an overview of the interaction picture, the S operator, the S matrix, Dyson’s 
expansion of the S operator, and Wick’s theorem. Online it can be found at 
www.quantumfieldtheory.info and click on the link “Interacting Fields Wholeness Chart”. 

Note that the principles developed in this chapter are applicable to the electromagnetic, weak, 
and strong interactions. For the rest of this volume, we apply these principles solely to 
electromagnetism. That is quantum electrodynamics (QED). 

7.11 Appendix: Justifying Wick’s Theorem via Induction 

7.11.1 Three Generic Fields 
We used specific fields φ and ψ  we are familiar with in Sect. 7.8.2 in place of the more generic 

notation A1 and B2. However, we now switch to the more general notation, so that we can do one 
example with generic fields and the results will be applicable to any types of fields. 

Consider three such fields A1, B2, and C3, where we reorder the RH and LH sides of the identity 

 { } { }1 2 3 1 2 3 1 2 3 1 2 3

Re-ordered timewise Re-ordered, destruc
using com & anti- opers on right using

com relations com&anti-com rels

i.e., c cA B C A B C T A B C N A B C= → =��� ��� . (7-106) 

Case 1, t3 < t2 < t1 
For this case, the LHS of (7-106) is in time order and doesn’t need to be changed.  

 { }1 2 3 1 2 3cT A B C A B C=  . (7-107) 

The first term after the equal sign in (7-106) becomes 

 

{ } ( )( )( ){ }
( )

( )

1 2 3 1 2 3 1 1 2 2 3 3

1 2 1 2 1 2 1 2 3 3

1 2 2 1 1 2 1 2 1 2 3 3

d c d c d c
c c

d d d c c d c c d c
c

d d c d d c c d c c d c
c

A B C N A B C N A A B B C C

N A B A B A B A B C C

N A B B A A ,B A B A B C C .

= = + + +

    = + + + +     
  
   = ± + + + +       

∓

���

���������

 (7-108) 

where we substituted the commutation/anti-commutation relation for 1 2
d cA B , with the minus sign in 

the last row for anti-commutation (when both fields are fermions). Now multiply the C3 field on the 
RHS of the last row of (7-108). 

But a viable QFT can 
be developed without 
recourse to normal 
ordering of the 
Hamiltonian density 
 

This chapter 
summary at end of 
Chap. 8 
 

This chapter: general 
principles of 
interaction theory 
applicable to e/m, 
weak, strong forces 
 

Justifying Wick’s 
theorem for 3 fields 
 
As with 2 fields, re-
order using 
commutator (anti-
commutator) 
relations 
 
Start with a case 
for a particular 
time order 
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{ }1 2 3 1 2 3 1 2 3 2 1 3 1 2 3 1 2 3 1 2 3

a number

1 2 3 2 1 3 1 2 3 1 2 3 1 2 3

a number

d d d c d d d c d c d d c c d
c c

c

d d c c d c d c c c d c c c c
c

c

A B C N A B C N A B C B A C A ,B C A B C A B C

N A B C B A C A ,B C A B C A B C .

  
   = = ± + + +   
  
  

  
   + ± + + +   
  
  

∓

∓

�����

�����

(7-109) 

The upper row of (7-109) already has destruction operators all on the right side. The lower row 
needs re-ordering. 

 

{ }

� � �

3 2 3 1 3 2

2 3 1 3 2 3

1 2 3 1 2 3 1 2 3 2 1 3 1 2 3 1 2 3 1 2 3

1 2 3 2 1 3 1 2 3 1 2 3 1 2 3
c d c d c d

d c d c d c

d d d c d d c d d c c d d c d
c

d d c c d c c d c c c c d c c

C B C A C B
B ,C A ,C B ,C

A B C N A B C A B C B A C A B C A B C A ,B C

A B C B A C A B C A B C A ,B C .

± ± ±
     + + +     

 = = ± + + +  

 + ± + + +  

∓

∓

 (7-110) 

Re-grouping terms of (7-110) 
 

 

{ }

�

3 1

1 3

1 2 3 1 2 3 1 2 3 2 1 3 1 2 3 1 2 3 1 2 3

1 3 2 1 2 3 2 3 1 2 1 3 1 3 2 1 2 3 1 2 3
c d

d c

d d d c d d c d d c c d d c
c

d c d d d c c c d c d c c c d c d c c c c

C A
A ,C

A B C N A B C A B C B A C A B C A B C A ,B C

A C B A B ,C B C A B A ,C A C B A B ,C A B C .

±
 +
 

 = = ± + + +  

     ± + ± ± ± + +     

∓

∓ ∓ ∓
(7-111) 

Re-grouping once again, we have 

 

1 2 2 1 1 3 3 2 1 3 3 1

1 2 3 1 2 3 2 1 3 1 2 3 1 2 3

3 1 2 2 3 1 1 3 2 1 2 3

1 2 3 1 2 3 2 1 3 1

for for for
|__| |__| |__|

d d d c d d c d d c c d

c d d c c d c c d c c c

d c d c c d c d

A B t t B C t t A C t t

A B C A B C B A C A B C A B C

C A B B C A A C B A B C

A ,B C A B ,C B A ,C A ,

< < <

= ± + +

± ± ± +

     + + ± ±     ∓ ∓ ∓
����� ����� �����

1 3 3 1

3 2

for
|__|

c d

A C t t

C B .

<

 
 ∓
�����

 (7-112) 

where the signs in the last two terms depend on whether fermion switching has been involved to get 
to each term. We can re-write the last two terms, where the sign changing under fermion switch will 
be taken into account automatically by the N operator as 

 

1 3 3 1 1 3 3 1

2 1 3 1 3 2 1 2 3

for for
|__| |__|

c d c d c d

|_____|
A C t t A C t t

B A ,C A ,C B N A B C

< <

     ± ± =        ∓ ∓
����� �����

. (7-113) 

Or finally, 

 { } { }
1 2 3

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 3 2 1for

re-arranged using full commutation relations

{ } { } { }
|__| |__| |_____|

A B C

T A B C N A B C N A B C N A B C N A B C t t t

↓
= + + + < < . (7-114) 

Other cases other than t3 < t2 < t1 
For cases where t3 < t2 < t1 is not true, we would have the same result for the RHS of (7-106), 

i.e., it would equal the RHS of (7-114). But the time ordered side would be ordered using the Tc 
operator (using the commutator/anti-commutator relations when switching field positions.) As with 
the two field case, we would get commutator/anti-commutator relations on the time ordered side 
that would cancel with identical relations on the Nc ordered side. You can do Prob. 15 to prove the 
case for t2 < t3 < t1, and then, if you wish, play around with other time sequences to prove it in 
general. The final result is that (7-114) holds for any time sequence for any three fields. 

Contractions arise, 
as with 2 fields, but 
more of them 
 
Signs of various 
terms depend on 
fermion/fermion 
exchanges needed to 
get the terms 
 
Those exchanges 
(their signs) taken 
into account by the N 
operation symbol 
meaning 
 

Same result for all 
time orders = Wick’s 
theorem for 3 fields 
 

Result: Wick’s 
theorem for 3 fields, 
this time order 
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 { } { }1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 for{ } { } { } any time order
|__| |__| |_____|

T A B C N A B C N A B C N A B C N A B C= + + + . (7-115) 

7.11.2 Wick’s Theorem via Induction 
Comparing (7-115) for three fields to (7-98) for two fields, we can see a pattern emerging. If we 

were to carry out one more example with four fields, we would see additional types of terms 
entailing two contractions. This pattern would be fully reflected by (7-82), and thus by Wick’s 
theorem in full, (7-78). 
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7.12 Problems 

1. Show by taking each value of µ = 0,1,2,3, that (7-4) is equivalent to (7-3). 

2. Use (7-8) in (7-7) to get (7-6). 

3. Use the full e/m quantum Lagrangian (7-15) in the Euler-Lagrange equation (7-7) with 
1nφ ψ= =  to get the full Dirac equation (7-16). 

4. Create your own wholeness chart summarizing, in less than a page, Sect. 7.1 on Interactions in 
RQM. 

5. From the equation of motion for the expectation value of an operator in the S.P. (top row, RH 
column of Wholeness Chart 7-1) derive the same equation of motion in the H.P. (3rd row, RH 
column of Wholeness Chart 7-1.) (Hint: Simply insert I = UU† in appropriate places in the S.P. 
equation of motion.) 

6. Show that the vacuum expectation value (VEV) for the photon field is zero, i.e., 0 0 0Aµ = . 
Pick any state you like and show that the expectation value of Aµ for that state is zero. 

7. Show that †
0 0

I S S
I I IH U H U H= =  only if HI

S commutes with H0. The last part of Box 2-3 in 
Chap. 2 may help. 

8. Start with the S.P. state equation of motion (top left box in Wholeness Chart 7-1) and use U0 to 
derive the I.P. state equation of motion (7-38). (Hint: Insert I = U0U0

† before the kets, express H 
= HS = H0 + HI

S, and pre-multiply the entire equation by U0
†.) 

9. Start with the S.P. expectation value equation of motion (top right box in Wholeness Chart 7-1) 
and use U0 to derive the I.P. expectation value equation of motion (7-39). 

10. From the S.P. expectation value of an operator, show that it equals the I.P. expectation value, 
i.e. show (using (7-24) as a guide) that 

I
S IS I

.= Ψ Ψ = Ψ ΨS
O�� O O  

11. Show that a commutator relation between two operators in both the H.P. and the I.P. is the 
same as the commutator relation between the same two operators expressed in the S.P. 

12. Use the full anti-commutation relations to re-order ( ) ( )1 2x xψ ψ  two ways, first with earlier 

times on the right assuming t2 < t1, then with destruction operators on the right. Each of these 

relations is equal to the original relation ( ) ( )1 2x xψ ψ , and therefore they are equal to each 

other. Show that Wick’s theorem (7-96) and (7-82) holds for t2 < t1, where the two operator 
fields are ordered using the T and N operators (which assume all fields commute/anti-commute.) 
Hint: Near the end, use XXX (4-144) XXX and (7-75). 

Pattern emerges for 
more fields. That 
pattern is Wick’s 
theorem 
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13. Repeat Prob. 12 for t1 < t2 . Hint: Near the end, use XXX (4-145) XXX and (7-75). 

14. Repeat Probs. 12 and 13 for the two fields ( ) ( )1 2x xφ ψ . 

15. In a manner similar to what we did in (7-107) to (7-114)  for three fields for the case t3 < t2 < 
t1, show that the same relation (7-114) holds for three fields for  t2 < t3 < t1. Remember that in 
both cases, when we place destruction operators on the right using commutation/anti-
commutation relations, we must have the same RH side, as in (7-112), since it is the same thing 
regardless of time order. 


