Chapter 6 Version date: December 27, 2011

Symmetry, Invariance, and Conservation
for Free Fields

“The time has come”, the walrus said, “to speakmadny things,
of symmetries, Lagrangians, and changeless transfugs.”

Re-rendering of Lewis Carroll
by R. Klauber

6.0 Preliminaries

My apologies to Lewis Carroll for the liberties taken wiik great work, but the Jabberwockian,
oxymoron-like phrase “changeless transforming” will come to hdeep significance for us. We
will find it central to our understanding of symmetryganeral, and more specifically, in our study
of quantum field theory.

6.0.1Background

Symmetry is one of the most aesthetically captivating andgdphically meaningful concepts
known to mankind. Rooted originally in the arts, it hashesd and re-emerged in our modern age
as a unified and holistic structural basis for all of science.

But if so, what then, particularly in mathematical termst?df, in a work of art, it is a quality,
perhaps somewhat abstract and related closely to feeling anadenmatw does it relate to physics?
Can it be defined precisely?

We begin our answer to these questions after the chapter pimiiemw.

6.0.2Chapter Overview

First, an introduction to symmetry, A simple definition
where we will look at of symmetry with
 a simple definition of symmetry without math, examples

» examples of symmetry, and
» a mathematical definition of symmetry.

Then, symmetry in classical physics, including

* laws of nature symmetric under Lorentz transformation, lagis are invariant in spacetime
(same for all observers)

« symmetry in the Lagrangidn— a related quantity is conserved

Symmetry in
classical mechanics

Then, symmetry in quantum field theory, including

« field equations symmetric under Lorentz transformation, they are invariant in spacetime Symmetry in QFT
(same for all observers)

» symmetry in the Lagrangian densify— a related quantity is conserved
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164 Chapter 6. Symmetry, Covariance, and Conservation foilFieles

e symmetry, gauges, and gauge theories
Free vs interacting fields
We will deal primarily with free particles and fields in tiisapter, but the principles will apply Symmetry principles

in general, as we shall see when we investigate interactions. apply to free and
interacting cases, but
6.1 Introduction to Symmetry only free in this chapter

6.1.1Symmetry Simplified

Each of us has some intuitive feel for what symmetry isjghanost might, at least at first, have
some difficulty coming up with a very precise definition. @&y snowflakes have symmetry, and
so do cylinders and beach balls. A map of New York probadds not. Just what exactly is it that
we sense about an object that causes us to deem it symmetric?

To see what that certain something is, imagine yourselfiigost a real life version of the
cylinder depicted in the figure below. Then imagine closingr wyes for a moment, and during the
time you can't see, someone else rotates the cylinder about tical\eetis shown in the figure.
When you open your eyes is there any way you could tellthieatotation had taken place? The
answer, of course, is no, but what does that mean?

It means that even though something changed (the rotaticsiabpf the cylinder), something
else remained unchanged. The form we perceive, the wholenessttietidinder, looks exactly
the same. The act of moving or "transforming” the cylirgigultaneously exhibits the qualities of
both change (transformation) and non-change (invariance).

axis of

/ symmetry /_L\
é >

T T

Unrotated Rotated

Figure6-1. Symmetry of a Cylinder

So what then issymmetrg It is simply the propensitfor non-change with change, for
invariance under transformationn many cases, such as this one, it is a relationship betieen
whole and the parts in which the whole can exhibit changelessrtakes the component parts
change. In virtually every case, it involves superficial changfe mvore profound non-change.

Symmetry manifests to greater or lesser degrees. A spheirgstiorce, has more symmetry thalr
a cylinder because it possesses innumerable (rather than onlpassi)le axes about which it Different degrees of
could be rotated and still appear the same. A snowflake haslessssymmetry than a cylinder, Non-change with
since there are only six discrete positions into which ifctbe rotated where no change could £ change mean different
discerned. A baseball glove has no symmetry whatever. There sleitaty no ways it could be degrees of symmetry
rotated without looking distinctly different.

Symmetry extends beyond rotation. Consider an infinitettehgrizontal line. Translate it 10
meters to the right. It still looks the same. It has tedimial symmetry. Consider the human bod
where the right half is reflected to the left, and the left teflected to the right. It still looks the
same (to good approximation.) To high degree, our b&dies mirror, or reflection, symmetry.

Symmetry is the
propensity for non-
change with change

Different kinds of
symmetry: rotational,
translational, refection
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There are continuous symmetries, like the cylinder of Fily. &-sphere, or the infinite straight .
line discussed above. For these, transformation is contindousthere are discrete symmetries Symmetries can be
like the snowflake, an infinite picket fence, or any reflectormmetry. For these, the Continuous or discrete
transformation only maintains an invariant quality in certhstrete positions.

Extrapolating these ideas beyond mere geometry and rotatiocerwleegin to understand why
symmetry is considered so meaningful and fascinating. Non-ehaitg change permeates man' Symmetry plays a
diverse phenomena. In many works of visual art, such as @fidsscher or Indian mandalas, this major role in the arts
principle is evident. In architecture, it has been pervasiaigihout the ages. In music, the refrair and elsewhere
typically the essence of a song, remains the same, while otlhes tyrange. And that certain
something we sense in the work of a great master is typitahg throughout all of his or her
individual pieces. We know that a Bach sonata, even if we have heast it before, is by Bach.
We know a Picasso painting, even if we have never seen it béobs, Picasso. We sense
symmetry.

6.1.2Symmetry Mathematically

In mathematical terms, the rotations, translations, and reffectve discussed in the previou:
section are known as transformatioAsy transformation, by definition, is a change of sorimgth
If the transformation is symmetric, something else remanekanged, or in math terms, invariant
Not all transformations are symmetric, of course. We wilklad some mathematical example:
below, but first we need to note one more thing.

The transformation depicted in Fig. 6-1 can be understooer tha rotation of the cylinder in
one direction while we remain fixed (an_active transformatlmpnname), or alternatively, as &
rotation of our viewing frame of reference in the other dioectvhile the cylinder remains fixed (a
passive transformatipnThe same thing is true for snowflakes, the translatiangifaight line, and
more. Transformations typically involve éhange of perspectivea change in the relationship
between the observer and the thing being observed.

Mathematically, when we change our position of observatiois, équivalent to using a new, . _
different reference frame and coordinate system, oriented diffiefesrh, and/or displaced relative Changmg observer B
to, the original. So a transformation can be viewed simplg ahange of coordinate system, an changing coordinate
this is often represented as a shifting from unprimed itogat coordinates. We will focus on this ;ystem, m_ost useful
(passive transformation) interpretation, the most commerirophysics, and most relevant to QFT interpretation for us

Example #1
So how about some simple examples? For starters, see Figih@i2 on the left hand side we
show the function

Mathematically,
symmetry comprises
invariance under
transformatiol

Transformation is
change of object with
observer fixed or vice
versa

i (xl,xz) = ( ><1)2 +( x2)2. (6-1) Example of a function
symmetric under
rotation transformation

f(xtx3 frxlx?
X 2
X2
X 1
x1 6
f(xtx3 =P +42 % fr(xL,Xx3y=(x1p +4x23
Original, Unrotated New, Rotated
Coordinate System Coordinate System

Figure 6-2. Example of a Function Symmetric Under Coordinate Transformation
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We then change to a coordinate system rotated relative torshewfhere our transformation
from the first set of coordinates to the second is

Xt =x' co+ X sid ¥=- k si+ %X cdb, (6-2)
with the inverse transformation being
x' =X co- ¥ sid x= % si@i+ '% cdb. (6-3)
In matrix form, these are

N cosd s x e cod - sift|| 'k 2D rotation
= = : (6-4) transformation

X'2 -sind coY || x? N sif  cof || ¥2
%/—/ %/—/

T T1T
where we designate the transformationTbywhose inverse is its own transpose.
Substituting (6-3) into (6-1) to express our functiothe new system primed coordinates yields

()= (4

£'(x* %) = (X cod- £ si) +( % sia+ & &)’ (65) Function has same
~(') (cog 0+ sine)+( €)' ( coto+ sto)=( A +( A= (X primed comimatess

it is symmetric under

The function has exactly the same form in both coordinaterags exactly the same form whethe X
the transformation

we express it in terms of the unprimed or primed coordin@a&n Fig. 6-2, this should not be
much of a surprise.

The prime orf” is used to indicate it has, in general, different functiooahffromf, which is
the case for non-symmetric functions. But since the functidrere is symmetric under the
transformation, the functional form 6fndf’ is the same, so we drop the prime. This can be more
easily understood with the following example.

Example #2
Consider the function

_ 2 Example of function not
g(xl’xz) _( Xz) ' (6-6) symmetric under
Express (6-6) in the primed coordinate system by subisijt(6-3) into it, and we get rotation transformation

g=(¢) =(x*sig+ %2 cos) =( %) site+( %) cdw+2 X% @n @s( K (67)
Thus,g has different form in the two systems anda$symmetric under the transformatidon
o(x #)=g(8 )z d €39 bu { X A= (%A= (4. 69
The transformed form af, represented bg’, has the same value at the same physical point, bu
it is not the same form in terms of the primed diwaites agy was in terms of the unprimed

coordinates. Buf’, the transformed form dof did have the same form in terms of both sets of
coordinates, and thus, we dropped the priméamthe RHS of (6-8).

In spite of its non-symmetry under rotatiog, is symmetric under a different kind of
transformation, the translation to a coordinatdesyswhich is displaced relative to the first alont But same function is

thex' axis, i.e.x* > x* = x* + constant, or symmetric under a
WL v K translation '
= + K = constan. (6-9) transformatiol
XIZ X2 0

Substitution of (6-9) into (6-6) yieldy'( x’l, x’2) = (x'2)2, having the same form in both systems.

Lessons from the Examples If a coordinate is

From Example #2, we can deduce the general ruleiftizacoordinate is missing in a given Missing from f, then fis

function, that function is invariant under a trasfation solely in the direction of that coordinat SYMMetric with respect
to change of that coord
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(and also under multiplication of the coordinateabgonstant, which will be less important for us.)
The function is symmetric with respect to that sfanmation.

In both examples and in general, the value of &iquéar function at a given physical point in
space is the same under any transformation, syritn@tmnot. The new coordinates are simply Value of a scalar
new way to designate that particular point withfediént numbers, but it is the same point in spac
and hence must have the same numeric value fotifmat there. Iff or g were a physical entity,
like pressure, simply changing our coordinates wodt change the value of the pressure at a
given point in space, even though the numbers ith@sgrthat point’s location are different.

So underany transformation of coordinate axes, the value physical point of every possible Functional form of a
scalar function is invariant. Under symmetrytransformation the form of the function also is scalar is the same
invariant. Under a non-symmetry transformation, ftiren of the function looks different in terms of under a symmetry
the new coordinates, and we represent that furadtidifference with a prime on the function label. transformation

function at a physical
point is the same in any
coordinate system

Scalars are Invariant, Vectors are Covariant

Consider a 2|D_ polsitizon vector in phys_ical spaceramr_lted i_n the unprime_d c/oPrd/ir;ates C Vector components
Example #1 b, " = (x, X). Under the rotation transformatidn this becomes’" = (X", X’%) = chanae under
1.2 . ; . . . g
(X', X). A different (i.e., non-invariant) set of cooretes represents the exact same vector. But it +4nsformation
the same vector at the same physical location,irarigict, has the same length in each coordinz
system equal to But vector length and
_ > > > > direction in physical
I¥| :‘x" :\/(xl) +(x2) :\/( )(1) +( )kz) :‘ x" (6-10) space unchanged for
) . o any coordinate system
So the scalar value at the point (equal to thetleo the position vector at that point) is the
same in both systems, but the coordinate valuesare

It is generally true of every vector not just the position vector shown here, thaphgsical, Vectors are covariant
measurable length (a scalar value) remains unchamgeger any coordinate transformation, but it ynder coordinate
component values change. This is called covariaBcalar values are invariant under coordina transformation
transformation; vector components are covarianan(Dconfuse this use of the word “covariant’
with our use of the terms covariant and contravagaordinates.)

Parallel to scalars, if the vector components ramaichanged under a given transformationy/ector transformation
then that transformation is a symmetry transforomti.e.,v''(x’') =v' (x"). One example is the symmetric if
E field around a point charge, which points radiatiytward from the point, described in acomponents unchanged
coordinate system with origin at the point. Rotgtto a new coordinate system, we find the same
functional dependence of tikefield on the new coordinates. See Prob. 7.

All of these conclusions are valid for any dimensgpace, and in particular for our purposesa|| of above true for
the 4D spacetime of relativity theory. They areoalalid for systems of generalized coordinates;p gnd other spaces,
(reviewed in Chap. 2), not just Cartesian like thebown here, and for both particles and fields,g \yel|
Probs. 1 through 6 and Wholeness Chart 6-1 canyloeigain more comfort with these concepts.

Wholeness Chart 6-1. Symmetry Summary

Non-Symmetric Transformation Symmetric Transformation
Coordinate values change? Yes Yes
Scalar value at a physical point the same? Yes Yes
Form of function invariant? No Yes
Vector magnitude and direction at a
: . Yes Yes

physical point the same?
Vector components invariant? No Yes
Vector components vary covariantly? Yes No, irsvatri

General rule: If a functioh is not a function of thgh goordinate<j , thenh is symmetric under

the transformation’ — x' + constant
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6.2 Symmetry in Classical Mechanics

6.2.1Invariance of the Laws of Nature

Symmetry turns out to play an extraordinary rol¢hi@ physics of our creation. Albert Einstein,
in possibly the most far reaching of any scientdiscovery, provided the first insight into the ginstein showed laws
universe's innate symmetry. He showed, via hisrts®f relativity, that even though the visible of nature symmetric
world of changing objects appears different atedéht places, in different times, to differen (jnyariant) in
observers, the physical laws of nature governimgdhobjects remain invariant regardless of whe spacetime
where, or how they are perceived. The laws of @sysacting on a subtler, more holistic level o
creation, exhibit changelessness in the midst ahghk and are said to lsgmmetricthroughout
spacetime.

We review this discovery by Einstein and the clzssmechanics leading up to it below. This
should not be new material for most readers, mdesit forms a good part of the foundation for
understanding the ramifications of symmetry in ptssl provide the following overview, which
many readers are probably well versed enough $kita, or skip, over.

6.2.2Brief History of Einstein’s Insight into Symmetry

Newton’s Laws: Invariant under Galilean Transforiaas

Newton’s laws of motion are trivially symmetric werda rotation transformation becadsema  F=ma invariant
(from which the other two laws can be derived) igeator equation, and as we showed above, a under rotation and
vector maintains its magnitude and direction ungeanin physical space under rotation. SoRhe translation
anda vectors will still be aligned with each other inyanew coordinate system and still have the
same proportionality constant wf. There will be new coordinates for each, but e equation
relating those coordinates will hold. ' = ma', then F/' = ma’'. Similar results hold for a
translation transformation, which you can show bind Prob. 8.

Another type of transformation involves changingni one coordinate system to another where
the transformed system has a constant velocityiveléo the first ofv. Any fixed coordinate value The(3D) Galilean
in the original system appears to move in the direction relative to the second. This, as mo: transformation is to
readers should know, is called a Galilean transéion for the 3D plus time of classical mechanic coordinate system
and is having constant

o N o — vglqcity relative to
original system

x| 5| X?|=| ¥=V*t] or XxoXx-vt (6-11)
X3 X3 |-Vt
In Newtonian/Galilean mechanics, time does not gbdrom one system to the other. It is invariant

and thus labeled hyin both systems above.

Newton’s second law is invariant under this transfation because of the second order time

. . . | .
derivative inx. That is, F=ma invariant

F! e x* A &R under Galilean

i transformati
F2l=m| |- =m %*|= mj? 7- 9t= mil=| Bl or F= m.F= a (p1p [ransformation
E3 53 @3 W3-\t 3 | g3

Prior to Maxwell's appearance on the scene, it gaserally assumed that all laws of nature
were invariant under Galilean transformations.

Maxwell's Laws: Invariant under a Different Kind ®fansformation

However, with the publication of Maxwell's equatiom 1864, it was realized that his laws o
nature, in contrast, do not transform symmetricaliger a Galilean transformation. If one invoke
(6-11) in the coordinates of Maxwell’'s equatiorg tesult was a set of equations of different forr i
quite unlike the behavior that we saw in (6-12)affexercise is fairly involved and would lead u transformation
too far afield, so we won’t get into it here.

Maxwells’ equations
NOT invariant under
Galilean
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It was, however, realized that Maxwell's equatiom®re invariant under a different
transformation between coordinate systems in x@atiotion. This transformation is 4D with time
and space transformations, rather than simply 3iiapand is called the Lorentz transformatior

Maxwells’ equations
ARE invariant under

. : . . L . : - Lorentz
after its discoverer. It is, where we lose no galityr by restricting relative velocity to a single transformation
coordinate direction (since Maxwell's laws are syetmnc under rotation), and where we write out
in non-natural units this one time,
- i
XO )('0 y(X _% ) % —y% 00 XO
1 1 v _V The(4D) Lorentz
. X" y(xl c X ) Z|ve v 00 x y= ! v=V'. (6-13) transformation
x2 X2 32 0 0 1 0] x? 1- vg
C
X X3 3 L0 0 0 1)y
- - N

Again, because it would lead us away from our pretesks, we will not go through the lengthy
process of showing that Maxwell's equations retam same form under (6-13). Note that we will
designate the Lorentz transformation with the syinfbo

Einstein’s Resolution

Einstein and others wanted all equations of natoralisplay invariance under the sam laws svmmetric
transformation. There were two major sets of lawsha time, Newton's for mechanics anc y
Maxwell’s for electromagnetism. But they didn’trisiorm to moving coordinates in the same wa under same
Something had to give. transformation

Einstein intuited that the speed of light musthee $ame for all observers, whether they are fixe _. .
relative to one another or have relative constattaity. This was quite a radical insight and tarne EINStein figured ¢ =
out to be true. Since the wave solution to Maxwedjuations yielded a speed of e/m waves (ligt Same for all observers
of ¢, that meant those equations must yield the samdtriem any coordinate system that was nc __ . ,
accelerating (nor in a gravitational field). To this, they must have the same form in all suc 1hiS meant Maxwell's
coordinate systems. The only transformation thetiiit was Lorentz’s. equations same for all

Einstein took that “to the bank”. He knew it me#mt in order for the equations of mechanic
to also be symmetric under the Lorentz transforonatiney must be modified. Newton’s laws wer:
not the exact truth, but only a very good approxiomunder normal human conditions to mor
accurate and precise laws.

We won't write Einstein’s law of mechanics heret efer interested readers to any textbook ¢ _
relativity’. The point is that his reformulation of mechanlgsis invariant in form under Lorentz Einstein reformulated
transformations, and 2) reduces to high accuracgpaeds for objects of much less thmrto ~Mechanics so it obeyed
Newton’s 29 law. Lorentz transformation

We summarize these results in Wholeness Chart 6-2.

Scientists wanted all

So Lorentz
transformation must be
correct one for e/m and
mechanics law

That reformulation is

special relativity
Wholeness Chart 6-2. Galilean vs L orentz Transformations

Galilean transfor mation L orentz transfor mation

Newton’s laws symmetric? Yes No Special _relat|V|st|c
mechanics becomes
Maxwell's laws symmetric? No Yes classical mechanics
Einstein law of mechanics symmetric? No Yes at vesc .
(<< 1in nat unitg
Valid for any speed? No Yes
Valid at low speed? Yes, approximately Yes

! For example, Hartle, James Biravity, Pearson (2003), Chap. 5
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Einstein carried this idea further in the developtmef his general theory of relativity. In very & work special
general terms, the same concept holds. At any gp@nt in spacetime, the laws of nature relativity, not general
expressed as relationships between physical enfltiee scalars, vectors, and tensors) are invarie relativity
in form. However, the Lorentz transformation is cfieally for differences in velocity in non-
accelerating, non-gravitational, systems. All of @ork in this text will assume acceleration and

gravitational effects are zero or small enoughddgmored.

The bottom line All laws of nature are symmetric (invariant) und®rentz transformatidn
They are the same for all observers in relativestaont velocity motion.

Laws of nature
symmetric under
Lorentz transformation

6.2.3More with Lorentz Transformations

Index notation for Lorentz transformations

The relation (6-13) expressed in shorthand notatfion the position vector, and the
corresponding transformations for a four ved#rand a 4D tensof*” (for those familiar with
tensors) can be written as

XH=ARR VE(X) = ARV (A 8) T ) =AY, T (A, R). (6-14)
Note that/\'l, the inverse ofA\, can be obtained by taking — — v in (6-13) since each

coordinate §)/stem seems to be going in the oppdsitetion with respect to the othex.> will
transformx” # back intox*.

Length of any four-vector invariant

Recall from (6-10) that the length of a vector b B unchanged under a coordinate syste™
transformation, i.e., the length is a scalar an tivariant. The same thing is true in 4D for four L€ngth of anyiD
vectors. Recall further, from Chap. 2, particulate appendix Sect. XXX 2.9.3, pg 35 XXX, tha Vector invariant under
the length of any four-vector, symbolized W) is the square root of the 4D inner product, oé.,  Lorentz transformation

wwW =W+ ww+ wvi+ ww= WR- Ww W& W W scalar invarian  (6-15)

and that this is the same for any observer in aoydinate system. This applies to any vector, be it
a position vector likex, the differential of positiordX’, the four-velocityu” of the Chap. 2
appendix, the four-potential’, the partial derivativé”, or any other.

Do Prob. 9 to show that under a Lorentz transfama(6-15) is invariant and therefore is
Lorentz invariantWe often call such scalars in 4D world scatarsorentz scalars

4D Laplacian derivative invariant
Similarly, just asx, x" is Lorentz invariant, so is the differential Iehgiquared:ixyd%’. Putting

the latter into the denominator, we get the cowadmng 4D Laplaciamlerivative 4D Laplacian
0 0 u_0 0 o 0 0 0 0 0 invariant under Lorentz

= — oI -5 - 5. - Scalarinvariant derivativ, (6-16 )
ox* 0x,, H X Ikax 9xXoxX 9IXa xR ( ) transformation
which, as noted, is Lorentz invariant itself. SteneX represents any quantity,
0 0 _9d 0 0 0 g 0

= L2 x=2 9% . (6-17)
oxX¥ Ox, OXFOx, | axOx, ox* oX,

2| don’t want to confuse readers, but most spestilii relativity would bring up caveats here. Boe,
in systems with clock synchronization done undatifferent convention than Einstein’s, the laws of
nature actually do take different form. The Loreménsformation assumes Einstein synchronizatioa. W
will stick with that, the simplest, most efficiensynchronization and with the most widely used
transformation of Lorentz. Our statements with rdga symmetries thereunder will hold true in gesher
for our work and are widely accepted as valid datenvhich good theories should meet.
However, a second caveat involves research beimg ét the time of this writing that questions
whether Lorentz symmetry needs to be upheld iragexery advanced theories of elementary particles.
Please do not worry about these things now. Youdeaso, when and if your work leads you into these
other areas.
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In general, any time we sum over pairs of indiesgn if the factors in the summation are partial
derivatives, we get a scalar invariant as a result.

Most general transformation between 4D coordinates

The most general transformation we could have atsfime would comprise 1) a 4D translation
(translating our coordinate axes in space, timehaih), 2) a rotation in space, and 3) a Lorentz
transformation to a frame with different relativelacity. (We ignore reflection.)

The rotation in 3D is the same as we should haga seclassical mechanics and thus, for our
purposes, is not of great interest. It does allsvtourotate our 3D axes, however, so that theivelat
velocity between our original and transformed systés along the’ axes of both. This lets us use
the Lorentz transformation in its simplest forme thof (6-13). With this form we state the general
transformation between coordinate systems, knowheaBoincée transformatioras

Poincae
XH =NH, (x" +d ) a& =constant four vectc. (6-18) transformation

Our laws of nature invariably involve partial dexfives with respect to time and space, i.e, wil
respect to infinitesimal differences in 4D positidrhese differences between coordinates in any
given coordinate system are unchanged by displatiagcoordinates by any covnstath So the
laws of nature will not be changed.bygl translatbthe 4D coordinate system by. The laws are Laws of nature
the same at any plage and at any time". .
symmetric under

Bottom line: Thus, you may hear it said sometimes that the lafusature are invariant with pgincare’
respect to Poincare’ transformations. transformatiol

6.2.40ther Kinds of Symmetry

There are other kinds of symmetry, other than tifatorentz symmetry in spacetime. You QOther kinds of
should have studied this, at least to some degneelassical mechanics, but we will review the symmetry exist
essence of it here.

Symmetry of the Lagrangian Implies a Conserved @tyan
Consider the Euler-Lagrange equation for a pariicldewtonian mechanics

i(a—L.)—a—L:o L=T-v p=2t (6-19)
dt{ ox' ox X

If the Lagrangiarl is not an explicit function of the spatial cooraiex', thendL/ox = 0 on the
LHS above. Thus, the time derivativeppis zero.

i(ijzd_ﬂz with 25 =0 when L # L(xi) . (6-20)
oX

dt | ax dt

Hencep; is constant and thus, conserved. This makes sgnse the only source for spatial L =L (x) means p
dependence ih is the potential energy, The gradient of potential energyo¥/ox is force on the conserved
particle. If we have n¥ dependence oxl, then there is no force in txedirection, and momentum
pi is constant. For example,\ffis a function ofxl, but not of¢ orx3, thenps is not conserved, but
p2 andps are.
Note this means the Lagrangian is symmetric. Asawe on pg. 167, whenever a function is not
dependent on a coordinate, it is symmetric in tt@rdinate. Changing the coordinate via a
translation to a new coordinate value makes nogdanthe function. o
Bottom line If the Lagrangian is symmetric in a coordinatert the conjugate momentum fol L symm_etrlc n i
that coordinate is conserved. This is true not fostthe coordinate!, but for any generalized 9€neralized coord'q
coordinates| (We reviewed generalized coordinates in Chap. 2.x' is just a special case). means conjugate
This should be review for you, but if you feel yoeed more practice with symmetrylofand ~Momentumigonserved
conservation, do Probs. 10 and 11.

Symmetry of the Lagrangian Density

The prior section dealt with the Lagrangian of atipke, and similar effects arise for the Similar effect with
Lagrangian densityC of classical field theory. We will not, howeverelde into that here, but | agrangian density
simply move on to symmetries gfin quantum field theory and what they imply there.
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6.3 Transformations in Quantum Field Theory

6.3.1Scalars, Vectors, and Tensors

We have discussed, in the classical mechanicsoseatiove, how scalars and vectors transfor Quantum scalars,
under the Lorentz (and Poincare’) transformatidme $ame conclusions carry over to the fields « yectors transform in
QFT. However, there are no spinors in classicabrtheso we didn’t discuss their transformatior same way as classical
properties there, but we need to in QFT.

6.3.2Spinor Transformations

When we transform our coordinate system either bgrantz transformation (boost = change ir
velocity) or a rotation of our coordinates (charigeangle), we ask how a spinor field will Spinors only in QM
transform. We know world scalars maintain their savalue at an event and vectors transfor
according to (6-14). For spinors, we seek a mattich is four by four in spinor space and which
represents what happens to a spinor under a Lot@mzformation and/or a rotation of coordinates.
That is, we seek in
Ao\ _ _ ith-spinorindiees , _ Spinors have their own
¥ (Xﬂ) - D‘//(Xﬂ) - D(//(/\”VX’) D ﬁﬁfg Qtﬁe—’ ‘//0( Xﬂ) - Daﬁwr’f’( xﬂ)' (6-21) trgnsformation
Deriving D can take pages, is quite complicated, and wole tes far afield from our present
direction, so | will just state it. Interested reasl can find this derivation in certain texts oliroef.
The spinor transformation under Lorentz and rotatiansformations is

D:e—i(LE(B+ME(D) Lk :_i_zgijkyiyj, ok :(31 52 53)’ Mk:'_zyoyk, Qk:( V2 \;) (6-22)

where O represents rotation angles of the primed systetim rgspect to the unprimed syste@k,
is a three vector of the boost velocities; am‘ﬂs zero unlessj,k are all different, 1 if their order is
1,2,30r 2,3,1 0r 3,1,2, and — 1 for other orders.

It is probably not beneficial, at this point, to igptoo much more about (6-22). If, at some time
in the future, your work takes you in a directiohete you need to understand this transformation
better, then you can study it more extensively then

Note that in formal mathematical language, theo$edll possible Lorentz transformations (al' _ i
possiblev) is known as the Lorentz grouy/hen the Lorentz group acts on the coordinateegysit ~ SPINOr transformation
changes what our spinors look like in the new sysamd this change is representedbySoD is IS & representation of
called a representation of the Lorentz grdtfrepresents” that group in spinor space. the Lorentz group

We note, again without proof here due to complegithvolved, that

. Spinor objects that
@y = world scalar  @y*yw= transforms like four vect. (6-23) trgnsformjlike world

The first part of Wholeness Chart 6-3 summarizeehtz transformations for scalars, vectors scalars and vectors
spinors and tensors (for those experienced withoties).

6.4 Lorentz Symmetry of the Lagrangian Density

As reviewed in Chap. 2, XXX Sect. 2.5.1, point pfj, 25 XXX, the Lagrangian density is a
Lorentz scalar, in the sense that it has the samheevat any event (4D point) as seen from ar
inertial coordinate system. But there is a deepemsetry thatC has as well. Its functional form, in
terms of the fields of which it is composed is alse same in any inertial coordinate system. & is Lorentz transformation
symmetricfunction in addition to being a symmetn@lueat every (4D) point.

We conclude this because of Einstein’s postulaettie laws of nature (the field equation here)
are invariant in form under Lorentz transformatidhe Euler-Lagrange equation for fields, which
is another form of the field equation, is a lawnature and must therefore be invariant in form as
well. But sincel is inserted into the invariant Euler-Lagrange eiguato get the invariant field
equation, itself must be invariant in functional form. is the same function of the fields in any
inertial coordinate system.

£ symmetric under

% For example, David Tong’s lectutetp://www.damtp.cam.ac.uk/user/dt281/qft/four.ndér Sidney
Coleman’s notesyww.quantumfieldtheory.info/Sydney _Coleman_QFT ueet notes.pdpg. 125.
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This is summarized, with a concrete example froalascfield theory, in the last three rows of

Wholeness Chart 6-3 below.

Note that, as discussed in the referenced pageeabad the associated problem thereto, though
L is a world scalar. is not. Neither is the Hamiltoniad nor the Hamiltonian densit}{. That is,
none ofL, H, and’X have the same value when measured in coordinatersy having relative

velocity to one another.

Wholeness Chart 6-3. Summary of Effect of Lorentz Transformation on Fields

x¥ system

x’ H system

Comment

x¥ —> Lorentz transformation —> x’#

symbols definedx’ “=Ax7=A o x7

s (x’#) = s(x*) always

S(x’#) = s(x*) if sym form

x’* andx* represent same event

«— If Sis symmetric function undeX,
i.e., same function of “as ofx*

VH(x" 7Yy = A VH(AXT) always

VH(x ) =VH(x?) if sym

VAV, =V HV invariant,V ¥ covariant
2 vectors, V# W/, = V¥ W, invariant

— If V¥ components sym und@r

TH (x" ) = AMATH (AXT)

T (x ) =T*(x7) if sym

TH T =T Ty invar, T covar

Other invariants exist such as trcé,
— If T* components sym undAr

Scalar field S(x

Vector field VA (xT)
Tensor field T (x9)
Spinor field w(x)

W(x 7)) =Dy (Ax)

@y invariant

(@ve) =n*.myw

D = Lorentz group rep for spinors
gy transforms like world scalar

@y*y transforms like 4-vector

Law of nature | (6“6,+m) p(x7) =0

©" 0"y +m ¢(x’ ) =0

Same form undeh
Example is Klein-Gordon field equatio

=

E;éergnge 0_|0c | o =0 0_|or | o =0 Same form undeh
equation ox“(o¢ , | o¢ ox“\og", | o'
/£ into above— law of nature, s’
- £ (¢" (x7)) L@ = C(@ (X ,
Iaagrz_itnglan (7 () (7 () must have same form undr as well
ensity

£=0,¢ 00— 1p'p

£=0,¢10°¢ - 1i°g ¢

Example is Klein-Gordo”

6.5 Other Symmetries of the Lagrangian Density: NoetrseTheorem

6.5.1Example of a Different Kind of Symmetry

There are other ways the Lagrangian density carsyimemetric, other than under Lorentz

transformations. For example, consider the scagrangian (density)

A different kind of
symmetry forl

173
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2 =(0,00°p- 1?¢'9) (6-24)
where we introduce a transformation that changegliase angle of the solution
9 ¢=ge (6-25)  Ynder this
wherea is a real constant. No change is made‘tof which gis a function. transformation,

What does such a transformation do to the Lagraf?g_'@Ne will start dropping the word £is symmetric
“density”, as is common practice) Note from (6-#®t@=¢ e", and plugging that into (6-24) we
have

g~ g=pe™ ' - - i
B(09)=(0.0070-120'0) ~ -~ & ={0,0% 07 g ~uPg e g ¥
— —_ —_—

o ) s ¢ ) (6-26)

=(0,¢"0°¢ - 120'0) = 3 (¢ 00).
So the Lagrangian is unchanged in form under testormation. The transformed Lagrangian has
the same form whether in terms@br ¢. Thus, the law of nature derived from the Lagrangthe

Klein-Gordon equation in this case, also looksshme in terms ofpor ¢. And so, all predictions
for measurements using either solution will bestame.

6.5.2Internal vs External Symmetries

Poincare’ transformations (Lorentz plus 4D transfgtand 3D rotations involve changes to oL gyternal vs
physical coordinateg” of our external world and are called externalsfarmations. internal

Transformations like (6-25) have nothing to do with but instead function in hidden spaces symmetries
behind the scene, like Hilbert or Fock space. Tdreycalled internal transformations.

In both cases, if something remains the same uthdetransformation, we have a symmetry
(external or internal.)

Note that the transformation (6-25) amounts to tation in the complex plane, which is ar Internal '
internal space. We will see repeatedly, as we deisber into QFT, that internal transformations transformations
often amount to what can be visualized in some scase akin to rotations, and in others, ¢ like rotations
reflections, in non-physical, abstract spacesHigek space. and reflections in

abstract space

6.5.3Noether’'s Theorem

A general theorem to cover all types of transforoms, but most useful for internal
transformations, was discovered by Emily Noethed @ears her name. It plays an extremely
important role in QFT, and in words, can be stditedthis.

Noether's theorenfwithout math): A symmetry in the Lagrangian densinplies an associated Noether's theorem
guantity is conserved. in words

This is reminiscent of the symmetry in the Lagrandi of classical particle theory with respect
to the generalized coordinag® (X in a Cartesian system) (see pg. 171) implying dbiejugate
momentuny; is conserved.

Proof of Noether’s Theorem:

If £ is symmetric in some parametgrthen it is unchanged whenchanges, i.e., its derivative Proof of Noether’s
with respect tax is zero. theorem

0
L’:.C(qd ,quﬂ) symmetric ina, then - 9L _ o 4 o0p 3L Yy

oa og oa od¢ , da
useEuler-
Lagrange
equation

(6-27)

Usingd.£ 10¢" from the Euler-Lagrange field equation
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9 [a.c ]_aczo (6:28)
o'\ og , | o

in (6-27), yields

_[ 0 oz |od L oc 0, _0 (a£ dg | o 0 of ,oc o¢
X' og , |oa og , da  ox'\dg , 0a | g , 9% da 3¢ , oa
0

U

Jda

£ (6-29)

The last two terms cancel, leaving

9 [0 d |y |
ox“\ ag , oa
AR

j,U

i“=0 - J' j% 3 =Q' = constant in tim.  (6-30)

all
space

The first two expressions above are simply our old drigve continuity equation for the quantity
j*. And that means the zeroth componerjt'a§ a density value that when integrated over allspac
is conserved.

End of proof.

Noether's theorenfmathematically): If the Lagrangian densif§(¢", qor,,,) is symmetric in form

with respect to a transformation ¢ which is a function of a parameteri.e., @' (x) — ¢'(x*,a), Noether's theorem
then the four current (using (x*,@)) mathematically

(¢4 )= jj o

has zero four-divergence)ﬂj”:O. Thus its zeroth componeiﬁ integrated over all space |is

(sum onr ) (6-31)

conserved, as 'L$j0 integrated over all space, wheyes a constant.

6.5.4Applying to Our Example

Let’'s use (6-31) with our example of Sect. 6.5.bwe Our symmetry transformation is (6-25).
That is, we showed there that the scalar Lagran(@a2y) is invariant in form under (6-25). But
now we want to know what exactly is conserved utkisrsymmetry.

From (6-24), we find the terms for the first factor the RHS of (6-31) (note that summatiol
overr in (6-31) hag = 1 for gandr = 2 for g )

0L 0

Applying Noether’s
theorem

y 097 _

== |d" &% - 120" 9y _ ap — ot
0, a%(w,aco qu) o0, e (4 40") T gh ¢aa¢ 09" =p
0
64)0 d . . 2+ d a¢T awa . o . (6'32)
= (¢ 0" - 1) = (00" ) = o 0o =09 ="
g, 0@, @, 9, aqﬂy
0

We find the second factor on the RHS of (6-31) frtime transformation relation (6-25)
|

p-pe”,
6¢(x a) _

oa

S px e =-igx)
(6-33)

¢ (X" @) _ a_ it o
ST 6 P (xH) e = igh () & .
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Using (6-32) and (6-33) in (6-31) we find

#(0.9,)= 25209230 juiesaygtnt) & + i ¥ (0 ¢ (¢) &

We get same four

0@, 0a g, 00  T—— c

Pu P u o H(xH) da PH(xH) e (6-34)  current as we
N TP I TN VTN, found for charge
=i (@0 () = g (¢ X)) in Chap 3

This is identical to the scalar four-current, withro four-divergence and consern@d (see
(6-30) of Chap. 3 XXX (3-23), pg. 46 XXX. In Chap, we found this using the Klein-Gordon
equation. Here, we found it using Noether's theoréRichard Feynman once said that a good
physicist should be able to find the same resaltfferent paths.)

From the ensuing discussion in Chap. 3, we leathatlin RQM,j0 can be interpreted for a
particle as probability density arqu, whereq is charge on a single particle, as charge derSay.

in RQM, Jq j°d3x=Is°d3x= cis conserved, as charge must be. Obviously,if* =0, then so

doesaﬂ(q j/‘)=aﬂs” =0.

6.5.5Charge Operator in QFT

As we learned in Chaps. 3, 4, and 5, in QFT estitke j” are a little different in the sense that
they are really operators that operate on stateleed, if we follow the steps we did in Chap. 3 in
exactly the same way (use (6-34) to fin% plug that into the RHS of (6-30), and multiply ag
arbitrary constang equal to the charge on one patrticle), we find

Q=adQ=q Px=[8d % %( M(k)- N(K)). (6-35)
What is really physically conserved is the charfjhe multiparticle state, i.e., When we say an
_— o operator is
Q‘ APy -1 >= & ( N(k)- N(k))‘ B P > conserved, we really
K (6-36) mean the associated

=q(n+n+.-Mn- )‘ g g, W, > physical value is

conserved
Above, we simply stated the measured charge iseceed. To prove it, consider the following.

Proof that “conservation of an operator” derivatinaans conserved measured quantity

The state (ket) in (6-36) is an eigenstate of terge operato®, and in fact, every state with a
given number of particles is a charge eigenstdtat 15, if we measure the total charge of a give
multiparticle state, we will get a certain numbiénwve imagined we had an exact duplicate of th:
multiparticle state at the same moment in time, #rh measured its charge, we would get tt
same number again. Repeating this duplication aedsorement, we would always get the san
number eigenvalue for total charge. That, of cqussthe characteristic of an eigenstate. A genel
state superposition of eigenstates would sometimessure one eigenvalue and sometimes another.

The average of (imagined) repeated measuremeiite shme state at the same moment in time
is, of course, the expectation valokthe quantity measured. For an eigenstate, tiés average,
the expectation value, is the same as the eigemthhi is measured each time.

6=<”1¢11”2¢2v---_r]§_”1 ’)q? P, W, P, v>
=(nang g L (W)~ WK) mom

=(na.ng. 1o g ot =T ) ey e, Sy )
=q(m+n+.~n- ), o e B ng. )= nt pr 2T ).
A

So, if we ask, how the expectation value of anrestgte changes over time, we are asking how
the measured eigenvalue changes over time. Weshkiregaf the time derivative of (6-37) is zero. If

Proof that conserved
operator means
physical value is
conserved.

(6-37)
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itis, Q is conserved. Thus,

dQ (d = _=
E—(amgq,nz%,---%,-@ Q w1y, @y )
=0in Heisenberg picture
+<n1ﬂ1n2¢2,-j!§_01a-‘-d??‘ W1 P, Ry ’>-- (6-38) _ _
=0 Saying an operator is

q conserved means its
+<nl¢1,n2¢2,_j¥ol ,_‘_ ({a‘ W, ., P, ,>J= 0. expectation value is

=0in Hasenberg picture

Note from Chap. 2 XXX Wholeness Chart 2-4, pg. 28XX that states do not have time
dependence in the Heisenberg picture, the pichaewe employ for QFT free fields. The middle
line above is zero because we showed in (6-30)hieadperato is conserved@ = qQ), and thus
its time derivative is zero. So, the total timeidative of Q is zero. (The same conclusion would be
reached in the Schrddinger picture, but it wouldhbigtle more complicated to derive.)

End proof

Bottom line The expectation value (expected measurementrohserved operator is conserved. |
the state measured is in an eigenstate, any measotat any time will yield the same eigenvalue.

For eigenstate of an
operator, expectation
value = eigenvalue

So when we cavalierly say in QFT thQtis conserved, remember thQtis really an operator, So eigenvalue is
which it is difficult to think of as being conserdieand that the real thing conserved is the nume conserved if operator
result of operating on a ket witQ. Keep in mind, however, that in QFT, virtually eyene speaks s “conserved”
of the operator itself as being conserved.

As the particles represented by the ket of (6-36yventhrough the universe, each time we
operate on that ket wit@, we will get the same number eigenvalues, the sdramge.

Similarly, j* is also an operator and its zero four-divergeeedly means that the corresponding
component numeric values for the physical particeggesented by the ket it would act on, have
zero four-divergence. For example, operatio@,g’f’ = 0 on that ket would always yield zero times
the ket.

We have been dealing strictly with free particlest we will soon find, and Noether's theorem
will help us to do it, that interacting particlesnserve total charge as well. This is something we
know already is true in the physical world, of cgeyrbut our theory would hardly be worth anything
if we didn’t find the same thing there.

6.5.6More on Symmetry and Noether’'s Theorem
Spinors and Vectors

It should come as little surprise that spinor aedter four currents, giving rise to conserve:
charge, such as we found in Chaps. 4 and 5, caletideed from Noether's theorem, as well. You
can prove that to yourself, if you really needipdoing Probs. 12 and 13.

Spinors and vectors
similar to above
example for scalars

Other test for conservation: commuting with Hanmilsm

You may recall that in NRQM, a dynamical variablasaconserved if its operator commuter

with the Hamiltonian. That is, for an operat@rwith corresponding dynamical variable numeri Does[H,Q]= 0 mean
valueo conservation of Q, as

it did in NRQM?

[H.0]=0 means do_ (6-39)
dt

You may, at some point, have wondered why this Wased in the development of QFT. Itis a
good question. So, does this test for conservdiba in QFT as well?

To answer, consider our scalar charge operatob)&8d the scalar Hamiltonian operator from
Chap. 3 expressed in terms of number operators bduoperators commute, for example,
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Na (k) Ny (k)| @)= Ma(k) 0| Rt o) = 07| &~ ) (6-40) Number operators
=fen | ng )= N (K) N(K)| g g commute
So
[H.0]=| Xk (Na0) = 8 (K)) G Mulk) - My (k) =0 (642
H andQ commute. And chargg is conserved. We conclude that this means forrchiténg  Yes[H,Q]= O means
whether or not a quantity is conserved is vali@¥T, as it was in NRQM. conservation of Q in

We caution, however, that no one (at least in npeernce) in QFT ever uses (6-39) to do st QFT, too.
and no text | know of shows it. Noether's theoreamprises the canon in that regard. But since one
so often has the experience in learning QFT of weadnd where some basic principle of NRQN But[H,Q]= 0 almost
went to in this new and very different theory, It fegood to provide this discussion of it. never used in QFT

The various ways to determine a conserved quaantityisted in Wholeness Chart 6-4.

Other uses

Noether’'s theorem is used repeatedly throughout,@R@ we will eventually see it can tell us Noether’'s theorem
whether weak and strong charges are conservedeladtvalso can be used to determine that tot has wide range of
energy and momentum are conserved. (See Probsnd4l%) There are still other uses fo applications
symmetry as we will see when we get to interactions

Wholeness Chart 6-4. Waysto Determine If a Quantity is Conserved

1% Method 2" Method 3'“ Method
Steps Manipulating wave equation and Noether’s theorem Opera_torQ'_
its complex conjugate commutation witrH
Four current with zero Four current with zero , _
Result : o : e [Q",H]=0
divergencegd,j” =0 divergencegd,j” =0
Meaning J. j%d®*x=Q conserve J' j%d®x=Q conserver Q' conserved
Application Q = qQ’ = electric charge (conserved)
Could be used for weak and Weak and strong charge
Other . .
. strong charge conservation, but conservation, energy and 3 As at left.
applications X
not common momentum conservation

6.6 Symmetry, Gauges, and Gauge Theory

6.6.1A Simple Example and Definitions

You have probably heard quantum electromagnetiekwand strong force theories called gauc
theories So are other theories you are already familidhwduch as the classical gravitational an
electromagnetic field theories. See Chap. 5, XX% 288-142 XXX. As a very simple example
consider an electrostatic field potentialx) whereE, the force on a particle per unit chages

E=-0¢0=-0(®+C)=-00" d'=d+C C=constan. (6-42)
Our measurablg is the same fo® or ®'. SOE is symmetric under the transformatior- ®’. We
call ® (or @) our gauge fieldand ®— ®' =® + C, the gauge transformatiofcach different
configuration®’ is a different_gaugef the gauge field. That is, for each differentueaof C, we
have a different gauge (for the same gauge field.)

In Chap. 5 this got more complicated for electrayits, where we also had a vector potential
(gauge vector field).

Simple example of a
classical gauge field
transformation
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Definitions

Gauge invariancéor gauge symmetjyis the property of a field theory in which diféet  pafinitions related to
configurations of the underlying fundamental, butoliservable, field(s) result in identical
. gauge theory
observable properties.

The unobservable field, often a potential fieldcédled the gauge field

A gauge transformatiochanges the gauge field from one configuratioartother.
Each different configuration of the gauge fielaidifferent gauge

A theory having gauge invariance (symmetry) isexhkh gauge theory

6.6.2Free Quantum Field Theory and Gauges

Recall from Wholeness Chart XXX 3-4 XXX at the esfdChap. 3 that the fields such @s¢,  Quantum gauge
andA" are themselves not observable. They cannot beureshdirectly. (We prove that they have theories
zero expectation value in Chap. 7.) But propeiethe fields like energy, momentum, and charg -
are measurable. Our dynamical variable operatohsghwinclude number operators, reflect this.
They typically have non-zero expectation values.

Note that under the transformation (6-25), repeatddw, Scalar gauge
9 ¢=ge (6-43) transformation

the Lagrangian (6-26) remained invariant. Thus,Klen-Gordon field equation derived from that

Lagrangian is invariant, i.e¢’ solves the K-G equation as well @sAll our dynamical variable Free QFT is a gauge
operators are ultimately derived from the Lagrang&o they too will be the same fgf. As one theory, becausg’,
example, see the 4-current of (6-34) in which wieatively substitutey’ for ¢ and get the same 54 thus measurables

result forj* andQ. unchanged under
The transformation (6-43) is a gauge transformatibthe underlying, unobservable figgiThe  gauge transformation

theory of free scalar quantum fields is a gaugerhebecause all measurable quantities a

unchanged under the gauge transformation. By demf. 16, you can show the same thing is true

for free Dirac spinor field fields. Transformation here
Note that the gauge transformation (6-43) is singpthange in phase of the field. This is simile js 4 phase change

to NRQM, where we may recall that we could chanige phase of the wave function, bu gpservables

observables like probability density, energy, arahmantum remained unchanged. A solution to tt ynchanged like phase

Schrddinger equation could have any constant pfaer and still be a solution predicting the change in NRQM

same measurable results.

Thus, gauge symmetries are internal symmetriee §eet. 6.5.2, pg. 174.) Gauge symmetry is

More formal definition an internal symmetry

We can also say that a gauge thderg type of field theory in which the Lagrangiaensity) is
invariant under a continuous (not discrete) tramsédion.

6.7 Chapter Summary
We have seen that for
Symmetry and transformations in general
» symmetry is the propensity for non-change with sfigial change
» mathematically, symmetry is invariance under trarmshtion
* Wholeness Chart 6-1 compares and contrasts syneraeiti non-symmetric transformations

Scalar value at a point is always invariant. Scdilerction form invariant only under
symmetry transformation

Vector components at a point vary co-variantly. tdedength and direction in physical
space same under any transformation. Vector fumdtom invariant only under
symmetry transformation

A scalar or vector function that is not a functioha coordinatex’ is symmetric with
respect to a displacement in jhepordinate direction.
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Transformations in classical mechanics

* the laws of nature are symmetric under Lorentzsfiamation, i.e., invariant in spacetime

» symmetry of the classical Lagrangianunder a translation transformation of a generdlize
coordinatey’ (oftenx' ) means the conjugate momentppof that coordinate is conserved

 similar effects for classical Lagrangian density

Transformations in QFT (see Wholeness Chart 6-3)

» scalar and vector quantum fields transform likessieal ones did; spinors do not exist
classically, but have their own form for QFT traorshations

» symmetry of the QFT Lagrangian density under Lorentz transformation means field
equation (law of nature) is invariant in form fdaffdrent observers

Noether's theorem: If£ is symmetric under a change of a parameter, theretis an
associated quantity that is conserved

there are three ways to determine if a quantitpisserved (see Wholeness Chart 6-4), though
Noether’s theorem method is the most useful anémsowidest range of cases.

* a gauge theory is a field theory for which the laagyian (and thus all measurables) remains
invariant under a transformation of the underlyimgneasurable gauge field

* a gauge symmetry is an internal symmetry; a Loreytametry is an external symmetry

Copyright of Robert D. Klauber
www.quantumfieldtheory.info

6.8 Problems

1.

Is the functionF = 2()(1)2 + (x2)2 symmetric under rotation in thé-x* plane? Guess first, tzhen
prove (or di?pl’O\z/e) your answer by expresgtrig terms of a rotated set of coordinated-x’ ,
i.e,asF’ (X' 7, x ), where@is the angle of rotation between the two coordirsyistems.

In Prob. 1, at the poim><J(, x2) = (1,2),F has the value 6. If we transform to the rotated
coordinate systerm’ Lx 2 with 6= 45, what are the coordinates of that same physidatk jro
space in that coordinate system? Using your exjoress for F in terms ofx’ L andx’ 2, show
thatF (x' l, X’ 2) at that physical point equals 6, as well.

Without doing any calcula}i%ns, is2 tzhe f%nzcticm: (xl)2 + (><2)2 + (xg’)2 symmetric under
rotation in 3D space? I8 = (X)"+ 3X)" + (X)) ?

Is the function] = (xl)2 + (x3)2 symme3tric gnder the translatigh— x’ 2 = x° + a, wherea is
a constant? Is it symmetric undér— x' >=x>+a?

Is the differential equatioé X =3 symmgtriczundeg t2he translatieh— x’ 2 =x* + a, wherea
is a constant? Is it symmetric undér— x’ “=x"+ (X)°?

Consider the position vectoxl( xz) = (3,4). This vector’s length is 5, and for tie axis
hogizorzltal, its angle with the horizontal is°58Vhat are this vector's position coordinates ia th
X' 7-x’ © coordinate system of Prob. 1? What is its len@hfulate it. What is its angle with the
horizontal? What is its angle with respect toxhd axis? Express your answer in termsdof

On page 167 we briefly discussed the spherical sgtmynof the electric field around a point
charge. It is easier mathematically to considersyrametry of the simpler case of an infinitely
long line of uniformly distributed charge. This raigs an electric fiel& in a coordinate system
with x> axis aligned with the line of charge of componefwhere ¢ below is the relevant
cylindrical coordinate system angle)

E' cosp X/t X
E? :ET sing :TEO lerz% X |.
E® 0 o | (<]+(<) o
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ExpressEi andx abovein the primed coordinate system of Fig. 6-2 on phg®e using (6-3) to
show that

Ell Xll
12 — EO 2

eo| [+ o

and thus, that the vector field componeE{sin this case are symmetric under the rotation
transformation of Fig. 6-2. If you feel ambitiougpeat the analysis for the field around a
point charge.

8. Show thatF' =m¥% is symmetric under the transformatign— X + ai, wherea' is a constant
for eachi.

9. Transfgrm the components in (6-15) by the Loreramgformation (6-13) and show ttvq,!;vx/’
=W/, W

10. Fora garticle attached to a spring confined to eniovone dimension, the potential enexgy
¥k (xl) . Use this to find the Lagrangian of this systesthiis Lagrangian symmetric 1? Is
momentum conserved in té direction? Find the equation of motion for theteys using the
Lagrangian approach. What does the momentum edgial?s Lagrangian symmetric xi? Is
momentum conserved in th@ direction? Does this make sense physically?

11. For a disk attached to a spring confined to rotatthe plane of the disk about an axis, the
potential energy i¥/ = %2 k¢92, where@is the angle of rotatior.is the mass moment of inertia
about the axis. What is the Lagrangian of thisep$t Is this Lagrangian symmetric &2 Is
angular momentum conserved? Find the equation eibméor the system using the Lagrangian
approach. What does the angular momentum equathele were no spring, would the
Lagrangian be symmetric i Would angular momentum be conserved?

12. Show that the Lagrangian density for free Diracriiens (see Chap. 4) is symmetric under the
transformationy— e “. Use Noether's theorem and the same transformaishow that for
Dirac particles,j* =(p,j) =@ "¢ whered,j =0.

13. Show that for photong’ = 0. Do this two ways. i) Assume temporarily tA4tis complex, so
we can write the Lagrangian a§®'™ = —%(6vﬁ,u(x))T (6" A x)) . Use Noether’s theorem with

the transformatiol* — A e 77 to obtainj with 8, j* = 0. Then, show that by takirf' as
real, we must havej = 0. i) Note that the Lagrangian with reah”,

L’Oe’m:—%(avAﬂ(x))(a"N’(@) is not symmetric unded” — A*e 7% So, there is no
conserved current, i.ej; = 0. In either case, there is always no chamg€ s 0 is conserved.

14. Use Noether's theorem for scalars and the tran%ftbtmmlxi — xi + aj to show that three-
momentunk; is conserved. Then, show the same result via cdation of the three-momentum
operator of Chap. 3 with the Hamiltonian.

15. Use Noether’s theorem for scalars and the transfoomx’ — x° + a to show that energyx
is conserved. Is it immediately obvious that yoll g&t the same results from commutation of
the energy operator with the Hamiltonian? (Trickyrding here?)

16. Show that the Hamiltonian density for free Diraecni®ns is symmetric under the same
transformation as in Prob. 12.

17. Is Dirac’s field theory a gauge theory? What is glaeige field? Give an example of one of its
gauges. What is the gauge transformation? Is thexternal or internal symmetry?



