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Chapter 7 Version Date: December 1, 2011

Interactions: The Underlying Theory

“Physics is very muddled again at the moment; ihisch too hard for me
anyway, and | wish | were a movie comedian or sbimgtike that and had
never heard anything about physics!”
Wolfgang Pauli
In a letter to R. Kronig, 25 May 1925

“Like every other branch of learning, the studyttod rainbow is a giant
onion. Each cook merely succeeds in removing antdler, and then,
after a short blush of satisfaction, some icondgmemsnts out that there
is at least one more layer to be removed beforethe is attained.”
Raymond L. Lee, Jr. and Alistair B. Fraser
The Rainbow Bridge: Rainbows in Art, Myth, and
SciencgPSU Press, 2001), p. 276.

7.0 Preliminaries

Within a few decades, Pauli’'s 1925 consternation was esdilved by the development of QFT
and concomitant experimental discoveries. As Steven Weinberg imothé quote on the prior
page, the new theory changed physicists’ worldview by pnogidi mathematical structure that
framed forces (interactions) not merely in terms of exchangesdrgy and momentum between
particles, but also as the means by which particles are creathyed, and transmigrated from
one type to another. The layer of Nature troubling Paudi athers had been peeled back and
exposed.

7.0.1Background

However, even within that layer, there were sub-layers. Theree wdifferent kinds of
interactions the standard model (SM) of QFT was eventually tabtlescribe. These comprise the
electromagnetic, weak, and strong forces.

The first of these succumbed to theory by the 1940-5€@wifiorm of quantum electrodynamics
(QED), the primary subject of the remainder of this volufiee weak and strong forces, the
subjects of the second volume in this set, came later, khekl970s were fundamental, fairly well
understood, facets of QFT.

Gravity, the fourth known interaction, seems to comprisemfla quantum perspective, a
substantial layer of knowledge all to itself. In some wastually everyone agrees, it must fall
under the umbrella of a theoretic structure encompassing ihanathier three forces. However, at
the time of this writing, a few years from the T(aniversary of Pauli’s expression of frustration,
we still do not have a complete theory of quantum fieldsititdides all four interaction types.
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7.0.2Chapter Overview

In this chapter, after first discussing fundamental aspeceleatromagnetic interactions in
classical theory and RQM, we lay the general groundworknteractions of all three interaction
types in the SM of QFT. In the next chapter, we will narithat more general approach to
electromagnetism specifically and develop QED.
First, we review classical e/m with source terms (i.e. witkractions) Classical e/m
« Maxwell's equations in 3D + 1 formulation B B including source®charge j charge interaction theory
« Maxwell's equations in 4D formulation & including 4D source” = (Gcharge j chargd
« The classical interaction e/m Lagrangian (i.e., includffig

Then, we consider RQM for e/m interactions, specifically Relativity, e/m and
« Photons represented B§ in Maxwell's 4D equation including interaction tegh QM combined in
« The quantum interaction e/m Lagrangian (i.e., inclugffig RQM interaction
« The Dirac equation igy modified to include e/m interaction froff’ theory
» An example: Interaction Dirac equation solves the relativistittdgen atom problem

And then, interactions in QFT, including
« The Interaction Picture (a third kind of picture beyond tie &nd the H.P.) Interactions in QFT
» The S-matrix (scattering matrix) and the S (scattering) operator
» Dyson’s expansion of the S operator
» Wick’s theorem applied to Dyson’s S operator expansion
Free vs interacting fields

In all prior chapters we have worked solely with free fielaiples. In the remainder of the Interacting, not free,
book we deal solely with interacting fields/particles. fields from here on.

7.1 Interactions in Relativistic Quantum Mechanics

7.1.1Maxwell’'s Equations with Sources

In Chap. 5, XXX Eg. (5-1) XXX, we showed the source free ifiteractions) Maxwell field
equations in a vacuum, in naturalized Gaussian units. If wedadhe charge densifhargeand
current densitycharge these equations, in 3D + time format, describe interactarts andB with
electrically charged sources.

u E = pcharge (a)
0E . Maxwell's equations
e Tor  Jcharee (b) with source terms
(7-1)
oB=o0 (¢)
oxe+%8 =0, (d)
ot
By introducing the potential® andA, where
oA Scalar and vector
B=0xA, E=-U® TR (7-2)  potentials
one gets for (7-1)(a) and (b),
0
M2 — — =
D ot (D E\) Penarge (a) - Maxwell's equations in
92A oD (7-3)  terms of scalar and
o %A + DE +0(0B) =] gharger (D) vector potentials

and 0 = 0 for both of (7-1)(c) and (d).
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Re-writing (7-3) in terms of the 4-potentiaf’ and the charge 4-currestt, we can do Prob. 1

to show Maxwell equation

070, A (x) =0 (3, A (X)) = ¢( ) with A=(® N ,%=(Lnuged crarg)- (7-4) interms of 4
o N potential
If, as we did in the sourceless case, we employ.thentz gauge condition
GVAV(X) =0, (7-5)
the Maxwell 4D interaction equatian terms of the four potential becomes
0y Al(x)= & Maxwell equation
070, A (X) = ¢". (7-6) " in Lorentz gage

For the free field case of Chap. 5, we had the sagquation with the electric charge source 4-
currents” = 0.
7.1.2The Classical Electromagnetic Interaction Lagrangia

The full electromagnetic Lagrangian (density), itthg interactions, must give rise to (7-6)
when substituted into the Euler-Lagrange field ¢igna

i (s ) Euler-Lagrange
W(a[n J_a[r’n =0, with ¢n — A)J; [:[e/m. (7-7) equation
@y @

By doing Prob. 2, one can prove that the full elmoignetic field classical Lagrangian

Classical e/m free
[em:_%(avAﬂ(X))(aVN(X))_Sﬂ( ¥ A (7-8) plus interactions’

e/m e/m
Lg L,

where “0” and “I” subscripts denote the free antgliaction parts, respectively, of the Lagrangian.

7.1.3Electromagnetic Interactions in Relativistic Quantu Mechanics

Relations (7-6) and (7-8) hold for classical elestagnetism where” is the classical electric
charge 4-current. In quantization, we assume tlatgm form of the Lagrangian (density or total)
is the same as the classical, and thus, so woutdebeesulting wave equation. In RQM, we would
then consideA” to represent the quantum photon state (ket, wanetibn). Thus, (7-8) represents
the RQM electromagnetic Lagrangian (density).

But then, quantum mechanically, how should onerjmats”? In Chap. 4 (XXX eq. (4-34) to
(4-37) pg. 92 XXX), we saw that the probability daent for an electron in RQM, wheifiate

represents the electron wave function state, is
RQM electron

i#=(pJ) = VsVt e Whered,,j* = C. (7-9)  probability density

It seems natural to assume charge density vaniestlyi with probability density (denser regions ot

the particle itself would be regions of higher measd charge density). Thus, we can assume
RQM electron

& = —ef' =~ Fgrate V'V stae (7-10)  charge density
where the total charge of the electron would be §€X Chap. 4, (4-37))
Is°d3x=—q fdx- e (7-11)
Using (7-6), (7-8), and (7-10), we can then repneske RQM interaction wave equation for a
photonas RQM photon
aaaa Aé{ate == elp stateyﬂl// state (7_12) l:éi;atg:_?n wave
with the corresponding RQM e/m interaction Lagramgior a photoras
celm= —%[GVA/, ](a” Pioie) * & sl ¥ stadd (7-13)
state state RQM photoné’

/ e/m
L'Oe m [I
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(7-12) governs the behavior of a photéfis(a:d in the presence of an electrafiatd.

7.1.4The Electromagnetic Interaction Dirac Equation

In Chap. 4, we studied the free Dirac equationctvliiescribed an electron not interacting with
any electromagnetic particle (i.e., photon). In €h&, we studied Maxwell's equation for a free
photon, not interacting with any electrons (or posis), i.e., (7-12) with the RHS = 0. In the prior
section we developed Maxwell's equation for a phoitcteracting with an electron, i.e., (7-12).
What we need to develop, in order to complete thuge, is the full Dirac equation describing the
electron interacting with a photon.

The Full Quantum E/M Lagrangian
To this end, consider tha‘ge’m of (7-13) represents the free photon part of thé é/m

Lagrangian. If we assume?le’m represents the e/m interaction part for bothpgheton and the

electron (since it contains factors of both), theneed only add the free electron contribution to
(7-13) to get a Lagrangian containing all termsvaht to photons, electrons, and interactions

between them. From Chap. 4, XXX (eq. (4-60), pg X8X), we know this term to be Free electron term
‘4)1/2 = wstate(iyaaa _m)l//state : (7'14) in£
Thus, the full e/m Lagrangians
£V = —%(auAy J(O” ) +zr/sm{ iy*9, - mjw st F sV sl (7-15) Fulle/m
state state quantum‘é’
L'Ol:L'Oe/m LE):UZ LI]/ZJ.:L’I e/m

where we change superscript notation to reflecstiies of the particles in each term of (7-15).

The Full Dirac Equation

To find the_interaction form of the Dirac equatiame use (7-15) in (7-7) witlp"™ = . The ) )
result (do Prob. 3) is Full (including e/m
interaction) Dirac

(179, ~m)Waie = €Y e (7-16)  equation

state

As an aside, using (7-15) in (7-7) with"™? =¢ results in the adjoint full Dirac equation.

Clarification

Some readers may be concerned at this point thahawe used the Lagrangiafensity
methodology, which is normally reserved for quantamd classical fields, to develop the full Dirac
equation for quantum states (corresponding to gdesti not fields). One would expect to use the
total Lagrangiark (integration of over all space) instead 6f since (7-16) is a wave equation for
interacting states, not fields. This may be aglittbnfusing.

The presentation above is somewhat historical, iaslas logic was used to deduce the
interaction Dirac equation, prior to the full demeinent of QFT. Given that the classical e/m
equation il is a field, not particle, equation, we, and eaglsearchers, had little choice.

However, even in the context of {particle) and %' (field) quantization as we have come t u
understand them, the issue is not such a big dnis.i§ because we did not employ commutatic A ¥ commutators
relations for fields?* and ¢, analogous to Poisson bracket relations, in twablevelopment. It is MOt employed
the adoption of commutation relations for thosédgethat turns them into creation and destructic 8Pove, so they are
operators quantum mechanically. We did not do ts@” and ¢ remain as states, not quantun States here, not
fields, in the above treatment. Of course, for RQ#, would still have commutation relations foi quantum operators
dynamical variable operators, suchpagndX, though we would not have them #&ff and .

7.1.5The Relativistic Hydrogen Atom: Applying the Fullitac Equation
We made one assumption in determining (7-15) and (#-16), and this was that®™ = £*/2*

completely represented the interaction betw&®mnd ¢, for both, not simply one, of them. If we
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apply (7-16) to a real world problem, and predie tmeasured results, we would have good
grounds to accept that assumption and (7-16) &b. val

Early researchers did exactly that by applying §7tb the hydrogen atom and found exceller*
agreement with experiment. They found it predicteldtivistic effects not accounted for by the E&rly researchers
non-relativistic Schrodinger equation. We do ngiea this rather extensive analysis, but outlir Showed full Dirac
the basic steps involved and the final results\weelaterested readers can find the full treatmant €duation worked
Merzbacher, E.Quantum Mechanic2™ ed., Chap. 22 (John Wiley, 1970) or ltzykson, 6d a for H atorm
Zuber, J.B.Quantum Field TheoryChap. 2 (McGraw-Hill, 1980).

Fundamental Steps: Relativistic Hydrogen Atom Asily Steps for
For the analysis of the relativistic hydrogen attimere are two assumptions rela]uw.stl'c HRat'c\)/Im
1) The full (interaction) Dirac equation (7-16) goms. analysis in RQ

2) The e/m potential exerted by the proton nuclend felt by the bound electron is solely ¢ .
Coulomb (static, no moving charge sources = no migfields, scA=0) potential with 4-potential Assume full Dirac

Ze equation and
Aé{ate: (CD'O) :T'

(7-17)  Coulomb potential
whereZeis the charge of the nucleus anid the radial distance from the assumed pointauscl

Then, carry out the analysis Solve full Dirac
3) Express the interaction Dirac equation (7-1&gherical coordinates. equation in

4) Solve (7-16) (the spinor space indices are midde this is really a matrix equation) fg¢ate  Spherical coords
using (7-17).
5) Find the energy eigenvalues, i.e., the eleatrmrgy levels, of the eigenstate solutigRgte

With the re§ult _ _ _ Energy eigenvalues
6) The fine structure formula for electron energyels found via the analysis correctly describe fgund describe

the relativistic effects on the measured hydrogemaspectral line distribution. relativistic fine

7.1.6RQM Interactions Summary structure correctly

Do Prob. 4 to construct a wholeness chart sumnmmgrigiectromagnetic interactions in RQM.

7.2 Interactions in Quantum Field Theory

7.2.1The QFT Electromagnetic Interaction Wave Equations

In Chaps. 3, 4, and 5, we saw that for each spia,tshe Schrédinger picture wave equation for
a state and the Heisenberg picture wave equatiothé associated quantum field had the same
form. In the former case, the wave equation sauvas a state, i.e., a particle wave functionhin t
latter, the wave equation solution was a quantaia fi.e., an operator that created and destroyed
states. For free scalars, this equation was tha+3erdon equation; for spinors, it was the (no
interactions) Dirac equation; and for massless orsci{photons), it was Maxwell's equation
(sourceless, in terms &f).

It would seem natural, therefore, to assume theesiduing is true for interactions. (See lower

part of Fig. 7-1.) And thus, our interacting spifiefd and photon wave equations in the Heisenberg
pictureshould simply be (7-12) and (7-16) for fields, i.e

a U _ 1 ) QFT e/m
0704 A VY (7-18) interacting fields
(iy"aﬂ _m)w = —eyHy A, (7-19) equations
with the associated Lagrangién15) for they andA* operator fields
QFT e/m
rvlo_1| 5 o A +7| ivPa. - + U _ ) interacting
2( VA#]( ) ‘p['ya a me DY h (7-20) Lagrangian density

v21
[:01 LE)J/Z 4 2
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Alternatively, of course, we could go through theps of v guantization similar to what
we did in earlier chapters, only this time it wourhdlude interactions. (See RHS of Fig. 7-1.) This
approach would not be much different from what viet id Sects. 7.1.3 and 7.1.4 (adopting the  Two routes
classical field{ as the quantum field’) except that we would also invoke field commutatio to QED
relations for the bosons and anti-commutation iglat for the fermions. By either approach we
obtain (7-18) through (7-20) with the fiel&&§ andy being operators that create and destroy states.

Classical e/m
Interaction Field
Theory

2nd Quantization:
same £¢™ (wave eq in AH) +

add spinor field part of QFT +
invoke commutators & anti-coms

RQM e/m Same £V2.1 (wave egs)
Interaction >
Theory Invoke commutators
and anti-commutators
for fields

Figure 7-1. Two Paths to Quantum Electrodynamics

QED

7.2.2The Naive vs Realistic Approaches to Solving Intetan Wave Equations
y QFT can solve

For the Hydrogen atom, we saw in RQM that one coskel (7-19) (in its (7-16) form for states) < X
with a simple Coulomb potential in the zeroth comat ofA“ and readily obtain a good solution SimPle probs like H
We could do the same thing in QFT, the only diffee being that our solutiong and@ would ~&om as RQM did
destroy and create electron states (which wereah®e H atom bound states found in RQM).

But in QFT, we seek to do much more than this. Wenged more general interactions betwee QFT solves more
electrons, positrons, and photons whafecannot be represented so simply and where it is r difficult cases, too
independent of4. In general A“ and ¢ will depend on one another. That makes (7-18) @A9)
into non-linear coupled partial differential eqeas, which are notoriously difficult to solve. ]
Solving them in closed form, for all but the singtleases like (7-17), is essentially impossible. ~ Naive to think we

So, whereas, we might naively consider that, for particular problem, all we need to do i can Jlljsé soII:vTe
solve (7-18) and/or (7-19) for the given boundang anitial conditions, the reality is not quite sc coup ed.Q I
simple. We must seek other, non-closed form, smitgivenues. PDEs directly

Modern day computers can help in providing numémscéutions, but early researchers in QF1
did not have such things. Also, the route thoseaehers did take provides considerable insig To solve the PDEs
into the inner workings of the theory. That roufigy, the QFT e/m interaction theory known a: in QED:
guantum electrodynamics (QED), was forged in lgsge by Richard Feynman, Freeman Dysol i) perturbation
Julian Schwinger, and Sin-Itiro Tomonaga. It inad two things, i) trick =

i) perturbation theory,and Interaction Picture
i) a trick known as the Interaction Picture.

The first of these, for QFT, is expressed in teofthe second, as described in the next sectior.

7.3 The Interaction Picture

7.3.1Review of Heisenberg and Schrodinger Pictures

Recall from Chap. 2 XXX Sect. 2.6, pg 25-29 XXX fgmarized in Wholeness Chart 2-4, which
is repeated as the top half of Wholeness Chartb@law) that in the Schrodinger Picture (S.P. Review of the S.P.
states are time dependent and operators are ugimélyindependent. In the Heisenberg Pictur and H. P.
(H.P.) it is reversed. States are time independadtoperators are often time dependent. The k
equation in the S.P. is the state equation of mottop left block in NRQM is the Schrédinger
equation, and in spinor RQM, the Dirac equatioimcethe operator is usually unchanging. The key
equation in the H.P. is the operator equation diongsince the state is unchanging (frozen in time
as it were). Both pictures make the same predistionmeasured values, e.g., expectation values.



Section 7.3 The Interaction Picture 189

Wholeness Chart 7-1. Comparing 8idinger, Heisenberg, and Interaction Pictures
Schrédinger vs. Heisenberg Pictures (from Chapitl2 @) = generic state)

States Operators Expectation Values
. - - P ‘5‘

o Time dependent Usually time independent a0 _ (tlJ| il 05 HS |+ 00 |LIJ>
ShrOdInger . d _ d@S 605 dt S - at s
Picture 'a| W)s=H|W¥) = =0 <

dt ot Sy |)s changes in time®  usually const
Transform via W
U=e™ ut|w) =|w), u'o®u =o" — invariant under the transformation
U dt
Time independent Often time dependent Same as S.P. above, but scripts H
do" _ . 005 do , aoh
Heisenberg M:o p =-i[g" HRU’ T at =H<W|_I|:(7H’~|ii-i|+ ot W)
Picture dt e )
defined 90" L. H
at Wy constin time® " often not const
usually= 0
Hamiltonian H'=H®=H (for free fieldsH = Hg, but in generalH includes free plus interaction parts)
Kev Relation In S.P., the In H.P., the Expectation value and its eq of motion are
y state eq of motion operator eq of motion the same and equally key in both pictures
Schrodinger vs. Interaction Pictures
S_hrodlnger Same as top row
Picture
Symbol defs H°=Ho + H,° (Ho:HOS) H' = Ho +H,
Transform via o
U, =e uj|w), =|w), ulo®u,=0o' % invariant under the transformation
U
Time dependent Ior Time dependent oHy =Hy =H,° Like S.P. above, big—I| andH—Hyg
interaction part, do' 00S _ |
Interaction q Tz_i[@l'ﬂghugat—uo £:|<w|‘i[(7l’Hl]+£|w>|
Picture id_|l.|J>| :H|I |q;>| HG —— dt ot
t .90
defined =5 W and©' both change in time
usually= 0
Hamiltonian R =Ho=Ho> H =U{HSU,#HS — H'=Hg+H,
Key Relation Both state and operator eqs of motion importamtin Expectation value same as S.P., H.R.
Clarification

Distinguishing between the partial vs. total tinegidative of an operator can sometimes be a t
confusing. It is related to the explicit vs implitime dependence of the operator.

For example, the potential ener@yof a charged particle near a capacitor dependseonharge
on the capacitor (and typically the distance frajnTihat charge could be i) dependent solely on tl
electrical dynamics of a freely oscillating circtot which the capacitor is attached and not a tlire
function of timeper se or ii) driven by a voltage source across the capawhose voltage varies

Distinguishing
between total and
partial time
derivative of an
operator
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(typically sinusoidally) with time. In both casethe charge (and thus the potential energy
nearby) changes in time. In the second case, anigxplicit function of time; in the first, it is
implicit.
Mathematically, the potential, and the chagga each case can be expressed as If operator only

. directly dependent
i) potential®; q = q(R,L,C,i,i) @, implicit function of time { variesitime) on quantitiegthat

I
(7-21) ma e
N . _ _ . . . y vary in timg
ii ) potentiald, Oq =q(t) =CV(t) @, explicit function of time then partial time
whereR andL are circuit resistance and inductances capacitance, arids current. Thus, derivative =0
i) ﬁ=O, thoughﬁ ofter¥ 0 ®, implicit function of time .
ot dt (7-22) If operator directly

.. 0D do o ) ) dependent on time
i) ##Q and SOTe generally 0d, explicit function of tin (a direct function
of 1), then partial

@; can change in time, because it depends on cureard that varies with time (s the solution to time derivativez 0

the unforced RLC circuit), but is not explicitly di¢o the passage of tinhe

Of course, we could have a potential at a point ecepdue to both a time dependent voltac
source capacitor plus another capacitor in a fregdjflating circuit. In that case,

iii ) potential® 0q =q (R,L,C,i,ﬁ) @ explicit function of time (7-23)

The partial and total time derivative behaviors(fbi23) are the same as (7-22)

As an example, the S.P. Hamiltonian oper&t%is comprised of K.E. plus P.E., where the latte In most cases,
could be like® above.® is, in the vast majority of real world situations, motexplicit function of quantum operators
time, and since K.E. is not an explicit function iohe, H% is then not an explicit function of time not an explicit
either. All S.P. operators in all cases consideretigttook will not be explicit functions of time.  function of tim

From the top row, operators column of Wholeness Chdrtwe note that S.P. operators onl In this book. all
change in time (total time derivative) if they a&eplicit functions of time. But, in this book, wellw partial time '
always haveO® # OS(t), and so any@S we deal with will be constant in time. Its total €M yqrivatives of
derivative will be zero. operators =0

O as a Dynamical Variable Operator

If our operatorQ is a dynamical variable operator likg P, etc, then in all our cases in this
book, since the S.P. total time derivative®tis zero, there is no real equation of motion@tin  Operator can be a
the S.P. In the H.P. (se& 8ow, operators column) the operator has a non-zguat®n of motion ~dynamical variable
if the operator in the H.P. does not commute wdthif it commutes, the operator in the H.P. i
conserved.

O as a Quantum Field

In the Appendix of Chap. 3, we showed that the dperguation of motion for free relativistic
scalar fields @H = ¢ in the H.P. (? row, operators column) actually reduces to the K@ordon
equation. It can be shown that the same generalredorces, for spinors, to the Dirac equation, ar
for vectors, to the Maxwell equation.

Oritcan be a
quantum field,
where H.P. eq of
motion is K-G,
Dirac, or Maxwell
Expectation Values foP as a Dynamical Variable Operator

The expectation value of a dynamical variable djperg the same in the S.P. and the H.P.,
one can see (withV|epresenting, generically, any particular state) via

' Expectation value

O =(W|07|W) = {W[10°1|W) = {WuuToUUT|W) = (w|o"|v) . (7-29) Sgggginl';ﬂe in
S.P.and H.P.

——
Wl ot ),
In similar fashion, the time derivative of such arexgtor can also be seen to be the same
either picture. (Do Prob. 5 to show this.)

Expectation Values foP as a Quantum Field

Note that the expectation value for the Klein-Gardoalar field operatay for a particular state
of two scalar particles, each of 3-momentkhis, in the Heisenberg picture (see Chap. 3, relation
XXX (3-81), pg. 59 XXX for coefficients arising frogreation/destruction operators)
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— 1 (k) |2

@:<z@,|¢z@,>:(z@.@ﬁa(k)e—akx+;

g,
_oso+, 4 ¥ 0 v pr 7-25
= M<2¢{<|(|)ﬂ>+ + +M<ZQH R (Q1> (7-25)
= 1 =0
gk B dkix B
20 |20, @ V+ .. A2 @)+ .=0,
+ T%MH%M+ + T%WH:&‘OQ Q)+

where the zeros in the second row result from ffexieof eacha(k) destroying (making equal to
zero) any state not containing a scalar particl8-ofomentunmk. When thea(k") operator acts, it
reduces the ket by one particle with resulting kea@qualing zero. Each of the creation operators
b’ (k) creates a particle in the ket, so the bra andlikietr, and the resulting bracket is zero.

The result is zero expectation value fgrand this would be true for whatever state, inicigd
the vacuum, that we choose. This effectively mahas we would measure nothing if we tried tc
measure the quantum fiefd The field itself is unmeasurable. Hence, the RHImn of Wholeness
Chart 7-1 would be all zeros, as fields have naeetgdion values that could vary in time. _

This contrasts with dynamical variable operatoushsas energy, momentum, and charge, whi EXpectation value
for any given state, do have expectation valuesamedndeed measurable. Thus, the RH column ©f dyn variable is
Wholeness Chart 7-1 relates specifically to dynaimiariables. measurable; of

In general (do Prob. 6 for practice), the expeatatialue for any quantum field, including spino quantumg:eld, not
and vector fields, is zeto measurable
Pick the Easiest Picture to Do What We Want to Do

The S.P. was easier to use in NRQM and RQM. The W& easier to use in QFT for free US€ the picture
particles, and that is what we employed in our traent of QFT in Chaps. 3, 4, and 5. that makes things

easiest
7.3.2The Third Kind of Picture

It turns out that a third picture, the Interactiicture(l.P.) is easier to use for interactions ir Easiest picture to
QFT. For one reason, as we are soon to find ofdcilitates use of perturbation theory in place ¢ use for interactions
trying to solve the coupled, non-linear, partidfetiential equations (7-18) and (7-19). is a 3rd kind, the

Additionally, the I.P. allows us to analyze inteiag fields using all the results of our free QF1 Interaction Pictur:

development from Chaps. 3, 4, and 5, so, we waaveho go through similar lengthy steps for
interacting fields. We get this huge benefit bydkiag the Hamiltonian into two parts.

Expectation value
of a quantum field
is zero

Breaking the Hamiltonian into Free and Interactants

The Hamiltonian (total, not density) for e/m intefians in the S.P. can be expressed, from the
Lagrangian density (7-15) and the Legendre transdtion, as (withg" generically representing Two parts of the

any quantum field) Hamiltonian; the
HS=H Y =((mo' - 2c*-2Y?)d % -2 Y2, 7.26) free part and the
— I( "0 4 ) I4 (7-26) interaction par

H just e/m H§=H  (free part) H S (interaction part

where, for simplicity, we will take the symbbl as the S.P. Hamiltonian (as we did in the S.P. vs.
H.P. treatment) anHg as the S.P. free part of the Hamiltoniblms. represents the interaction part of
the Hamiltonian in the S.P. Thus, (7-26) is simply

H=Ho+HP. (7-27)
Note, for future reference, that for all caseshis book,
H, =-L and H, =-L . (7-28)

! Exceptions to this exist in more advanced area3fif, but please do not worry about them for now.
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Using Only the Free Part of the Hamiltonian to Bfanm to the Interaction Picture

The transformation from the S.P. to the I.P. isilsinto the transformation from the S.P. to th
H.P. (see Wholeness Chart 7-19 ow, LH column) except that we only use the frieddfpart of

Use only the free
part to transform

the full Hamiltonian without the interaction pafhus, the transformation from the S.P. to theikP. to the I.P.
Up=e e, (7-29) Thel.P.
. . transformation
whereUg is a unitary operator (see XXX Box 2-3 of ChapXXX pg. 27 XXX), where
ullw) =y 7.30) ransforming
0| >S | >' ( ) states

and where subscripts “S” and “I” on generic stg#sindicate the S.P. and I.P., respectively. Fc
operators, where superscripts “S” and “I” represbatS.P. and |.P., respectively,
s | Transforming
ulo‘u,=0". (7-31)  operators
Parts of the Hamiltonian Expressed in the I.P.
For the free part of the Hamiltonian operétpr= HOS, we see that

Hy =UfHSU=UH Y j=€e"dH gd = H '8 @'t = H, (7-32)
becausédo commutes with itself. (See expansiore?i'f|t example in Box 2-3.) Thus,
Ho=Hg =Hy. (7-33)

By doing Prob. 7, one can see that this equalibergly does not hold for the interaction part,

H! =UJHNU, # sy (7-34)

generally

and thus, we will represent the interaction pictdeamiltonian as i
Expressing parts of

H'=Hy+H; . (7-35) HinlP.

7.3.3Equations of Motion in the I.P.
The I.P. equation of motion for operatiss

40" _ 9 (ygosu,) =W osy, 2% s B
dt o dt dt
%r—l’
defined —‘;? (7-36)
dé‘HOt ) ) d—iHOI a@l . a@l
(QSe_'HOt+éHé(75e— IHO didps gHé — Heps @b ”6|+
dt dt a 0| (7'
or
40" o 00 Operator eq of
T__I[(? Hol + at : (7-37) " motion in I.P.
H—/
=0 in this book

where the last term, thoughout this book, is zbemause we only deal with operators for which
0%t =0 (see first line of (7-36).

Thus, the equation of motion for operators in tle lkdepends only on the free part of the
Hamiltonian.

The I.P. equation of motion for statiegfound by doing Prob. 8, which every readernuti@o)

d .
|_t|qJ>I =H| |L|J>| . (7-38) at?.t;:.eq of motion

And hence, the equations of motion for states éltR. depends only on the interaction part o
the Hamiltonian.
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The 1.P. equation of motion for expectation valiss§ound by doing Prob. 9)
do Ty 7. 00!
—=(WY|-i|O" H |+——
dt (¥ [ ] ot
The above relations (7-27) to (7-38) are summarizeéde bottom half of Wholeness Chart 7-1.

7.3.4Big Benefit from the I.P.

Note (from Wholeness Chart 7-1) that (7-37) has dhme form as the operator equation (operator results
motion in the H.P., except that we ha¥gin the I.P. andH in the H.P. from free field in

This means if we were working in the H.P. for thedal case of free fields, where= Ho, then 4 p_ for
that H.P. special case equation of motion for agrafor would be the same as the I.P. general ¢ jnteracting fields in
equation of motion for the operator. Hence, we take all results we obtained for operato | p.
behavior in the H.P. free field development of Ghap 4, and 5 and use them, as is, in the I.
general case development for interacting fields.

For quantum field operators (such@= g ¢, or A¥), (7-37) has identical form to the H.P. All quantum fields
equation of motion for fields whedd = Ho. Thus from our note earlier on pg. 190 undévds a 46 same in I.P. as
Quantum Field”, (7-37) reduces to the Klein-Gordmuation for scalars, the free Dirac equatio fee case in H.P.
for spinor fields, and the free Maxwell equation fiotons. Quantum fields in the I.P. behave ju ggme field
like the free quantum fields we have already sulidie equations, same

If you are now saying “great” to yourself, then y@eognize the value of the I.P. solutions

Expectation value

|LP>| : (7-39) eq of motion

We can use all

7.3.5Expectation Values in the I.P.

Expectation values remain the same in the I.Pheg were in the S.P. (and H.P.). This shoul
not be too hard to prove to yourself by doing Prbl. Measured values remain the same, but t
underlying math differs. A familiar refrain in stied of the quantum realm.

Expectation values
same in |l.P. as in
S.P. and H.P.

7.3.6Visualizing States in the I.P.
Consider a single particle scalar plane wave stgpeessed in the coordinate basis. In the S.P.. it

looks like, whereK is a normalization factor and sub/superscript rmgpshould be obvious, The I.P.
b i EroiE 4] transformation
- - —iEttkex _ SIEot—iE, t+ikex _
|0 = oo = KE Ke : (7-40)  2ves the i
Note thatE; is a number, a measured value if we were to measund thus is the same in an' dependence out of
picture.Transform the state (7-40) to the I.P., states

U(;r|¢>s :eiHOt%,state: Kw == KEI @EdEitHkx - fitrikex :|¢>| . (7-41)

see Box 2-3 expansion

So we see that the state in the H.P. varies in tinlg with the interaction energy, in accord with
(7-38). (Use (7-41) in (7-38)). The operatrb]:r takes out thélg dependence of the ket.

7.3.7Bottom Line for the I.P.
In the I.P.

. . - . The I.P, and its
the state equation of motion depends on only ttezastion Hamiltonian,', advantages. in a
» operator equations of motion depend on only the ftemiltoniarHy, thus, importantly, nutshell

» the operator equations of motion in the I.P. asestime as the operator equations of motic
in the H.P. forfree fields (i.e., forH = Ho with H|I = 0), so all operator relations derived ir
Chaps. 3, 4, and 5 are valid in the I.P.,

* meaning the free field case Klein-Gordon, Diraa] Meaxwell equations (of motion) from
the H.P. are the same as those in the interactisg io the I.P., and so

« quantum fieldsg ¢, andA* in the I.P. (the solutions to the field equati@fisnotion) are
the same as tHeee quantum fields solutions in the H.P. develope@lvaps. 3, 4, and 5.
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« we only need to solve the state equation of mdfie88).

Wholeness Chart 7-2 summarizes the above and m®wgamples from the three pictures for

states and operators.

Wholeness Chart 7-2: Exampleofn the Three Pictures

States Operators Expectation Values
d _ do® _a0° _ do _ s
'dt|w>s_H|Lp>s at ot =0 F‘s@”"@ ,HE‘P>S
Shrédinger Time dependent Always time indep in this book |¢/)s changes in time;
Picture Examples OSaIways const in this book
Shrodinger eq in NRQM|  No operator eq of motion to solve
Klein-Gordon, Dirac,
Maxwell egs in RQM
do"_ . =
|W)H = constant ——=-ilO"H do _ T H
dt [ J F_”M_'[a H]MH
Time independent i it o
" |fmoe ;nn ﬁpe[; sg . Time dependent if@", H] £ 0 W)Y constin time:
Heisenberg | r ZponI(;)IO Y Examples " often changes in time
Picture ' _ Interactingfield eqgs of QFT: 9
No state eq of motion 0| kjein-Gordon eq with®'™ = ¢ s do sp
solve. Dirac interact eq witto" = ¢ ame- - ass.r.
Maxwell interact eq0™ = A*
Dyn variable opers(’)H =P, H, etc
I — H —
Key point If H, .—0 (i.,e.,H —H(?) then abgve
equations are free field equations.
H d — | d@l . | dé . | |
|a|uJ>|_H||qJ>I T:—|[(7,HO] T=|<LIJ|—|[(7,H ]|w)I
Time dependent if Time dependent if@', Ho] #0 |¥ 3 changes in time iH #0;
Interaction H #0 Examples ©' changes in time if@', Ho] # 0
Picture Freefield eqgs of QFT: _
Klein-Gordon eq witho"=0'= 7] Sameg as S.P. and H.P.
Dirac eq with©"' = 0' = ¢ dt
Maxwell eq with©" = 0" = A#
Freefield dyn variable opers of QFT
In I.P. we have to solve If we use I.P., we can use all operator relatioomffree field QFT
Key points | state equation of motion (Chaps. 3, 4, and 5) in interacting field QFT.
(if there are interactions), (As an aside, I.P. is same as H.P. if there aii@tecactions, sinckl = Hg)

7.3.8A Subtle Point

I don't recommend that the new comer get sidetrddkénking too much on the following at
this point in her/his studies. We include it hexdoé complete.
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Our commutation relations for fields involve thengaate momentum (agaip represents

a generic field)
T = O_L: for free fields - = al.;r) . (7-42)
oy 0g

In Chaps. 3, 4, and 5 we dealt exclusively witieffields and thus, exclusively with the free pai A subtle point
of the LagrangiarCo. In this chapter, we are dealing with the full taggian,L = Lo + £1. If L1 relevant to weak
contains no time derlvaztlves of fields, then the Ritl LH equations in (7-42) are the same. | and strong
QED th|S IS true. Seé| Of (7 20) |nteract|on«

Thus, all of the relations we developed earlierlaing commutators (including creation and
destruction operator properties, number operatdeniltonian and charge operators in terms of
number operators, etc.) will still hold in QED.

For weak interactions, the interaction Lagrangiaagicontain derivatives, so the equality of the
RH and LH sides of (7-42) does not hold. Howevgrptaking similar assumptions to those of this
chapter for weak interactions, we can obtain algittieory. More on that in Vol. 2.

7.3.90perator Relations We Can Use in the I.P.
Thus, if we stay in the I.P., we can use Operator results
1. free field operator solutions ¢, andA” of Part | for interactions from free field
. . . . . . theory we can use
2. free field operator creation and destructiawpprties for interactions in interaction
3. free field number operators for interactions theory if we use the
4. free field observables operators for interaxio Interaction Picture

5. free field Feynman propagators for interactions

7.3.10Notation Change
From now on, we will be working solely in the I.Bg we will tend to drop thesuperscripts (on Will generally

operators) and subscripts (on states) indicatiad.®, except foH,' and?'. drop “I” script
indicating I.P.
7.3.11"Eigenstates” in QFT from here o

The word_eigenstatsn QFT generally means a state of one or mordgestfor which each “Eigenstate” =
particle has a specific, definite 3-momentum, additeonally, for each fermion, a specific, definite each particle in
spin state and for each photon, a specific, defipiblarization. Such multiparticle states ar state has definite
eigenstates of the 3-momentum operator and the Iktemiain (since a given particle energy level it 3-momentur
readily deduced from its 3-momentum). In the ItRese operators would be the free field operatc
Ho and Pp. Such eigenstates are also eigenstates of nunmokiclaarge operators, as we hav
developed them in Chaps. 3,4, and 5. That is, em@nstate has a definite number of each type
particle and a definite charge (equal to the suchafges on the individual particles).

Eigenstate also

has definite total
energy, num of

particles, &

7.3.12Summary Wholeness Chart charge

Wholeness Chart XXX 8-4 XXX at the end of Chapuéarizes the interaction picture result
and all material between here and the end of CBape, from operators, states, and propagators
the I.P. to Feynman Rules for QED interactions. i@nl it can be found at
www.quantumfieldtheory.info and click on the linlnteracting Fields Wholeness Chart”.

| strongly recommend keeping that chart by youe sid you work through the rest of this, an
all of the next, chapters.

7.4The S Operator and the S Matrix

In particle theory we have many different interaw$ that can occur. Many different incoming
particles can interact with one another. And foergwset of incoming particles, there are multiple
final (and often different) sets of outgoing pdeg

By way of example, one such set of incoming partids the electron and positron of Fig. 1-1 in
Chap. 1, pg XXX 2. In that figure, the outgoing fpdes are also an electron and a positron. But

Use Wholeness
Chart at end of
Chap. 8 as study
rest of this chapter
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another possibility, in which the intermediary uait photon mutates into different particle
types, is an outgoing muon and anti-muon. Or againg tau (also called a tauon or tau lepton) and
anti-tau.

As another example, we could have two incomingtedes that scatter off one another by
exchanging a virtual photon resulting in two outgpielectrons (with many different possible
individual momenta). Or an incoming electron anghaton scattering off one another (Compton
scattering) to result in an outgoing electron ahdtpn (with different individual momenta).

These different interactions have different prolitds to occur. So how do we keep track o
each and every possible interaction, or more paatity, how do we keep track of the individual different
probabilities for each to occur? The answer, adtl@aprinciple, is something called the S Matrix interactions via the
shorthand for_Scattering Matriésince each of these interactions can be considarscattering S Matrix
process).

7.4.1The S Matrix

Consider a column vector for which each componepteasents a different initial (incoming)
guantum eigenstate (typically mulitparticle), astioen RH side of (7-43).

We keep track of
probabilities of

+ - - +
erl,pl ,erz’pz Sil 32 %3 $ erlypl ’erz,pz
+ +
erl,pl ’erz,p3 521 %2 %3 % erl,pl ’erz,p3
+ oo s oo oo +
erl,pz ’erz,p3 %1 8\‘32 §3 % erl’pZ ’erz,p3
_ : (7-43)
erz,pl ’erz,pz Tl SZ $3 § erz,pl 1erz’p2
erl,pl’rz,kl erl,pl’ o
| L i Each § of S Matrix
Final Eigen States S Matrix Initial Eigen State: is the transition

amplitude between
an initial eigenstate
and a final eigenstate

Each component of the column vector on the LH regmés a different final (outgoing)
eigenstate.

The square of the absolute value of each comparfethie S Matrix connecting a given initial
and final state equals the probability of that sitian taking place. For example, the probability o
the first initial state above, of an electron andksifyon with particular spins and momenta,
interacting to become the second final state, oélacstron and positron with somewhat different
particular spins and momenta, is ISq |2 is probability of

(7-44) transition from initial

S},S:=| S = probability of 1st eigenstate transitioning 2nd.
eigenstatd) to final

Thus, if we recall the meaning of “transition anyadie” from Chap. 1, each component of the
Matrix, S is a_transition amplitudfor a particular reaction (scattering event, tithms, interaction) eigenstatdf)
between particles in particular eigenstates.

Our jobfrom here on out: Learn how to calcul&gfor any given interaction.

Note that i) the S Matrix is huge, infinite reallgs it not only includes all possible types o* .
interactions, but all possible momenta magnituded directions for each type (all possible S Matrix represents
eigenstates), i) many (most) of the component&ef3) equal zero, since many interactions (su¢ &ll interactions and
asey — ee’) are impossible (for the example, because chasgeot conserved), and iii) the Nas mostly zero
diagonal components effectively represent no ictéva taking place, i.e., we have the same exe COmMPps, with diagonal
final state as the initial state. For exampBag|f represents the probability that the particleshie t comps foti) = |f)
3" (typically multiparticle) final eigenstate will bmeasured to be unchanged from the initial ones
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7.4.2The S Operator

You should now go back and read pgs 2-3 in ChapNdte that XXX (1-6) XXX is the Review of Bhabba
transition probability for the initial state of Fig-1 to transition/scatter into the final statetié ~ scattering from
figure. It is the square of the absolute valuehef particular component of the S Matrix connectin Chap. 1
those two states.

Note that we got to that result from XXX (1-1) (egted below as (7-45)), which represented an
operator acting on a ket and step-by-step conggttiat initial ket state into the final ket state.

Trans amplit= X1<e+ e“(zﬁc//%z//c)x (@o A ), ‘ é é>x = x1< 2 ‘e{ oShrator +e‘>exz (7-45) SshabbhaOperator
1 ?

Bhabha changed initial
— one operator eigenstate ket to
operators that convert initial ket symbol=several

into final ket = same state as bra sub-operators final eigenstate ket

We suppressed spin and momentum designations ip. @Har simplicity, but you can begin to
suspect that they and A operators shown in (7-45) are the fields we hasenbdealing with for
several chapters now. Going through the steps %ot (1-1) to (1-6) XXX of Chap. 1, you can
see that these operators destroy the initial pestigenerate a virtual photon that propagates itinti
is destroyed, at which point the final particles areated. The bra represents the final state. When
after all the operator fields in (7-45) have opedatdn the ket, the ket has changed to match the bra
there are no more operators left, only a numbedwehed between the bra and ket, which we call
Sshabha The bra and ket inner product is one, so we aefiewith the numberSgnhapha @as our
transition amplitude, i.e., as our associated camapbof the S Matrix.

Thus, where we express the spin and momenta ekplici

. + _ _
Trans amplit= X1<e 300 € rpt| Sperator | €11 &2 2> Bhabba scattering
Bhabha X transition amplitude
%/_/
comprised of found from Shabbha
sub operators sl
operator, initial ket,
+ _ _ i
= Xl<e r2p? € aps|  Bhavha ‘ ér%p3 er{p4>X1 (7-46) and final bra

number left
after opers act

_ +
- SBhabha X1< € r3p® er4,p4
=1

So, for any interaction, we seek an oper&ggr i such that sandwiched between the initial sta
ket and the final state bra, it gives us a numbat ¢quals the transition amplitude (i.e., thevahé

érgyp3 er‘fp“>xl =Sy for this interaction

Transition amplitude

Si component.) Si for any giverii)
That is, for the operat@pesfi and|f) found from
Si =(f|Sper.s| ) (nosumoni orf). (7-47) similar operator

Note thatSoperfi takes the initial eigenstate into the final eigates acting onii)

Sper.i| ) =Ss| ) (nosum oni orf). (7-48)

7.4.3General(Non-eiger) States

Beyond the single final eigenstate of (7-48), weksa most general form &pe; such that the We seek a single
sameSpper Will give us the appropriat; regardless of the initial and final states. Tlsabne single operator Qperthat
operatorSyper that can be used for every possible initial ked &nal bra of (7-47), but gives us includes all such
different (and correct)si numbers for each different interaction. This isatvlwe will soon operators, i.e., that is

determine. good for anyji) or |f)
Note that a given initial state of certain partitypes (such as an electron and positron) ci

result in any of several possible final state patiypes (electron and positron, muon and anti-
muon, or tau and anti-tau). Further each of thas& particle combinations can have different
individual momenta from that of the initial pargsl (though the total momentum would be the same
as initially), and thus there are many possiblalfeigenstates even for the same final particlegyp



198 Chapter 7. Interactions: The Underlying Theory

So for any giveni), there are many possiblg, |each with a different probability of
resulting from the interaction. The final generats is a sum of eigenstates each having a cert
probability of being detected when the state is susad (when general state collapses to
eigenstate). Symbolically, whe@ is the amplitude of the normalizéti final eigenstate,

[=22Ce 1 0= Sper 11 =3 Sporl 1= Spea it Spea )

eneral ields
fi?\al state e)llll final Soper
eigstates
- Sprer1i| '>+ SJper2i| D"‘ %peﬁl }+“"_ SJ| f_1>+ 3 | f= 2>+ §| F 3"' . (7-49)
— — —
1st final 2nd final 3rd final
eigenstate eigenstate eigenstate

:zf:sﬁ| f) .

From comparison of the last line with the second p# the first line, we see th&; is the
amplitude of the normalizefth final state, and thus we have the

probability of measuring final staféf)  given initial stéite=C{C; = S| §, :| §|2. (7-50)

Since the total probability of finding some finddienstate upon measuring is one, then

Z‘Sﬁ‘z =1 conservation of probabilit (7-51)

f

(7-51) is called the _conservation of probabiliglation, because our probability of measuring tf
initial state before the interaction was 1, and phebability of measuring some one of the fine
states is 1. (We can’t measure nothing after theraction. We must, with a probability of 1,
measure something and all possibilities are inaldehe general final state.)

7.4.4Finding the S Matrix from the S Operator
From (7-49), we can find any givéh component of the S Matrix, such as the2 final state,

(r=2|F)=(r=23s[N=(r=3(3] f=4+ §| =3+ 3 #3+)
(S)perli+S)per2i+ N )= Spel J
=(f=2|S,;| f=2)+(many zero terms= §, =( f= |25,o,| J .

(7-52)

In general,

Sfi :< f| %per' } (7'53)

7.5Finding the S Operator

Soper= sum of
operators, each of

which converts|i)

into a differentf)

Amplitude of each
eigenstatdf) is
transition amplitude
Si,= S Matrix comp

As usual in guantum
theories, square of
amplit absol value =
probability of
measuring eigenstate

Conservation of
probability — sum of
absol values squared
of amplitudes =1,

i.e., sum of all
probabilities =1

How to find any S
Matrix component
from the S operator

You may now be thinking that since we have the twaaand destruction operators we neer

already from our theory so far, we can simply et in relations like (7-45). To some degree, yc
may have a point, but there is a formal theoryrgjviis the form o&pes and we shall develop it
here. For one reason, we would not know the apjaigpconstants to use in a relation like (7-4%
without the full theory. Additionally, there arelsgtler issues we have yet to bring up which th:
theory addresses, but our simplified approach doés

7.5.1The S Operator from the State Equation of Motion

We can find theSper we seek from the state equation of motion, the dining we haven't
already solved for in the I.P. formulation. In the., our state equation of motion, whe¥é) |
represents a generic state (multiparticle typigalty

i%|w(t)>l =H!|¥(t)), - (7-54)

In terms of the notation in (7-54), and with sulj@sri andf indicating initial and final,
respectively,

We need to find S
operator from our
theory

Using the state
equation of motion in

the I.P. to find §per
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|F>:Zf:sﬁ| f>:‘lp(tf)>l = %per(n ’i[)|l'|J( lt)>| = §per( t |9| >i! (7-55)

where we note th&per must be a function of the initial and final tim@aking our final timet; as
timetin (7-54) (the state at timds the final state in effect that has evolvedimett), we have

|W(1)), = Soper(t1)| ¥ (1), - (7-56)
Using (7-56) in (7-54) yields
.d
(Sl W (1)), )= Hi (0o w (1), ) (7-57)
This becomes
d . d
l%rp(ti )>| +|Sopera|q',(ti)>| = HII S)per|q',('1:)>| , (7'58)
=0 as ket not
function of t
and thus the differential equation for Soger
dS,
2 = H S| (7-59)
This has the solution
= K & 1 (7-60)
per '

take
=1

where things work out best if we take the arbitreopstanK in front equal to unity. Note, fdr=t;
in (7-60),Spermust =I, the identity operator, and this agrees with (y-56
Our final form forSperwith t=t¢ in (7-60) is (note the incorporation of the Haomian density)

Lot
—i-[;f H|Idt _ e_lj.tif\',[ 71’|'d4x

S'oper =e

In principle (it isn’t so simple practically, as wéll see), if we know—h', we knowSyper and we
can find the S matrix from (7-53)

(7-61)

tt

_ =if.' [ 74'dx
S =( f| Sper| } ':<_L| Soper| ) =(f[ € Y |Lp(t)> (7-62)
leig |F)=sum i th eigen
state ¢ eig states state here

Importantly, note that because (7-61) is a unitapgrator (see Box 2-3 of Chap. 2, XXX pg 27

XXX) the norm (“length” in abstract Fock space)|Bf remains the same as thatiof |f |i) was
normalized to unit norm, then so must be, i.e.,

If (ifi)=1, then 1=(|li)=¢ S ieSopeli) =(F|F)=1. (7-63)

Differential equation
for Sper

Solution = Qper

If initial state had
unit norm, because
Soperis unitary, final
general state has unit

If each 1) is normalized to have unit norm (which for us livays is), then from (7-62) and norm

(7-49), (7-51), the conservation of probabilityat@n must hold.

7.5.2Ways to Visualize the S Operator
There are two ways we can visualize the operatidigron a state.
Physical Space Example

Consider our Chap. 1 example of an incoméngnde’ annihilating one another to become a

virtual photon, which in turn mutates into an ottgpe ande’. Each possible outgoing state could

have different momenta for the two particles (wdsime total momentum). Each such state would
be a different possible (multiparticle) final eigémte. Each would, in general, have a different
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probability of being measured from the other fieggenstates. Of course, we could also have
final states of fermion paigg 1" or 7 7", each with many different possible momenta st&es.
|i=1) | f=1) |f=2) Physical space view
_ + _ + _ + of action of gper—
€pt 1€ 2>+ ?% (B K 4>+ """uj["ur piH 5 Z>+ - (7-64)  5ne state turns into

electron-positron final states muon-antimuon final state another

Soper converts the initial eigenstate into a final gahstate sum of eigenstates where the square
of the absolute magnitude of the coefficient offefinal eigenstateS, equals the probability of
measuring that final eigenstate.

— +
el’l,pl 1er2'p2> = %per

Fock Space Example

In Fock space (see Chap. 3, XXX Wholeness Chart 33269 XXX), where every eigenstate
can be visualized as a separate axis in an infifiitensional space, tf#percan be visualized as a
sort of abstract “rotation” in that space. Thei@istate vectoii) is “rotated” by theSperinto a new
vector with components along the eigenstate basis. a

In Fig. 7-2, we illustrate this for a final generstate composed of only two componer
eigenstates (because we can’t draw any more axa2€d sheet of paper).

This should seem reasonable, as (7-61) has the dornfunctione? where 8 is the angle a
complex quantity (a phasor) in complex space iateat through. Also, from (7-63), we see the
norm (abstract “length” = 1) of the state vectonmehanged under the operat@jes i.€., we have
a different final vector but it has the same magfet This is what happens in rotation.

By close analogy, a complex number can be represent Ré? with lengthR. Operating ore

with € ?ise'92 = 619 Ré?= Re'? % which has the same leng®but is rotated throug

Fock space view of
action of Qper— like
a “rotation” of the
state vector

[f=3> |F>= Sa|f=2>+ Sa1|f=3>
Fock space
(most dimensions suppressed)
Soper [f=2> .
Assumption: only two
final eigen states
> [i=1> = |f=1>

Figure 7-2. The Action of the S Operator Visualizedn Fock Space

7.5.3What is H' in the I.P. of QFT? Interaction

The interaction Hamiltonial=rI|I is different for different interaction types, i.different kinds of Hamiltonian density
forces. It is one thing for electromagnetic intéi@ts, a different thing for weak interactions, an: different for e/m,
yet another thing for strong interactions. Our preegask is to identify it for electromagnetism. weak, strong forces

From Fig. 7-1, we recall that we seem to have discd a general rule that the interactio..

Lagrangian (or the wave equation, or the Hamiltopfar states in the S.P. in RQM is the same as
that for fields in the H.P. and I.P. in QFT.

Using this rule for RQM e/m theory and QFT e/m tlyeevhich is_quantum electrodvnam|os

QED), we got (7-20). From that, we can find the e/teraction Hamlltonla@EDH| via Form of interaction
Hamiltonian density
V=41 = e (XY (X A ceo H =I7flﬂ2'1d3 % (7-65)  for e/m. i.e., QED
\%

and for QED, this can be used in (7-61) and (7-62).

In the I.P., fields (operators) behave like freeds, as we have seen. Given this, we take the
fields ¢, @, andA” are free fields (even though they are part ofitkeraction Hamiltonian).

We leave further exploration of (7-65) and the depment of QED to the next chapter.
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7.5.4What Does the Probability }§ Correspond to Physically?

The question then arises as to what volivmand what timeg andt;, we are referring to when
we find a givenS; from (7-62). Won't the probability of an interamti rise if two initial particles \/gjumes for i) waves,
are together for a longer period of time? And it volume over which a particle (wave) is spree ii) interaction
affect the probability of it interacting with anethparticle (wave)? Hamiltonian. iii)

First, we have to be clear about what the volme (7-65) and (7-62) means. To be precise, integration region
is NOT generally (though it could be) the same wwuwe use in the normalization factor:

1/ and,/m/VEp for the fields andA” in (7-65). (See Whness Chart 5-4, XXX pg 157.)

We can understand this distinction with the aid=@f. 7-3, showing real plane waves. (These
should be complex waves, which we have in quanhaories, but they are harder to portray in a
figure. For a more correct rendering of quantumegasee the right side of Fig. 2-1, XXX pg. 17
XXX.) The plane wave\ extends throughout the larger box of voluvhg(it may help to consider it
a standing wave or a moving wave bouncing off thetainer walls but always filling the box
completely.) Plane wavB does not extend as far as wavand is confined to the smaller (thicker
lines) box of volumevg shown. If such waves were quantum waves, theimabzation factors

would look like1/ |2/, & (wave A being a boson), any‘ﬁ Vg E, (wave B being a fermion.)

Volume Vg of wave B

Volume V, of wave A

H,' = 0 in region where either Typical volume V
wave A or wave B not present Wave A Wwave B of integration where
H'#£0
1

Figure 7-3. Two Real Waves, Their Volumes, and thiateraction Integration Volume

Consider, for example, that represents an electron state d@d positron. In any region
throughout which the two waves co-exist, such as \tblumeV in Fig. 7-3, there is some
probability for them to interact within that regiofss time goes on, that probability increases. éf w
were to measure the states inside that regionyatirme, we would have some probability of finding
A andB (i.e., the original multiparticle state) and soatber probability of finding new waves, say
C andD (one possible final multiparticle state, perhapsomand antimuon) or mayte and F
(another possible final state, perhapande’ with different individual momenta fros andB.)

Note that we can have (and usually do have) sitnatother than this ideal one. For example, in
scattering, target matter may be a fixed object,agtream of particles is directed toward it. A
target particle wave is essentially confined to thgect, but the other particle wave is directed
toward the object and typically not only extendss@e the object’s surface, but only spends part of
the time with any portion of it passing through tigect's volume. This sort of thing is accounted
for in ways we will discuss in the chapter on sratig near the end of the book.

For now, consider th&perto act on a multiparticle state wherein all paescare confined to the
same volumeV (see Fig. 7-3) for the same time period. And tmebability for any final
multiparticle state to be measured inside thatmel\f at the end of the time period iS;|".

However, the particles could interact outsigefor example in other regions ¥, throughout
which both particle-waves are present. To get tha probability of an interaction occurring, we
will need to integrate (7-65) over this entire myii.e. take/ — Vg. Note thaﬂ-ﬁ' = 0 outsidevg,
so that if we integrate over all space, it is thme as integrating over jugs.

Note further, that it typically occurs in QFT prebis that all particle-waves effectively occupy
the same volume, i.e., usual\y = Vg.
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7.5.5The Usual Scattering 4D Volume zo

The probability of finding a particular final stateside a relevant 3D region should change with
time. This is similar to particle decay. As timeegoon, the probability of a decay being measured
increases. There may, of course, be a number &dreiift possible final states, with different
probabilities of being measured, at any given time. Infinite time of
Consider the situation for whigh— — oo andti — oc. In that case, we would have a sort c interaction yields
equilibrium of final states, in the sense tBgger would have had enough time to operate such tr equilibrium of final
each possible final eigenstate probability wouldiked, and no longer changing with time. states

We would then have a certain probability for e@dntlcularzflnal state to be measured. Fror.,
the |n|t|aI multiparticle staté=1), we would have probabilitys}1|~ of measuring the"2 final state,

|531| of measuring the 3rd final state, etc. after iitfinime had passed. Infinite spatial
Further, if we integrate over all of 3D space, wél wbtaln the total probability of the volume includes all
interaction occurring, as we will have includedratjions in which,' # 0. interaction regions

We will find that considering infinite time and wwhe for the operation 0%per will be
advantageous in developing the mathematics of QFT.

Thus, we define an infinite spacetiiBgerby the symbol &s

Soperfor infinite 4D

_ _ —|J' wh’ d*x . : -
S= L0t —oo)= 7-66) Spacetime region
%pf;( ' ! ) © ( ) S symbc
7.6 Expanding Sper

Sopercan be expanded (in a Taylor series ke 1 +x + X121 +x3/31 + ...) as

t; t; Soperexpanded in
Soper(tf ‘%) = 'J- H (1) dt -4 T{Uti H (1) di)(jn H () dEj}"‘ - T;ylor series
(7-67)
[+ _i\n tf tf
:n_o< gt T H () H (8) H (3}t gt

If the H| above were numeric functions of timé,wouldn’t really matter what order, with
respect to the,, we carry out the integrations in (7-67). Howewance they are comprised of Earlier in time
operators (see (7-65), for example) that act oetsstate to their right, as in (7-55) and (7-62¢, w operators in that
have to be sure that at each point in the integrathe time wise earliest operators are actirgd.fir expansion operate
The operation of the operators must occur in tlteothey occur in nature, in time sequence. S first
the earliest operator must operate on the ket fiest, it must be furthest to the right. The next
earliest to operate must be second from the rajbt,

This means that at each point in théimensional space where each axis is a diff(—:tﬁ(,etﬁleH|I
dependent on the earliest time of theshould act first, theh' dependent on the next earliest of the
tn should act next, etc. See Fig. 7-4 for a two disiamal illustration of this, where we are
integrating over thg—t, plane.

tz t.<t
Integrate in this order
H, t,)H t ot dt,
a, T N

over t,<t, region

In different regions
of integration
space of n time
axes, different

o operators are
Integrate in this order earlier in time

5 Ht)H, t,)dt dt,

over t, < t, region

dt,

—t 1 t

1

Figure 7-4. Time Ordering of Integrand int, Space (All but two dimensions suppressed)
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We indicate this ordering with the time orderingeogior symbol (see Chap. 3 XXX pg. 72 The time ordering
XXX) in the integrands of (7-67). The order of tinéegrand operators is rearranged as we integr: in the integrand is

over allt, dimensions, such that the operators are time eddatrevery pointf, to, ... tp). indicated by
operator T
Taking our integration limits to infinity in bottpace and time, as in (7-66), turns (7-67) into thc
time ordered infinite spacetin®e; i.€., the Dyson expansion of the S operator, Dyson expansion
© (<) o w of S, where
s=Y 0 L R ()74 (3) A ()} 4 xd x| (7-68) integration is over
o N oSTe e infinite 4D space

SPECIAL NOTE: (7-68) is the usual definition fahe term “S operatbras used in QFT. Infinite
time and space, along with time ordering, are assufar the more general case of arbitrary time
and space limits, in what we have been calligg: As noted, the result is the same for ahthat
include the entire interaction region, includiWig— oo, though it would vary for different finite
times. So a big difference betwe&fperandSis that time integration for the latter is alwagénite.
From now on, when we use the term “S operator'esmbtherwise stated, we will mean (7-68).

2" NOTE: Similarly, the S matrix elemeng; in the literature usually correspond to the valioes
infinite time duration of the interaction. For ukey could represent either case, of finite omiidi
time, but from here on, unless otherwise specitieely will correspond to the infinite time case.

Also note the symbols we can use for the term3-68)

Symbols 9 used

s=1 =i #')d'x =4[ [ d#' (9x dxd x+...= 8. 7-69) for terms in Dyson
zo)_ljw §1()xl) x & [ (;)) (%)} d xd x >, (7-69) e
S

7.7Wick’'s Theorem Applied to Dyson Expansion

7.7.1Background for Wick’'s Theorem Time ordering hard

Time ordering, as we have in (7-68) (or equivalen(l7-69)), is cumbersome to handle mathemanca]ly;
X , ' . normal ordering
mathematically, because we can’'t keep the same ofdgperators throughout the integration ove easie
time. Fortunately, we can conve&into non-time ordered form, where the order ofrapms does
not change during integration, via a handy theaderreloped by Gian-Carlo Wick.

Wick’s theorem converts time ordered products oérafors into normal ordered products o
operators (see Chap. 3, XXX pg. 61 XXX) and soniegth called “contractions”.

Wick’s theorem can
convert Dyson time

Definition: o ) ] order to normal
For generic fieldé andB (either of which could be ¢, A¥, qJ etc) where order
A= A+ K =K+ K B- BB = B+ B, (7-70)
destruc  creation destruc  creation
oper oper oper oper

a contractioris defined herfe(note the square edged under bracket symbol) as
_ A . “Contraction”
Al(xl) ?( Xz)—[ A (%) .B( )E)L —[ (% .8 3]¢ it < o defined
— (7-71)

=:[B8° () A (x)] =2[ B(%) A(Q] I <3

The plus sign subscript implies anti-commutatiohjolu is used if bot#\ andB are fermionic. The
+ in front of the relations on the second row taligdus sign for commutation and a minus sign for
anti-commutation.

Note that for fields, as we have seen from therégg, all commutators/anti-commutators of

(7-71) are zero unleds = gandB = (J orA=(andB = {, etc. For the non-zero relations, let's
first review our derivation of the propagator.

2 There are several equivalent ways to define tinéraction. We have chosen the simplest here.
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Review of the Propagator

In Chap. 3, XXX (3-144), (3-145), and (3-143), ptB8 XXX, we summarized the scalar
Feynman propagator derivation first four steps@sa particle (wher& — x3 andy — xo),

i8¢ (=) = (0] T{#( %) & ()}|0) =(de( x)#' (%) O i < t(particd

. _ ) Review of
=<O|[ CI )]|0>=[¢ (%) #' (Xz)]= B (% %) (7-72) pro\ga\évator
a number same number « symbol for derivation
—ik (x- x2 i o k(g% A fortp <ty
= 3J :(2 )4 ST d*k ,
and for an anti-partlcle,
e 1) =07{o0)8 (900 ) ( »a)m i <t (ant-parily
i+ T Review of
<0|[ (%) @ )J [ ] B (% %) (7-73) propagator
a number same number «— symbol for derivation
|k (%~ x2 |k (%~ XZ) forty <tp

B 3J. 4J. d'k .

The fifth and final derivation step combined thaaall parts of (7-72) and (7-73) into a single relati Review of propagator

e k() derivation for either
d*k. (7-74) time order

B () = (2n)" _-[o k? - 1 +ie

End of Propagator Review

Note that (7-71) has the same form as the middhe t& the middle row for both (7-72) and
(7-73). Thus, whenever a contraction (7-71) of acdields is non-zero, it is a scalar Feynman
propagator. Similar results hold for spinor andtphdields. Contractions are

Thus,_special cases of contractidtie only non-zero cases) are zero except when

Ax)P (%) = @ OR)AX) = B (%= %) they equal a
L D Feynman propagator

l//a(Xl)lﬁ/;(Xz) = —lﬁﬁ(&)wa( %) = i%aﬁ( X- )5) (7-75)
[ I

/lk“(xl)Al“(&F D (%= %)

Review of Normal Ordering

Recall from our earlier work in Chap. 3 (XXX Secti8.6.6, pg 61 XXX) that normal ordering
consists of placing all destruction operators #right hand side inside a given term. | notechatt Review of normal
chapter that | consider the application of nornralesing there to eliminate the ¥z quanta terms ordering, placing
the vacuumad hocand suspect, but in the present application,isearnaturally as a part of the destruction operators
mathematics of Wick’s theorem, as we are abouteta Symbolically, we use the symidélto  all on right
indicate normal ordering, i.e.,

N (ABCD ) = all destruction operators placed to right of @leation operator. (7-76)

As part of our definition of normal ordering, ndteat the switchingplaces of two adjacent Interchanging two
fermionic fieldsgives rise to a sign changEhis can be justified, in part, because fermidigtls ~ adjacent fermions in

obey anti-commutation relations. For examiptgven [C,D]+ = 0, CD = —DC. normal ord_ermg
chanages sic

% One might wonder about the cases where we swisktipns of particular adjacent fermion operator
fields whose anti-commutator does not equal zehings still work out if we follow the same procedur
for this case, as well, but it is more complicadtk address this issue in Sect. 7.8.
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Notation modification
We will henceforth use subscripts in place of ptiresis arguments for fields, i.e.,

A(x) - Ay Ax) B x) G ¥ - ( AB()ZX1 (o ¥ A x- (l//V”lﬁ */)Xl (7-77) Streamlining

notation

7.7.2Wick’'s Theorem

We only state Wick’s theorem here and leave théfigetion of it for Sect. 7.8. The theorem
turns a time ordered product into a series of nbordered terms and contractions, which, as we
noted, helps us in calculating interaction probtéd, because we can keep the operators in the
same order as we integrate over time.

Wick's Theorems

- Wick’s theorem—
T{(AB.)y ....... AB... = AB..) ...... AB..
{( Iyl )*‘} N[ (AB- g oot ’2‘} turning time ordering

into normal ordering

] O] i
+N @xa..)xl(/xla..)xz -0 N@Ala..x (ABY, A ot I\E..(A.]Za_l (A2 s contractions

+N %\BC..)&(ABC..)XZ...Q N%ABC..)XI (ABC..x, @ (7-7g) Justification to follow
B H 8" ] =
+ (all normal ordered terms with three non-edimaés contractins)
Hce

No contractions for
Note that there are no contractions between opsrafmerating at the same time. We say the operators operating

are no “equal times contractions” in Wick’s theoréiie will discuss equal times contractions ii at same time

Sect. 7.8.4

Note on Time OrderingJust as in normal ordering, if we switpbsitions of adjacent fermioris

time ordering, we get a sign charegewell.
As an aside, aren’t you glad now that we derivedRBynman propagator in Chap 3 (and Chaps.

4 and 5), so we didn’t have to detour here throallthose pages of sticky math before getting to

(7-71), (7-75), and (7-78).

7.7.3Wick’'s Theorem and QED

In QFT, we take a giverﬂﬁ' (from e/m, weak, or strong theory) in Dyson’s exgian (7-69),
then convert that via Wick'’s theorem (7-78) to ngeeble form. In the next chapter we will appl
that procedure to electromagnetism by using (7t 8¢-express the integrands of (7-69) where

(AB.)y =74 (0)=(@v" Aw),  (AB.), =74 (x)=(@y" ), etc. (7-79)  Form ofH, ' used
The result will be QED. in QED
7.8 Justifying Wick’s Theorem

H) ' Dyson

expansion— Wick’s
theorem

7.8.1A Key Issue

In both time ordering and normal ordering, the egsion is made that we can simply BUT, with N-and T,
interchange operator order (with a sign changeviorfermions). This assumes commutation (tw how can we Slmmy
bosons or a boson and a fermion) or anti-commutgtivo fermions) always holds. commutéor anti-

Yet, as | noted in Chap. 3, when normal ordering wigcussed there, doing so flies in the fa¢ COMMUt
of the very foundation of QFT itself, i.e., thatrzén operators don’t commute (or for fermions OPerators that
anti-commute). In fact, even in this chapter, ogfirdtion of the contraction (7-71) implies non- don’t commute
zero commutation/anti-commutation for certain fel@o, it may seem at first blush, that in th (@nti-commut?
customary approach using Wick’s theorem (7-78) blithely assume it is non-zero in some place.
and zero in others.
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7.8.250 What is Really Going On?

The Short Answer

If we start with any order of operato#fgB,C3Dg4..., we can re-order them any way we like, as
long as, when we do, we are sure to use appropriatemutation and (for two adjacent fermions)
anti-commutation relations, which can be non-zaredme cases. The result for any such procedure
equals the same thing as the originally ordereaticsl, i.e.,

ABCD,..= ABGCD,..= ABGDL.. . (7-80) Because if we use the
%/_/ .
Original Re-orderedtimewise = Re-ordered, tdas opers full commutation
order using com & anti- on rightusing com (anti-commutatioh
com relations & anti-com relations

relations to re-order

If we define the operatdf. as time ordering via substitution of appropriadencutation (anti- |, o get Wick theorem

commutation for fermions) relations, and the opmrBk. as ordering operators with all destructiol

operators to the right of all construction operateia the same substitution of commutators/ani Re-ordering a term

commutators method, then we can express (7-80) as with T; and N (using

ABCD,.= T{ ABGD }= M ABGD} (81) o ot

We state (justification to follow) that this redscéo Wick's theorem (7-78) with the time change the term

ordering operatofT simply a time ordering of operators assuming ammutators and anti-

commutators are zero (so switching positions chegljt bosons is always OK, switching positions

of adjacent fermions always simply results in aasipange, and switching positions of a fermion

and boson is always OK, as well.) Similarly, thermal ordering operatoN entails the same

switching method to get destruction operatorsaathe right of all creation operators. Thus, Wick’s

theorem for operators;B,C3Dg... is

But such re-ordering

' [ he Wick
rABGE T NARGR}: N{lpl\lEé s Q“}Jr P{ AE Q}Jr ?r:\éi?;zee%ﬁegseéc
B via T gnd N
+N{AE&Z QD4..}+ N{ ABG, D4,}+____ (7-82) operations
L LT
-

+ (all normal ordered terms with three contracijon etc.

In other words, for Wick's theorem application, wssume for bosonic fields; andB,, that
A1B2 = BoA1, even if the two fields don’'t commute. Similarfpr two fermionic fieldsC3 andDyg,
we assuméczDy = — D3Cy, even if the two don’t anti-commute. The theorenstructured so that
the result is the same as one would get by usiagréthod of (7-81).

A Boson Example

To help make this clearer, consider the simple gtarof only two fields in (7-81) where we start to justify Wick's
take A1 = ¢x1) and By = ¢3r(xz). We choose these because we know they don't caeyme., theorem with an
[¢x1), J(xz)] # 0, since the operatoek) and aT(k) (andb(k) and bT(k)) are involved, and they example: two bosons
don’'t commute. Sog(x1) ¢ (x2) # J(xz)(p(xl), or with the original symbols\1B, # BoA1. S0, one e are familiar witl
would presume, if the theory is consistent, thatcar't simply make the exchanggeB,; — BAg,
as if they did commute.

With this choice of fields, (7-81) becomes (seeftist page of Wholeness Chart 5-4 at the er Time to lock into
of Chap. 5 and note that if you haven't lockechtbiyour memory yet that superscript minus sig memory that script +
on a field designates construction, and a posgige designates destruction, then it is time tea@o on a field means

destruction, — means

AB,=9(x)¢ (%)= (¢+( x)+ @ ( )5)) ((”H( %)+ @ ( Xz)) construction

(7-83)
— A T+ + — — T+ — =
=@ (%)@ (%) + @ (X) @ (%) +@ (%)@ (%) +@ ()" ( %)
Thus, let's set this equal to both the right arfdhand sides of an equation, as in (7-80), then re
order the LHS with lower times further to the rigintd the RHS with destruction operators all on
the right. We_use the commutation relati@ml do not assume, as in (7-82) that the fielaplsi
commute.
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T.{AB}=N{AB} - I{¢( X ( )§)}: N{¢( ¥ ( 9} or ! tI?e-exprelss same two
oson relation using
TG (09" (%) + 0 ()@ (%) +@ ()" () +e (D" (9= @ea <N

re-order with earlier time on right using commutation rielas

Nt @ (%)@ (%) + d (%)@ (%) +d ()@ (%)+@ (x)o" (%)

—_—
2 destruction operate  only term without destruction  destruction operator Ation operators
operator on right on right

Case 1to<tp

Forty < t;, the LHS (2° row) of (7-84) is already in time order. The omérm in the RHS That relation for
(bottom row) that doesn't have destruction opesatam the right is the second term. Those tw 2<1
fields don’t commute, i.e.,

+ +

7 ()7 (%)= (%)@ (%) =[¢ (%)@ (%)]= D" (%~ ¥#0, (-89
where we reference the middle row of (7-72) forrnhesaning of then” symbol.
Finding ¢ (Xl)qu_ (xz)from (7-85) and using it for the"®term in the bottom row of (7-84),
we find (7-84) becomes

:¢(x1)¢T(X2): AB,in time order

+ o+ = i Wi )~
v (x)¢ (&)+¢E%%Eﬁ]ﬁxl<ﬁ )ﬂ I (7-86)

only term we changed

+ g * + g i

all non-contraction termsave destruction operators, if any, on the right,
re-ordered using non-zero commutation relations

From (7-72) again,
A contraction
[¢+ (%).¢" (Xz)] = A (% = %)= B¢ (= %) =9 X1)¢T( %) (7-87)  term arises from
. this procedure
for t<t;

(7-86) was obtained by holding fast to the comnomatelations of QFT. Using (7-87), we can
re-write it as

R It for thi
T{o(x)@ (%)} = Mo( x)d' ()} +o( o' ( %) 1<t (7-88) case: a relation

time ordered assuming normal ordered assuming ! l inT and_ N plus a
all operators commute all operators commute contraction term

where theN normal ordering and time ordering in (7-88) means we assume for thdering
process that all commutators are zero so we caplysswitch orders of adjacent bosons.
Case 2t1<t2
Now, take (7-84) wherg < t,. The RHS will remain the same and equals thetlastlines of That same
(7-86). We do need, however, to re-express eveny ite the middle line of (7-84). relation
forty <to
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T A9 (%)@ (%) +@ (%)@ (%) +@ (x)@" (%) +@ (Yo" ( 9=

re-order with earlier timé¢, on right using commutation rielas

-

T A9 (%)@ (%) +@ (%)@ (%) +@ (%)@ (%) +@ (1)@ (%)= (-89
2 destruction need to amon-zero need to use non-zero 2 creation
operators commute commutation relation commutation relation operators coiem
N{& (%)@ (%)}

same a$,<t; case

Note that for the first and last terms in the mi&dbw, the fields commute. We can re-express
the 2 term using (7-85). We note the fields in tH&t8rm do not commute, using the middle line
of (7-73),

(47 (%).0 (x)]=18"(x—%)#0 (7-90)
So, from (7-90), we have th&8erm on the lower line of (7-89) as
7 (%)0" (%)=0" (%)@ (x)-[¢"(%).0 (%)]. (7-91)

Substituting (7-91) and (7-85) into the middle rof7-89) and the RHS of (7-88) in to the lowest
row, we find (7-89) becomes

T{o(x)d (%)} =" (%)@ (x)+@" (%)@ () +[ ( %).¢7( %]

2nd term

+@" (%)@ (%) -[¢" (%)@ (%) ]+ ¢ (%)@ (%) (7-92)

=N{o(x) (o)} +[ (x).0" (%))

The bracket commutators in the first and last roascel. The negative bracket in the middle
line can be moved to the RHS (the normal order)sidelding

7" (%)@ (%) +¢" (%)@ (%) +@" (%)@ () +o" (%)@ ( %)

. ) (7-93)
=N{g(x) & (%)} +[¢" (%)@ (X)] for < t,.
From (7-73)

[0 (%).0 (6)]= 8" (x- %)= (x-x) = x) (x). (o4 pomwaction

I:I:EEE]]]]EEEI:[E[ this case too
for t;<t,
so (7-93) becomes
T{o(x)@ (%)} = Mo %)@ (%)} +o( )@'( %) for 1<t (95) ot rovern
e operators commue sl operators commute — time order

Comparing (7-95) and (7-88), we see that the satadion holds for either ordering.

A Fermion Example
By doing Probs. 12 and 13, you can prove to yofitsat the same general relation Same result for

T{‘/l(xl)w(xz)}: N{l//( x)@( )g)}ﬂ//( X)@( %) for t< tand t< t (7-96) MO fermions
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holds for two fermions as well.

One Boson and One Fermion Example
By doing Prob. 14, you can prove to yourself, knuyvihat the commutator of a boson an Same result for

fermion is always zero, that one Lermion and
one boson
T{o(x)# (%)} = Me(X)@( %)} +@( )@( %) for {< tand t< t  (7-97)
| |
=0
Other Combinations Same result for
Photon and scalar fields commute, as do neutrirbed@ctron fields. So the general relatiol different type
(7-97) holds for all other combinations of fieldghere the fields are of different types. bosons/fermion
Bottom Line

We have proven Wick’s theorem for two fields of agpes for any time order. For generic
fields A1 andBy, it is
Result: Wick'’s
theorem proven
for two fields

T{ AiBz} = N{ A E}} + AB for any time ordeu. (7-98)

7.8.3More Than Two Fields

Hopefully, we have gained some comfort with Wicklseorem by working through the
examples with only two fields. And perhaps, we sanply accept that the mathematicians have
proven Wick's theorem formally, for us. Much liketégral tables, which we employ regularly
without proving each relation we use, we can singalgept Wick’s theorem, apply it to our work a*
hand, and move on. Three fields treated,
Those wishing to dig deeper and understand a Higtbean read the Appendix where we exten @nd extended by
the above type of analysis to three fields. In tgendix, we then use induction to justify Wick’s induction to more
theorem for any number of fields. fields, in Appendix

For those who feel the need for a formal proof, theeoriginal article “The Evaluation of the
Collision Matrix” by G. C. Wicks (Phys. Re®0, 268, 1950), or any of “Notes on Wick’'s Theorem
in Many-Body Theory” by Luca Guido Molinari (wwwtemi.infn.it/~molinari/NOTES/Wick.pdf),
Quantum Field Theory for Mathematiciabg R.Ticciati (Cambridge University Press 1999, ®&r
87), andField Quantizationby Walter Greiner and Joachim Reinhardt (Sprind®66, pg. 231-
233).

7.8.4The Issue of Equal Time Operators

Turning Our Different Times Relation into One wiflome Equal Times

Readers may have noticed that (7-82) seemed ttateifor fieldsAiBCsDa... where timed:  Operators at same
of field Ay, t2 of field By, t3 of Cg, etc. are all different (none are the same tirtregontrast, our time seemingly not
statement of Wick’s theorem (7-78) was more genieréhe sense that it has several fields at tt treated in above
same time, such a#yBiCiD;... = (ABCD...)x all at the same time, anf,B,CoDj... =
(ABCD...)x all at the same, but different fram time.

We can generalize (7-82) by taking, for example; t, so thatA;B, — A1B;. That is, wherever
we have different fields in (7-82), we can justuass some have equal times. We should thus
able to derive Wick's theorem (7-78) entailing mdahan one field at the same time from ou
relation (7-82). We would find (7-82) then lookisdi

But can generalize by
taking b = tg, for
example

T{ABCG.RGH,}= N ABG. EG H}+ ’\{ ABG EG "L}Jf ﬁ[‘l é\%g--- EG Hz}+ :

+N{A181 G. FZGZHZ.}+ N{ ABG.EG Hz}+ (7-99)
(I 1 |

+ (all normalordered terms with three contractionsgte.,
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which with slightly different notation looks a ltike Wicks’ theorem (7-78). But then we get equal

The Fly in the Ointment times contractions,
The one difference between (7-99) and Wicks' then(@-78) is that the latter has no eque Which are notin
times contractions, whereas the former does. Howeloesolve this? Wick's theorer

Resolving the Fly in the Ointment
i) The Traditional Resolution:

In traditional QFT, we apply Wick’s theorem usi’hg', which for QED takes the form (7-79)
which we repeat below.

'’ Many treatments
resolve this by

(RB.)y =74 ()= (0T A), (B, =7 (X)=(wy'P 4), etc  (7-100) assuming'is

In that approach it is common to assume the figldsach ofH|'(x1), H|'(xz), etc are already alr(;eady normal
normal ordered. That is, orderec

7' () =N{gy g A} 7 (%)= Ngy's 4}, etc. (7-101)

If that is so, then all equal time contractlonstkm RHS of (7-99) are zero, since each is arrived
at by re-ordering the fieldg/ ¢/, A, for each’, (x.) so they are normal ordered. But if they are
already normal ordered, no such re-ordering isireduand we have no equal times contractions. But this may

But, as I've said more than once, normal orderisspes all fields commute (or for fermions contradict basic
anti-commute), and since QFT is grounded in, arlg exists because of, non-commutation (non Postulates of QFT
anti-commutation) relations, there seems to be raonisistency. So, | prefer the following
resolution.
i) Another Resolution without Invoking Normal Omiteg in H|':

Consider from (7-72) and (7-73), that the contacfor scalar field is
—ik (- Xz) Other resolution:

+ _ T_ equal times
o(x) ¢ ()= (%) # 3J. <1 contractions =0
(7-102)

- ) 1 e+|k(xl Xo)
= | (%) @ ()(1)52(2”)3J' - ok f<t.

Forty = t1, each of these, at their limiting values, shouwde into play. So an average of each of
the expressions in (7-102) with=t;, should be valid. Thus

*(x= x2 +|k (%= x2)

<|p(x1) «If( 2 - J o "] b=t (7-103)

Re-expressing (7—103) in terms of cosines and sines

o(x) g (1) =y o)) sl )

| | 4(271) W 2

_cos(k (x, =x )_ |5|r(k ) % 4ot
a,
The cosine terms cancel one another. The sin fadiothe other terms are odd, whereas the
denominatora is even ink. Integrating over all space these go to zero,ifgaus with the result
that equal times contractions for scalars are Zgirilar logic leads to the conclusions that they a Since equal times
zero for Dirac fermions and photon fields, as well. contractions =0,

The bottom line:Taking equal times contractions as zero everywhkejestified, and thus we can can leave them out
leave them out of our statement of Wick's theor@n7g). of Wick theorel

(7-104)
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7.8.5Summary of Wick’'s Theorem

To get Wick’s theorem, we start with a series ofrapor fields, operating in arbitrary order and
set it equal to itself, i..é41B2C3D4...= A1BoC3Dy...

On the LHS, we then re-arrange operator fieldsgismmmutation/anti-commutation relations
such that earlier times are to the right of laleres. We herein use the symielto represent this Summary of how
re-ordering operation. The final result of the LB§uals the original LHS expression, since at ea Wick theorem
step, we simply substituted equivalent relationdtie original pair of adjacent operators. arises from

On the RHS, we re-arrange operator fields usingneotation/anti-commutation relations suct commutator/anti-
that destruction operators are all to the rightrefation operators. We herein use the symidb commutator
represent this re-ordering operation. The finaliitesf the RHS equals the original RHS expressio "€lations
Thus, the final RHS equals the final LHS.

The final result of these operations is the samengsoying Wick’s theorem (7-78).

In Wick’s theorem, the time ordering operatidrre-orders operators with earlier times to the
right of later times, but assumes we can switcleraadf adjacent operators as if they commuted (or
for two fermions, anti-commuted). Similarly, the rm@l orderingN operator re-orders with
destruction operators all on the right, but assumesan switch orders of adjacent operators as if
they commuted (or for two fermions, anti-commuted).

Using theT. andN; operations, we find contractions arising in thmafiresult. Using th& andN
operations, we insert those same contractionsesigrhted in Wick’s theorem.

7.8.6 Applying Wick’s Theorem H,"in S of Dyson

In QFT, we use Wick's theorem to re-express theddysxpansion (7-69) in a more suitablt expansion in terms of
form, more amenable to calculating S matrix val(@sl thus probabilities). In Dyson’s expansior T gperator — S in
we assume th& operator, not th&: operator, re-orders the integrands. terms of N and

. . . . contractions in

7.9 Comment on Normal Ordering of the Hamiltonian Derigi Wick’s theorem
Many practitioners of QFT, and many textbooks, eyptormal ordering of the Hamiltonian

density, both the free and interaction parts, andsird operating procedure. In carrying out such

ordering, it is assumed that all possible pairopérator fields have zero commutation (or anti-

commutation) relations.

As I've noted in this chapter (interaction Hamilimm) and in Chap. 3 (free Hamiltonian), |
consider this procedure to be inconsistent withfthmdational basis of QFT, which postulates the
non-zero value of commutation (anti-commutationgeftain operator fields.

However, as a counter argument, it is possible M&ture has organized things such that the
Hamiltonian density is actually normal ordered, t‘ofithe gate” as it were, on the micro level. O Non-zero
the macro level, with many quantum fields formingracroscopic field, the normal ordering issu commutatorganti-
is not relevant, as macroscopic fields, to higheordommute. This can be seen by re-writing commutatorsvalues
typical commutation relation in non natural unésy., are very smallz 0 at

M (xt) .z (y ) g m- ng =ind J(x-y). (7-105) Macroscopic scales

In our day-to-day measurement systemss extremely small (1.055 10'34joule-sec) and so
this commutator (7-105) is, from a macroscopic pective, effectively zero. (7-105) is one of the
postulates of second quantization, from which ahur other non-zero commutation relations, suc
as those foa(k) andaT(k), are derived. Hidden in all of those relationfiew expressed in natural
units, was the fact that, from a human sized pafinview, the commutators are effectively zero.

And thus for our macroscopic Hamiltonian densitye wan have any order for the fields S©7Z could be
involved. The usual such order, the one we assuasghe same quantum form when we guantiz normal ordered at
is not normal ordered. But it could be, and we $jngre unaware of it, because macroscopical micro scale, but our
the normal ordered and non-normal ordering Hamidtorlensities are essentially the same thing. classical theory

Thus, | concede, though | am not comfortable wifithat Nature might indeed have norma formulation would be
ordered Hamiltonian densities at the quantum levis. | have shown in the theoretical Plind toitand have

developments in this book, however, such normagiing is not required to develop a consistel €volved in non-
theory. normal order form

So from human
perspective, all fields
effectively commute
(anti-commutg
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The one possible exception to this is the predictiba virtually infinite number %2 quanta
in the vacuum as we discussed in Chap. 3. Nornriorg of the free Hamiltonian density there
eliminates those pesky things, which have yet tabequivocally measured in experiment. In a
footnote in Chap. 3, | referenced an article by imevhich this issue may be resolved without
recourse to normal ordering.
Bottom line: QFT can be developed without imposing normal angeron the fields in the Butaviable QFT can
Hamiltonian density. It can be argued that suchmeorordering is inconsistent with the be developed without
commutation relation postulates upon which QFToisntled. However, it is possible that Natur recourse to normal
may incorporate normal ordering at the quantumljekieugh our classical theories, from which w« ordering of the
induce QFT, are formulated without it. Hamiltonian density

7.10Summary of the Chapter

In Prob. 4, you were asked to summarize the fast f this chapter on RQM interaction theory This chapter
The theme of the remainder of the chapter, QFTraste®n theory underlying principles, is summary at end of
summarized in the first two pages or so of Wholer@sart XXX 8-?? XXX at the end of Chap. 8 Chap. 8
That comprises an overview of the interaction piEtuhe S operator, the S matrix, Dyson”
expansion of the S operator, and Wick’s theorem.lin®n it can be found at
www.quantumfieldtheory.info and click on the linlnteracting Fields Wholeness Chart”. This chapter: general
Note that the principles developed in this chapier applicable to the electromagnetic, weal principles of.
and strong interactions. For the rest of this vaumve apply these principles solely tCinteraction theory
electromagnetism. That is quantum electrodynan@&). applicable to e/m,

7.11 Appendix: Justifying Wick’s Theorem via Induction weak, strong forces
7.11.1Three Generic Fields

We used specific fieldpand ¢ we are familiar with in Sect. 7.8.2 in place loé tmore generic Justifying Wick's
notationA; andB;. However, we now switch to the more general notatgn that we can do one
example with generic fields and the results willdpplicable to any types of fields.

Consider three such fields, B, andCg, where we reorder the RH and LH sides of the ilent a5 with 2 fields, re-

M1 AR e - { ABG= N ABG. (7-106) order using

—— commutatoranti-
Re-orderedtimewise  Re-ordered, destruc

theorem for 3 fields

using com & anti- opers on rightusing commutato)f
com relations com&anti-com rels relations
Case 1tz <tr <ty
For this case, the LHS of (7-106) is in time order dodsn’t need to be changed. Start with a case
for a particular
T{ABC}= ABG. (7-107) * time order

The first term after the equal sign in (7-106) become

ABC= N{ABC= N{( A+ A)( 8+ §( &+ ¢}
=m%{*g‘ﬁ+ KB+ qg% i+ cg)g (7-108)

]

:Nc%“@issed+aqd,3g+ A+ Aﬁ% G+ @E

where we substituted the commutation/anti-commutatdation for A’BS, with the minus sign in

the last row for anti-commutation (when both fields fermions). Now multiply th€s field on the
RHS of the last row of (7-108).
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:
ABC=N{ABGI= N[DABG: BAG A 6] & AB& 2BLY
W lj
ac num m(7_109)
01
PN, O B CS B A G B G A8 Gr AB G
— ol
ac number [0

The upper row of (7-109) already has destructiorratpes all on the right side. The lower row
needs re-ordering.

ABC=N{ABC= ABCG: BAGr ABG ABG| A B !
+A BICT B AC+ A BGr ABGH A8 C (7110
£C5BY £C5 A £G5B
oy ey Had
Re-grouping terms of (7-110)

ABC,=N{ABC= ABCG:t BAG ABG ABG[ A B ¢
+ NG B+ A B ] + BG A+ B A.g + AGE K 8 ¢+ AB(11D

£C5A
{8 ]
Re-grouping once again, we have
ABC=ABCGt BEAG+ ABCG+ ABG Contractions arise,
SCIABY s B A ACH ABG (-112) 5 with 2 i, but
aes] o a8 .Gl 8 4.c «] Acs] B,
N * i : Signs of various
AB, for t<t; B,Csfor tg<t, ACsfor tst;  AGC;for i<ty
Il I

terms depend on
fermion/fermion

where the signs in the last two terms depend on wheghmaion switching has been involved to ge
to each term. We can re-write the last two terms revttee sign changing under fermion switch wil €Xchanges needed to

be taken into account automatically by Meperator as get the terms
Those exchanges
c d ~c d —
*B, [ A 'QL i[ A ’Cﬂ; @ - N{ le‘ B |Q} ) (7-113) (their sign$ taken
AC,for t<t,  ACsfor tet, into account by the N
- L operation symbol
Or finally, meaning

A B,C; re-arranged using full commutation relations Result: Wick's

T{ABC}=N ABG+ N ABG+ N ABIG+{N ABGlr £ £ * "M% theorem for 3 fields,
Ll I [ this time order
Other casesther tharz <ty <t;

For cases wherg <t; <t is not true, we would have the same result forRhS of (7-106),
i.e., it would equal the RHS of (7-114). But thméi ordered side would be ordered using The
operator (using the commutator/anti-commutatortia@ia when switching field positions.) As with
the two field case, we would get commutator/antiowitator relations on the time ordered side
that would cancel with identical relations on tieordered side. You can do Prob. 15 to prove tt Same result for all
case forty <tz < ty, and then, if you wish, play around with otherdirsequences to prove it in time orders = Wick's
general. The final result is that (7-114) holdsday time sequence for any three fields. theorem for 3 fields
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T{ABC}=N ABG+ N |,q_\lg G+ (N 4\||3>|}<;+ { N| 1Aglc;fmny time order . (7-115)

7.11.2Wick’s Theorem via Induction

Comparing (7-115) for three fields to (7-98) forotfields, we can see a pattern emerging. If w Pattern emerges for
were to carry out one more example with four figlde would see additional types of term: more fields. That
entailing two contractions. This pattern would h#lyf reflected by (7-82), and thus by Wick’s pattern is Wick's
theorem in full, (7-78).

Copyright of Robert D. Klauber
www.quantumfieldtheory.info

7.12Problems

A

Show by taking each value of=0,1,2,3, that (7-4) is equivalent to (7-3).
Use (7-8) in (7-7) to get (7-6).

Use the full e/m quantum Lagrangian (7-15) in theleELagrange equation (7-7) with
@™ = to get the full Dirac equation (7-16).

Create your own wholeness chart summarizing, is flean a page, Sect. 7.1 on Interactions in
RQM.

From the equation of motion for the expectatiorueabf an operator in the S.P. (top row, RH
column of Wholeness Chart 7-1) derive the same tauaf motion in the H.P. (3row, RH
column of Wholeness Chart 7-1.) (Hint: Simply inder uu’in appropriate places in the S.P.
equation of motion.)

Show that the vacuum expectation value (VEV) fer photon field is zero, i.e(0| A“|0)= 0.
Pick any state you like and show that the expextatalue ofA” for that state is zero.

Show thaH| =UIHSU,=H,® only if H;° commutes withHo. The last part of Box 2-3 in
Chap. 2 may help.

Start with the S.P. state equation of motion (&fpbox in Wholeness Chart 7-1) and Wkgto
deri\ée the I.P.Sstate equation of motion (7-38)n{Hnsert| = UOUOJr before the kets, exprebis
= H”=Hgp + H,~, and pre-multiply the entire equation Uy .)

Start with the S.P. expectation value equation afion (top right box in Wholeness Chart 7-1)
and usdJg to derive the I.P. expectation value equation ofiom (7-39).

10. From the S.P. expectation value of an operatonshat it equals the I.P. expectation value,

i.e. show (using (7-24) as a guide) that
O=4¥|0°|W)g= (W]O'|W),.

11. Show that a commutator relation between two opesato both the H.P. and the I.P. is the

same as the commutator relation between the sameperators expressed in the S.P.

12. Use the full anti-commutation relations to re—orde(xl)(ﬁ(xz) two ways, first with earlier

times on the right assuming < t1, then with destruction operators on the right.FEatthese
relations is equal to the original relatiqbl(xl)(ﬁ(xz), and therefore they are equal to each
other. Show that Wick's theorem (7-96) and (7-88)hk fort, < t;, where the two operator

fields are ordered using tiAeandN operators (which assume all fields commute/amitmite.)
Hint: Near the end, use XXX (4-144) XXX and (7-75).

theoren
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13. Repeat Prob. 12 fdf <t . Hint: Near the end, use XXX (4-145) XXX and (3}7
14. Repeat Probs. 12 and 13 for the two fie{cz(sxi)zﬁ(xz) :

15. In a manner similar to what we did in (7-107) tel(I4) for three fields for the cage<ty <
t1, show that the same relation (7-114) holds foegHields for t, < t3 < t;. Remember that in
both cases, when we place destruction operatorsthenright using commutation/anti-
commutation relations, we must have the same Ré] sislin (7-112), since it is the same thing
regardless of time order.



