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Chapter 5                            Version Date: November 15, 2011 

Vectors: Spin 1 Fields 
 
“Three passions, simple but overwhelmingly strong, have governed my life: the 

longing for love, the search for knowledge, and unbearable pity for the suffering 
of mankind. These passions, like great winds, have blown me hither and thither, in 
a wayward course, over a great ocean … 
… I have wished to understand the hearts of men. I have wished to know why the 
stars shine. And I have tried to apprehend the Pythagorean power by which 
number holds sway above the flux. A little of this, but not much, I have achieved.” 

      Excerpts from “What I Have Lived For” 
by Bertrand Russell 

5.0 Preliminaries 
Few of you who have come this far in this book do not share, in some part, Russell’s passion for 

knowledge. It is my hope that, as each of us lives his or her life, we can also share in his other two, 
most noteworthy, passions. 

With regard to the “power by which number holds sway above the flux”, few have more ably 
demonstrated that power in their work than James Clerk Maxwell. His casting of the phenomena of 
electricity and magnetism into one elegant and holistic mathematical structure will forever remain 
one of the monumental achievements in the history of mankind. 

Although his famous Maxwell equations were formulated for a classical world, they play an 
equally fundamental role quantum mechanically, as we shall soon see. 

5.0.1 Background 
Maxwell first published his equations in 1864, well before the advent of special relativity, so 

they were framed in a distinctly 3D spatial plus time format. And that is how virtually every physics 
student first learns them. However, as QFT is a distinctly relativistic theory, we will need to work 
with Maxwell’s equations in the more appropriate 4D format. This treatment of electromagnetism is 
typically reserved for graduate courses, after students have gained some level of comfort with the 3 
+ 1 dimensional approach. We will review the 4D approach, but hopefully, it is something that 
readers of this book have already been exposed to, as it serves as the bedrock for QFT of photons 
(massless spin 1 bosons). 

5.0.2 Chapter Overview 
Our approach to spin 1 bosons (called vectors, for reasons that will become apparent) in this 

chapter is three fold, including i) a review of classical electromagnetic theory, ii) RQM for photons, 
and iii) QFT for photons. As we will see, the second and third of these bear striking parallel to 
comparable aspects of spin 0 boson theory, and this will help to make our work easier. 

Vector bosons, like scalars, can be massive or massless, but since our focus in this book is on 
quantumelectrodynamics (QED), where force is mediated by photons, we will be virtually 
exclusively concerned with photons, which are massless vector bosons. 
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The following bulleted points provide an overview of this chapter. You may find it helpful to 
compare and contrast the material below for RQM and QFT with that of the Chapter Overview for 
scalars at the beginning of Chap. 3. 

A review of classical e/m first, 
where we will look at  

• the pre-relativistic version of Maxwell’s equations, their (3D) vector and scalar potentials, and 
how they describe classical electromagnetic fields/waves, 

• those same equations and e/m fields/waves represented covariantly (i.e., in special relativity) 
as a single equation for a 4D potential Aµ, and 

• the classical relativistic Lagrangian density L for classical e/m fields. 

Then RQM for photons (of which e/m waves are made), 

• deducing the quantum Maxwell equation in terms of the 4D potential Aµ by applying 1st 
quantization to classical theory, 

• solutions |Aµ
〉 to that equation (the 4D potential will represent a photon mathematically), and 

• noting that those solutions parallel the Klein-Gordon solutions, and so, much of what we 
learned for scalars can be carried over directly to vectors with |φ〉 → |Aµ

〉. 

Then QFT for photons, 
• from 2nd quantization, finding the same Maxwell equation, with the same mathematical form 

for the solutions Aµ, but this time the solutions are quantum fields, not states, 
• using the classical relativistic L for e/m fields and the Legendre transformation to get H 

(Hamiltonian density), 
• from 2nd quantization, finding the photon field Aµ commutation relations for QFT, 
• determining relevant QFT operators for photons by a short cut method: comparing to similar 

operators for scalars: H, number, creation/destruction, momentum, charge, etc., and 
• finding the Feynman propagator for photons by analogy with the scalar propagator. 

As in Chaps. 3 and 4, in this chapter, we will deal only with free particles/fields. 

5.1 Review of Classical Electromagnetism 

5.1.1 Maxwell’s Equations in 3D Plus Time Formulation 

The Equations 
With no charge density ρcharge nor charge current jcharge present (meaning only free fields are 

involved, as ρcharge and jcharge interact with the electric field E and the magnetic field B), Maxwell´s 
equations in a vacuum, in naturalized, rationalized Gaussian units (i.e., rationalized Gaussian units 
with c = 1, ℏ = 1), are 
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These are commonly referred to as the sourceless Maxwell’s equations because there are no sources 
ρ or j  for the fields in the region in which the fields are being analyzed. (The sources for the fields 
would be elsewhere outside of the region in which we are interested.) 

The Scalar and Vector Potentials: Making It Easier to Solve Maxwell’s Equations 
Maxwell’s equations (5-1) are four coupled differential equations in two vector fields E and B. 

To make them easier to solve, we would like, if we could, to re-express them in simpler form.  
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This can be done if we define a scalar potential Φ (x,t) (not to be confused with our scalar field φ 
of Chap. 3) and a vector potential A(x,t) so they solve 

 ,
t

∂= ∇ × = −∇Φ −
∂
A

B A E , (5-2) 

then (5-1)(c) and (d) are solved automatically (identically) by Φ and A. On the other hand, 
substitution of (5-2) into (5-1)(a) and (b) yields 
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which Φ and A must solve. If we can solve (5-3) for Φ and A, then we can find the fields E and B 
from (5-2). So, instead of trying to solve the four equations (5-1) for two vector fields E and B (6 
component unknowns), we can instead solve the two equations (5-3) for a scalar field Φ and a 
vector field A (3 components plus 1 scalar = 4 unknowns). Simpler, no? 

Ambiguity in the Scalar and Vector Potentials 
Before trying to solve (5-3) for Φ and A, we should realize that Φ and A are not unique. Note 

that if we define other quantities (designated by primes) by 

 
f

, f
t
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∂

A A , (5-4) 

then these new quantities Φ′ and A′, used in place of Φ and A in (5-2), yield exactly the same E and 
B, regardless of the form of f . That is, 
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Thus, if we have solutions Φ and A that solve (5-3) (i.e., that yield an E and B that solve 
Maxwell’s equations (5-1)), then for any f , Φ′ and A′ of (5-4) also solve (5-1)(c) and (d) identically, 
and also solve (5-3). Φ′ and A′ thus yield the same E and B solutions to (5-1). 

By way of example, put primes on Φ and A in (5-3) and plug in the primed values of (5-4), 
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These equal 
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And after cancelling terms (time derivatives and space derivatives commute), (5-7) are identical to 
(5-3). 

Bottom line: If the potentials Φ and A yield E and B that solve Maxwell’s equations, then so do 
Φ′ and A′  of (5-4), where f can be any function we like. We will, of course, want to choose an f that 
will make Maxwell’s equations as easy as possible to solve. 
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Gauge Theory 
The formal name for any theory formulated in terms of one or more potentials (two potentials, Φ 

and A here), where different potentials result in the same observable quantities (E and B here), is 
gauge theory. A gauge-invariant transformation changes the potential(s), also called gauge(s), from 
one form to another, but leaves the observables unchanged (invariant). For us, such a transformation 
(see (5-4)) can be written  as 

 
f

, f
t

∂Φ → Φ + → − ∇
∂

A A . (5-8) 

The primes helped us to understand how the potentials changed, but in the future we will often 
not use them, but simply talk of gauge transformations (transformations of the potentials) as 
expressed by (5-8). In our present case, we will understand that terminology to mean we can modify 
any gauge (potential) solutions Φ and A by the function f, in the manner shown in (5-8), and still 
have a viable solution (the same E and B). Thus, for us the term “changing gauge” will mean 
changing f. 

Picking a Useful Gauge 
Of course, we want to pick an f that makes (5-3) easy to solve. Suppose that a solution A″ exists 

for (5-3), but we don’t know what it is. Then another solution A exists, where A is defined as 

 f′′= − ∇A A . (5-9) 

Let’s pick f such that the following, known as the Coulomb gauge, is true. 

 0∇ =⋅A . (5-10) 
In other words, so that using (5-9) in (5-10) yields 

 2 20f f′′ ′′∇ − ∇ = → ∇ = ∇⋅ ⋅A A . (5-11) 

In principle, we can solve (5-11) for f and use that in (5-9) to get our new solution A of (5-9). But 
we never have to actually do that. We can simply assume that a solution for f exists that will give us 
an A for which (5-10) holds true, and then use (5-10) in (5-3). When we do that, (5-3) becomes 
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One solution to (5-12)(a) is Φ = 0. Using that, (5-12)(b) becomes 
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i.e., the wave equation (expressed above in various notations). This has the simple plane wave 
solution 
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leading via (5-2) to 

 
�

( )

( ) ( )

0

0

0
here

(a)

(b)

i t

i t

i e
t

i e .

ω

ω

ω ± −

± −

⋅

Φ=

⋅

∂= −∇Φ − =
∂

= ∇ × = ×

k x

k x

A
E A

B A k A

∓

∓

 (5-15) 

(5-15) represents propagating electric and magnetic fields, perpendicular to one another and 
traveling in the third perpendicular direction k. (Do Prob. 1 to show this.) That is, they represent an 
electromagnetic wave (photons).  

Since we can always readily find E and B from A whenever we want, it is simplest to work with 
a single equation (5-13) and the single field A, rather than multiple equations in E and B. Thus, it is 
common practice to represent, and refer to, electromagnetic fields as A. 
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Bottom line 
If we pick our potential A such that it satisfies the Coulomb gauge (5-10), then solving 

Maxwell’s equations becomes greatly simplified. That gauge lets us take Φ = 0 and results in the 
single, well known, and easily solvable wave equation in A, i.e., 

 0 Maxwell's equations in Coulomb gauge (i.e., when 0).µ
µ∂ ∂ = ∇ =⋅A A  (5-16) 

We then find E and B from (5-2). 

5.1.2 Maxwell’s Equation in 4D (Covariant) Formulation 

The Four-Vector Potential 
All of the prior Sect. 5.1.1 is well and good, but the formulation is not relativistically covariant, 

and we will need such a formulation for investigating photon behavior in QFT. For that, let’s begin 
by defining a 4D vector potential using Φ and A that (I, as the author, know ahead of time) will turn 
out to yield a suitable covariant e/m formulation, 
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where the notation (x) means (x,t). 
Then, let’s define a field Fµν(x) (which is a tensor field since it has two 4D indices µ andν) that 

we can construct from (5-17) as 

 ( ) ( ) ( )F x A x A xµν ν µ µ ν= ∂ − ∂ . (5-18) 

Then consider (5-18), where µ = 1 andν =2 and we refer to (5-2), 
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For µ = 2 andν =1, in the second part of (5-19) the terms are reversed, so F 21(x) = – B3. By doing 
Prob. 2, you can prove to yourself that 

 ( ) ( ) ( ) ( ) ( ) ( )31 31 2 23 32 1F x F x B x F x F x B x= − = = − = . (5-20) 

Note from the next to last part of (5-19), and similarly with (5-20), that we are simply re-
expressing the magnetic field part of (5-2) here in terms of four vector components of (5-17). This is 
the more “sophisticated” covariant way of doing the same thing we did for the 3D + time 
formulation. 

For µ = 0 andν =1, where we use (5-2) again, and where we won’t explicitly denote the x 
dependence, 
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Do Prob. 3 to prove to yourself that 
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Note from the next to last part of (5-21), and similarly with the first line of (5-22), that we are 
simply re-expressing the electric field part of (5-2) here in the more “sophisticated” terms of the 
four vector components of (5-17). 

Summarizing the above, we find that the matrix representation of Fµν(x) is 
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where E1 and B1 represent what we designated by Ex and Bx in Cartesian coordinates before we 
worked with contravariant and covariant components, just as x1 represents X1 in Cartesian 
coordinates. Ditto for the other Ei and Bi. (E1 = – E1 = Ex , B

1 = – B1 = Bx , E
2 = – E2 = Ey , etc.) 

This all jives with what we know from the 3D+1 formulation. So, Fµν(x) is a valid 
representation, in skew-symmetric matrix form, of the components of the electric field E and the 
magnetic field B, where those components are derived from what in 3D+1 formulation was the 
scalar potential Φ and the 3D vector potential A 

i. But here, we have expressed those two potentials 
as the single 4D vector potential Aµ of (5-17). 

Maxwell’s Equations in Terms of Fµν(x) 
Maxwell’s equations can be expressed in terms of Fµν(x), i.e., in terms of Ei and Bi, but we 

won’t need to do that for our work, as we will be focusing on Aµ (x) and the equation governing 
that. Those who wish can find the equations in terms of Fµν(x) in virtually any graduate level text on 
electromagnetism. 

Four-Vector Potential Makes It Easier to Solve Maxwell’s Equations in 4D 
What we would like to do is re-express our equations (5-3) which are in terms of the 3D+1 

scalar potential Φ and three-vector potential Ai in terms of the 4D four-vector potential Aµ (x). If we 
solve that equation for Aµ (x), then we have our electric and magnetic field solutions from (5-18) 
and (5-23). 

With the aid of (5-3), we can show that Maxwell’s equations for Aµ (x) are 

 ( ) ( )( ) 0A x A xα µ µ ν
α ν∂ ∂ − ∂ ∂ = . (5-24) 

To show that, first take (5-24) with µ = 0, 
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which is (5-3)(a). Doing Prob. 4 for µ = i, we find that (5-24) equals (5-3)(b). 
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Thus, (5-24) is the 4D equivalent of (5-3). Solving either means we’ve solved Maxwell’s 
equations. 

Ambiguity in the Four-Vector Potential 
Φ and Ai of Aµ are the same animals as those in the 3D + time formulation of (5-2), and yield E 

and B that are valid solutions of Maxwell’s equations. So, we can incorporate the ambiguity we 
found via the gauge transformation of (5-8) directly into the components of Aµ.  

That is, if we have a solution to Maxwell’s equations Aµ(x), then we can transform that solution 
to another solution A′ 

µ(x), using the same function f (x), i.e., 
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From the analysis of (5-4) through (5-7), we know that substitution of A′ 

µ(x) from (5-27) for  
Aµ(x) in (5-24) will result in all terms in f dropping out and give us (5-24) in terms of Aµ(x) back 
again. You can also do Prob. 5 to show yourself, via a fully covariant analysis, that this is true. 
Thus, both Aµ(x) and A′ 

µ(x) solve Maxwell’s equation in terms of the four-potential. 
Bottom line: If the four-potential A 

µ(x) yields E and B that solve Maxwell’s equations, then so 
does A′ 

µ(x) of (5-27), where f can be any function we like. As before, we will want to choose an f 
that will make Maxwell’s equations in A 

µ(x) as easy as possible to solve. 

Picking a Useful 4D Gauge 
The 3D Coulomb gauge of (5-10) only included Ai, i.e., only 3 components of Aµ, and thus it 

would not be a good gauge to use in covariant (4D) formulations, where we want four components 
of a four vector (which transforms covariantly – see Appendix of Chap. 2.) Note that, via analogy 
with (5-10), if we could have a gauge like the following, called the Lorentz gauge, then (5-24) 
would be greatly simplified. 

 ( ) 0A x .ν
ν∂ =  (5-28) 

But can we have (5-28)? We can if using it leaves E and B unchanged. Well, the transformation 
(5-27) leaves them unchanged, as we proved. Let’s assume we have a valid solution A″ 

µ(x) for 
Maxwell’s equation. Then 

 ( ) ( ) ( )A x A x f xµ µ µ′′= + ∂  (5-29) 

is also a solution to Maxwell’s equations. But to make those solutions easier to solve we also want 
Aµ(x) to solve (5-28). Can we chose Aµ(x) so this is so? 

Plugging Aµ(x) of (5-29) into (5-28) yields 

 ( ) ( ) ( ) ( )0A x f x A x f xµ µ µ µ
µ µ µ µ′′ ′′∂ + ∂ ∂ = → ∂ = −∂ ∂ . (5-30) 

So, knowing A″ 

µ(x) we can, in principle, solve (5-30) for f (x), and for that particular f (x), Aµ(x) 
will, in addition to solving Maxwell’s equations, also solve (5-28). By doing the latter it will make 
our Maxwell equations in terms of the four-potential easier to solve. 

We never need to actually solve for f (x). We just need to know that we could solve for it, and so 
doing would give us a four potential Aµ(x) that solves the Lorentz gauge. We also never need to 
know what A″ µ(x) is. We just know that such a solution must exist. Knowing that f (x) and A″ µ(x) 
exist if we wanted to find them is all that is necessary. Knowing that, allows us to know that (5-28) 
can be true, and that helps us immensely in finding the solution Aµ(x). 

So, with (5-28), Maxwell’s equations (5-24) become 
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which is, once again, the well known classical wave equation, this time in terms of Aµ(x). 

Bottom line for 4D Formulation 
If we pick our four-potential Aµ(x) such that it satisfies the Lorentz gauge (5-28), then solving 

Maxwell’s 4D equations becomes greatly simplified. That particular choice of gauge results in the 
single, easily solvable wave equation in Aµ(x)., i.e., 

 ( ) ( )0 Maxwell's equations in Lorentz gauge (i.e., when 0).A x A x
µα µ

α µ∂ ∂ = ∂ =  (5-32) 

The valid forms Aµ 
can take, i.e., gauge 
transformations that 
leave E and B 
invariant 

The Lorentz gauge 
makes Maxwell eqs 

in Aµ easiest to solve 

We can always find 
an f (but we don’t 
have to actually do 
it) that provides the 
Lorentz gauge 

With the Lorentz 
gauge, Maxwell’s 
equations take form 
of the wave equation 
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We then find E and B from (5-18) and (5-23)1. These will obviously behave like waves, since 
they are governed by the wave equation. They are electromagnetic waves, i.e., photons. 

Summary of Classical Electromagnetism and Potentials 
All of the preceding material in this chapter is summarized in Wholeness Chart 5-1 below. 

 
Wholeness Chart 5-1. Summary of Classical Electromagnetism Potential Theory 

 3D + time 4D 

Starting point Four Maxwell’s equations in E, B Four Maxwell’s equations in E, B 

 To make solving the equations above easier, we introduce the potentials below. 

Potentials Φ(x,t), A(x,t) Aµ
 (x) = [Φ(x), Ai

 (x)]  
T 

E, B in terms of the 
potentials t

∂= ∇ × = −∇Φ −
∂
A

B A E  
( ) ( ) ( )

01 1 02 2 12 3etc.

F x A x A x

F E ,F E ,F B ,

µν ν µ µ ν= ∂ − ∂

= = =
 

Maxwell’s equations in 
terms of potentials  

( )

( )

2

2
2

2

0
t

tt

∂−∇ Φ − ∇ =
∂

∂ ∂Φ− ∇ = − ∇ − ∇ ∇ ⋅
∂∂

⋅A

A
A A

 ( ) ( )( ) 0A x A xα µ µ ν
α ν∂ ∂ − ∂ ∂ =  

 Above, a reduced number of equations, easier to solve. 

Above even easier to 
solve if this were true ( )0 0i

i A∇ ⋅ = ∂ =A  Coulomb gauge ( ) 0A xν
ν∂ =   Lorentz gauge 

 
We can use the above because many different potentials solve Maxwell’s equations, 

so we pick one of those that also solves these gauge equations. See below. 

Gauge transformations 
f

, f
t

∂Φ → Φ + → − ∇
∂

A A  ( ) ( ) ( )A x A x f xµ µ µ→ + ∂  

 
If the left side of the arrow above solves Maxwell’s equations, then so does the 

right side, for any f. We want an f  that will make the Coulomb/Lorentz gauge true. 

If A″ (A″ µ) solves Max 

eqs, then so does → 
f′′ ′′→ − ∇ =A A A  ( ) ( ) ( ) ( )A x A x f x A xµ µ µ µ′′ ′′→ + ∂ =  

The f we need solves 
the gauge condition ( ) 20f f′′ ′′∇ − ∇ = → ∇ = ∇⋅ ⋅A A  ( ) 0A f A fµ µ µ µ

µ µ µ′′ ′′∂ + ∂ = → ∂ = −∂ ∂  

 
We don’t need to solve for f . We simply know at least one A (Aµ) exists that 

satisfies the gauge condition, and we assume our solution A (Aµ) is one of those. 

Maxwell’s eqs then are 0µ
µ∂ ∂ =A    (for Φ = 0) ( ) 0A xα µ

α∂ ∂ =  

 Solutions to above are waves. E, B are found from them and are waves, also. 

 
 

                                                 
1 Actually, there are many possible Lorentz gauges, all of which solve (5-28), since many different f 
solve (5-30). For example, any function equal to f plus a constant times x

1 solves (5-30). Because of this, 
some authors refer to (5-28) as the Lorentz condition, for which there are many possible Lorentz gauges. 
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Solutions to the 4D Wave Equation in Aµ(x) 
The wave equation (5-32) is virtually identical to the Klein-Gordon equation which we studied 

in depth in Chap. 3 (XXX see pg. 50 XXX), except for three things: i) photons are massless (µ = 0 
in Klein-Gordon equation), ii) an electromagnetic wave is a classical world, measurable entity and 
thus is real, not complex, and iii) the solution Aµ(x) is a four-vector, not a scalar like φ. Hence, (by 
doing Prob. 6) you can show that if the photon field is real, i.e., Aµ(x)= A†µ(x), then its plane wave, 
discrete solution has form 

 

( ) ( ) ( )†1 1

2 2

=

ikx i kx
r r r r

r ,r , V V
A x e A e

A A

A

,

µ µ µ

µ µ

ω ω
εε −

+ −

= +

+

∑ ∑
k kkk

k k

����������� �����������  (5-33) 

where Ar(k) is a number, generally complex, and for each r, εr
µ is a four dimensional vector, which 

we can take, without loss of generality, to be unit length. Note from Prob. 6 how the form of (5-33), 
because it is real, differs from the Klein-Gordon solutions (which were complex) in not having a 
second set of coefficients, such as Br(k) ≠ Ar(k). 

The Four Polarization Vectors εr
µ  

The εr
µ, called polarization vectors, can take a little time getting used to. First, since we are 

dealing in spacetime, they must have four components. Second, to span a 4D space, we need four 
independent vectors. Hence, there must be four of them, each with four components. The µ 
superscript stands for the four components (µ = 0,1,2,3). The subscript r stands for the four 
independent vectors (r = 0,1,2,3), which we will take to be orthogonal. In general, each independent 
vector εr

µ has components along each of the four axes in 4D. See Fig. 5-1(a). 

Figure 5-1. Visualizing the Polarization Vectors in Different Alignments 
 

However, to make things simpler, we can align our vectors εr
µ with our four coordinate axes, as 

in Fig. 5-1(b). When we do that, it is easy to recognize that in this special polarization vectors 
aligned coordinate system 

 ( ) ( ) ( ) ( )0 1 2 31 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1, , , , , , , , , , , ,µ µ µ µε ε εε = = = = . (5-34) 

From (5-34), we easily recognize that the εr
µ  are orthogonal. Using our 4D metric gµν, we see 

that 

 
0 0 0 0 1 1 1 1

2 2 2 2 3 3 3 3

1 1

1 1

g g

g g

µ ν µ µ ν µ
µ µν µ µν

µ ν µ µ ν µ
µ µν µ µν

ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε

= = = = −

= = − = = −
 (5-35) 

So, in general, the orthogonality conditions for εr
µ are 

 0 1 2 3where 1 1r s rs r rsgµ
µ ζ δ ζ ζ ζ ζε ε = = − = − = = = , (5-36) 
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we use the metric grs as a mnemonic, and we introduce the symbol ζ µ , which will be of use later on. 
Note that (5-36) is also true in any other coordinate system, since (5-36) represent inner products 
between vectors εr

µ, and inner products are scalars, which are the same in any coordinate system. 
Also, physically, the inner product of two vectors can be expressed independently of a coordinate 
system as simply the product of the vector lengths times the cosine of the angle between them. So it 
is always the same regardless of the coordinate system we choose to work in. 

Note we can choose to align our ε 3
µ vector with the k, the direction of travel of the photon 

(regardless of the coordinate system alignment), as in Fig. 5-1(c). We deem this the photon 
polarization vector alignment, and for it, ε3

µ is called the longitudinal polarization (vector), i.e., 
where bold indicates a 3D vector direction, 

 3 /= k kεεεε . (5-37) 

ε1
µ and ε2

µ are orthogonal to ε 3
µ, and for this alignment, are called the transverse polarizations. 

 1 2 0= =⋅ ⋅k kε εε εε εε ε . (5-38) 

Thus, we will expect ε1
µ and ε2

µ here to be in the same plane as the E and B vectors, since they are 
transverse to the direction of travel of an electromagnetic wave. 

ε 0
µ, for the photon aligned polarization vectors (Fig. 5-1(c) and (5-37)) and in the polarization 

vectors aligned coordinate system (Fig. 5-1(b) and (5-34)), points in the time (4th dimension) 
direction and in such systems is called the time-like or scalar polarization. 

We could also choose to align all of the x3 axis (µ = 3 direction), ε3
µ, and the k vector, which 

can be very helpful. (See Fig. 5-1(d).) We will call this the photon aligned coordinate system (rather 
than the more cumbersome, but more correct, “photon-polarization vectors-axes aligned system”). It 
is easiest to visualize all of this εr

µ stuff in a coordinate system that has both its axes aligned with 
the εr

µ and also has ε3
µ aligned in the k direction, as in Fig. 5-1(d)2. 

Physical View of A, B, E, and Polarization Vectors εr
µ 

Fig. 5-2 can give us a physical feeling for how the vector potential Aµ relates to the polarization 
vectors εr

µ and to B and E. In the figure, we work in the photon aligned coordinate system, suppress 
the time dimension, focus on just the 3-vector part A of Aµ, show only the r = 1 polarization state of 
Aµ for a particular k, and for simplicity (and with no loss of generality) take the coefficients to be 
real, i.e., A1(k) = A1

†(k) . That is, Fig. 5-2 depicts one term in the summation of (5-33), 

 ( ) ( ) ( ) ( )1 1 1 1 1 1
1 1

2 2

2ikx i kx

V V
VA x A e A e A cos kxµ µ µ µ

ω ω ωε ε ε−= + =
k k

k
k k k , (5-39) 

where ε1
µ = (0,1,0,0)T in this coordinate system. This is linear polarization, in which the fields A, B, 

and E do not rotate. (In circular polarization they rotate about the k vector.) 

                                                 
2 It is a subtle point, but the components of εr

µ we can take to be real as long as we are dealing 
with linear polarization, but if we wish to describe circular or elliptic polarization, we would require 
complex polarization vectors and concomitant modifications to the treatment herein. 
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For Fig. 5-2, A is aligned in the x1 direction (the ε1
µ basis vector direction.) It is a sinusoidal 

wave (note cosine in (5-39)) moving in the +x3 direction (the k or ε 3µ direction), so the field A is a 

transverse vector field varying in space (and propagating over time). B = ▽ X A, so B is orthogonal 

to the plane of the A field, and as should be obvious from the figure, is aligned in the x2 direction 

(ε 2µ direction.) 
From  

 ( )
t t t t

∂ ∂ ∂ ∂ ∇ × = ∇ × −∇Φ − = −∇ × = − ∇ × = − ∂ ∂ ∂ ∂ 

A A B
E A , (5-40) 

which is simply one of Maxwell’s equation in E and B,  we see that B is orthogonal to the plane of 
the E wave. We don’t show E in Fig. 5-2, but it would be in the x1 direction (ε1

µ direction.) 

For the ε 2µ component of Aµ, A would be in the x 
2 direction with B and E orthogonal to it. Note 

that an A in any direction in the plane orthogonal to k can be constructed by a superposition of the 
ε 1

µ and ε 2
µ states, and so our solution (5-33) is the most general solution for Aµ. 

5.1.3 The Classical Electromagnetic Lagrangian 
Since we are dealing with electromagnetic fields, the Lagrangian density, rather than the 

Lagrangian is relevant. There is actually more than one possible Lagrangian density that leads to a 
correct classical theory of electromagnetism. The simplest of these, first proposed by Fermi, turns 
out to be suitable for quantization (later in this chapter) and, is, for free fields (subscript 0 below), 

 ( )( ) ( )( )1
0 2
e/m A x A xν µ

ν µ= − ∂ ∂L . (5-41) 

(5-41) can be verified by inserting it into the Euler-Lagrange field equation 

 00 with ; e/mn
n n

,

d
, A

dx
µ

ν
ν

φ
φ φ

 ∂ ∂− = = = 
 ∂ ∂ 

L L
L�L , (5-42) 

to get (5-32). The minus sign in (5-41) is not really needed here, but is the extant convention, since 
in the development of QFT, things then turn out more conveniently. (5-41) works for the Lorentz 
gauge. 

5.2 Relativistic Quantum Mechanics for Photons 

5.2.1 Brief History of the Photon 
Although Maxwell’s equations were discovered in the mid 1800s, the solution form was 

wavelike, and the entity that solution represented was considered to be a wave. So, at that time and 
for some time thereafter, it was assumed it could not be particle-like. However, in 1899, Planck, and 
then in 1905, Einstein, explained certain electromagnetic phenomena in terms of indivisible packets, 
or quanta of electromagnetic energy, that came to be known as photons. In the ensuing years, the 
concept of wave/particle duality gained acceptance, and today we know that photons, like all other 
particles such as the electron, possess both wave and particle properties. This, of course, played a 
major role in the development of quantum theory. 

Knowing that electromagnetic quanta (photons) existed, researchers in the early 1900s soon 
realized that each photon had an energy of ℏω and a 3-momentum of ℏk, and that they could be 
treated like massless particles that obey special relativity. 

The advent of the Pauli exclusion principle, with the realization that fermions and bosons differ, 
led to the understanding that many bosons could coalesce into a macroscopic, classical field. The 
electromagnetic fields classical researchers had worked with were each simply a collection of 
photons. 

So, if Maxwell’s equations described a classical field, they had to also apply to each of the 
individual photons making up that macroscopic field. The solution to Maxwell’s equations Aµ(x) 

e/m Lagrangian 
density for Lorentz 
gauge 

Maxwell’s equations 
for classical e/m 
wave apply to 
individual photon 

For A field in 
x1direction 
polarization state, B 
field is in x2 direction 

And E field is in x1 
direction 

For A in x2 direction 
polarization, B in x1 
direction, E in x2 
direction 
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could then be used as either a representation of a macroscopic classical field, or as a representation 
of a “classical”, single photon. True, that this “classical” photon had some strange properties (e.g., 
wave/particle duality), but without invoking commutation relations (and thereby quantizing the 
theory), the photon, and the theory surrounding it, were still essentially non-quantum. 

5.2.2 1st Quantization and RQM for Photons 
The top RHS of Fig. 5-3 illustrates the manner discussed above in which one can deduce a 

(somewhat) classical, relativistic electromagnetic particle theory for photons from the classical, 
relativistic theory of electromagnetic fields (Maxwell’s theory.) 

Given that theory, we could then follow the usual steps for 1st quantization and a RQM theory of 
photons. However, there is a quicker and easier way. 

 

 
Figure 5-3. Quantizing the Electromagnetic Field 

 
Recall that the Hamiltonian H, the Lagrangian L, and the governing wave equation are but 

different forms for representing the same thing. From any one of these, we can deduce the other 
two. We know that the governing equation for photons is Maxwell’s equation (in the four-potential 
Aµ(x) form), so we can simply use that equation for quantization instead of going to all the trouble 
of finding H = ∫H d3x, or L = ∫H d3x. That is, we follow the diagonal arrow in Fig. 5-3 to quantize 
our classical field theory into a quantum particle (RQM) theory of photons. 

Before looking more closely at that, note, as represented on the LHS of Fig. 5-3, that because 
electromagnetic fields/photons are relativistic, there can be no non-relativistic theory of them, 
classical or quantum. 

RQM Wave Equation for Photons 
The first step in 1st quantization comprises taking the same e/m wave equation we had 

classically, (5-32), and thus, the same solution form for the state | Aµ(x)〉 as for the classical Aµ(x), 
(5-33), which we repeat below. 

 ( ) 0stateA x Aα µ α µ
α α∂ ∂ = ∂ ∂ = . (5-43) 
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2 2

ikx i kx
r r r r

r ,r, V V
A e A eAµ µ µ

ω ω
εε −= +∑ ∑

k kkk
k k k k . (5-44) 

Polarization, B, E Unrelated to Spin 
When students learn of circular polarization states, where the transverse E and B states rotate 

around the k vector direction as the e/m wave propagates, they often confuse that rotation with 
photon spin. The two are unrelated. Classical angular momentum increases with rotation rate, and 
the rate of the rotation of A (and thus of E and B) increases with ωk in (5-39), i.e., with the energy 
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of the photon. But every photon, regardless of energy, has the same spin 1 value. Further, as we saw 
on pg. 144, we can have linear polarization where the E and B do not rotate around the k vector, but 
the photon still had spin 1. 
Bottom line: Don’t confuse circular polarization with spin. They are different. 

Polarization, Not Spin, States are Basis States for Photons 
In electromagnetism and the quantum theories derived from it, we formulate the theory with 

polarization states rather than spin states. Photon spin is always in the + or – k direction and 
comprises only two possible states for given k. Polarization vectors have four possible states, 
mutually orthogonal in 4D space, and thus can serve as basis states, whereas spin (for photons) 
cannot. 

We compare and contrast spinor spin basis states with photon polarization basis states in 
Wholeness Chart 5-2. 

 
Wholeness Chart 5-2. Comparing Spinor and Polarization Basis States 

 Dirac Particles Photons 

Wave equation Dirac equation Maxwell equation in |Aµ〉 
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Single eigensolution to 
wave equation = basis 
vector for general states 

( ) ( )r rr ,
ipxm

VE
c u eψ −=

p
p p p  

1

2
( ) ( )r ,

ikx

V
r ra eAµ µ

ω
ε −=

k

k k k  

Basis vector (one for each r 
value for given p or k) In spinor space, ur(p)   r = 1,2 In physical spacetime, εr

µ (k)   r = 0,1,2,3 

r value related? Symbol r used in both cases, but has different meanings. 

Are basis vectors spin 
eigenstates? 

Generally not. 
Yes for p = 0 or in x3 direction. 

No. 
Although ε3

µ  is, if aligned with k. 

Other εr
µ would not be. 

What are basis vectors 
related to? Spin Photon polarization (direction of Aµ in space) 

 

RQM Commutation Relations for Photons 
The second step in 1st quantization is taking Poisson brackets over into commutators (with the 

factor of i.) Note, for example, what this means for 3-momentum and position and one of the 
eigenstates from the first summation set in (5-44). 
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The commutation relations mean the dynamical variables in classical theory become operators in 
quantum theory, as we have seen before. From (5-45), 
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The Nomenclature “Vector” for Spin 1 Particles 
Note now, why the term “vector” is used for spin 1 bosons. Because Aµ (x), which represents that 

boson, is a four vector. 
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5.2.3 Same Problems for RQM for Photons as Seen Before 
It should come as little surprise that RQM for photons suffers from the same deficiencies we saw 

before for RQM for scalar and spinor particles. By doing Prob. 7, you can see that, for example, we 
have negative energies for half of our solutions (5-44). 

And so, as before, in able to get a full and satisfactory relativistic theory, we need to move on to 
the QFT of photons. 

5.3 The Maxwell Equation in Quantum Field Theory 

5.3.1 Summary Chart 
All that we will do in the remainder of this chapter is summarized in Wholeness Chart 5-4 on pg. 

157 at the end of the chapter. This can also be found at www.quantumfieldtheory.info by clicking 
the Free Fields Wholeness Chart. As in prior chapters, I highly recommend following along, step by 
step, in that chart as we progress through QFT for photons. 

5.3.2 From Classical Electromagnetism to QFT 
The RHS of Fig. 5-3 shows the steps to QFT for photons via 2nd quantization. The first step is 

taking the classical Lagrangian density (or Hamiltonian density or field equations) directly over to 
QFT. The photon field Aµ (x) is real, so we don’t have to convert our real classical field to a 
complex field. 

The classical Lagrangian density (5-41) equals the QFT Lagrangian density. We repeat it here, 
but change the superscript from “e/m” to “1”, indicating a spin 1 boson. 

 ( )( ) ( )( )1 1
0 2 A x A xν µ

ν µ= − ∂ ∂L . (5-47) 

From (5-47) and the Euler-Lagrange equation, one obtains the QFT field equation (which equals 
(5-32)) of 

 ( ) 0A xα µ
α∂ ∂ = , (5-48) 

where Aµ (x) is a quantum field, not a quantum state. The discrete plane wave solution of (5-48) is 
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, (5-49) 

where we change the coefficients from capital to lower case letters, which we are using to indicate 
operators. We anticipate these coefficients, in QFT, will turn out to be creation and destruction 
operators, as scalar and spinor field theory coefficients were. 

The continuous plane wave solutions, which one can check by doing Prob. 8, are 

 ( ) ( ) ( ) ( ) ( )
3 3

†

3 32 2 2 2

ikx ikx
r r

A A

d d
A x a e a e

( ) ( )

µ µ µ

µ µ

ε ε
π ω π ω

−

+ −

= +∫ ∫
k k

k k k k

������������� �������������

k k
 . (5-50) 

5.3.3 The Parallel with Scalars 
Note how (5-48), (5-49), and (5-50) are virtually identical to the parallel relations for scalars 

(massless scalars with µ = 0 in this case). (See Chap. 3, XXX pgs. 48-50. XXX) They differ only in 
that the latter are not vectors and are complex, not real. (5-47) is identical to the scalar free 
Lagrangian density, except for those differences and the factor of – ½.. 

These similarities will allow us to take many relations we spent much time deriving in scalar 
(and spinor) theory directly over to vector theory, simply by changing φ to Aµ (x). You will probably 
want to put a book marker in Chap. 3 in the QFT development pages there, as we will be referring 
to, and simply lifting, many of those derived relations for use in this chapter with photons. 
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5.3.4 Conjugate Momentum and Hamiltonian Density 
From (5-47), the photon conjugate momentum is 

 

� �
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If you don’t see the gµν  part above right away, do Prob. 9, in which I lead you through the 
derivation. From  (5-51), the Hamiltonian density is 
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. (5-52) 

5.3.5 The Underlying Reason Why Aµ is Real 
In Sect. 5.1.2 on pg. 143 we gave a heuristic reason why the solutions to the photon wave 

equation (5-48) were real. The quantum reason is that photons are their own anti-particles. 
Recall from Chap. 3, XXX Sect. 3.9, pg 65 XXX that if a particle is its own anti-particle, then its 

field solution must be real, not complex. So Aµ is real. (A particle that is its own anti-particle must 
be chargeless, but a chargeless particle, e.g., a neutrino, does not have to be its own antiparticle.) 

We also showed, in Prob. XXX 15 XXX of Chap. 3, that in the mathematical treatment of real 
fields, a factor of ½ arises in the Lagrangian density that is not in the Lagrangian density for 
complex fields.  

5.4 Commutation Relations for Photon Fields 
The second step in 2nd quantization comprises taking the Poisson brackets of classical field 

theory over to commutators (with a factor of i) in QFT. In scalar theory, we showed these 
commutators were 

 ( ) ( ) ( )r r r r
s s s s,t , ,t iφ π φ π π φ δ δ  = − = − x y x y , (5-53) 

and from these (in a 1½ page proof), we showed the coefficients in the solutions must then obey 

 ( ) ( ) ( ) ( ) ( )† † (discrete); (continuous)a ,a b ,b δ δ′′ ′=    ′= = −    kkk k k k k k . (5-54) 

Rather than go through the tedium of a virtually identical proof, from the parallels between 
scalar bosons and vector bosons, we will simply extrapolate from the above. Thus, from (5-53) 

 ( ) ( )11( ) ( ) ( ) ( )A ,t , ,t i A x , y igνµ µ µ µν
ν νπ δ δ π δ   = − → = −   x y x y x y , (5-55) 

which leads (from (5-54)) to the photon coefficient commutation relations 

 
( ) ( )

( )

†
0 1 2 3(discrete) 1 1

(continuous)

r s r rs , ,

r rs

a ,a ,

.

ζ δ δ ζ ζ

ζ δ δ
′′  = = − = 

′= −
kkk k

k k
 (5-56) 

All other commutators, such as [ar(k), as(k)], equal zero for any r and s, as with scalars. The ζr 
part arises from the gµν of (5-55), which was not present for scalars. This is zero except when µ =ν, 
and then the spatial parts have – sign and the time part +. But an additional minus sign is introduced 
into (5-55) and (5-56) by (5-51). 

Conjugate 

momentum for A µ 

Hamiltonian density 

in terms of A µ 

Particles that are 
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solutions. Photon is 
one of these. 

2nd quantization, 
second step: Poisson 
brackets to 
commutators 

Photon coefficient 
commutation 
relations 
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5.5 The QFT Hamiltonian for Photons 

5.5.1 The Free Photon Hamiltonian in Terms of the Coefficients 
By inserting the field solutions (5-49) into the expression for the Hamiltonian density H0

1 (5-52) 
and integrating over all space we get H0

1, the full photon Hamiltonian, in terms of the coefficients. 
Again, this is virtually the same thing we did for scalars, so we carry over that result there to here. 

 ( )( )1
0

1
2r

,r

H Nω= +∑ k
k

k  (5-57) 

 ( ) ( ) ( )† the number operator for photons.r r r rN a aζ=k k k  (5-58) 

5.5.2 Zero Point Vacuum Energy Again 
As you can see from (5-57), the photon energy expectation value for the vacuum includes a 

summing of ½ ωk over every photon energy and polarization r to infinity, as we had for scalars (and 
similar for spinors). All of the comments made with regard to this in prior chapters are equally 
applicable here. 

5.5.3 Positive Energy for Photons in QFT 
We do end up with positive energies for all real (meaning manifest, not virtual as opposed to a 

real vs complex sense) photons from (5-57), though given the ζ 0 = – 1 in the summation of (5-58), 
it seems like there could be photons with negative energy, so this is not obvious at this point. We 
resolve this issue in Sect. 5.8.3. 

5.6 Other Photon Operators in QFT 
In similar fashion to what we did for scalars and spinors, we can derive all other operators. 

Again, to avoid the tedium, we simply state these as follows. 

Photon creation and destruction operators 

 
( ) ( )
( ) ( )

† †1 1 creates a photon with momentum polarization 

1 destroys a photon with momentum polarization 

r ,r .r ,r r

r ,r ,r ,r r

a n n n a , r

a n n n a , r.

= + +

= −

k k k

k k k

k k k

k k k
(5-59) 

Total photon particle number 

 ( ) ( )r
,r

N A Nµ =∑
k

k  (5-60) 

Total particle number lowering and raising 

( )
( )†

particle lowering operator field (contains )

particle raising operator field (contains )

r

r

A a

A a .

µ

µ

+

−

k

k
(5-61) 

Four current operator 

 ( )† † †0   for photons since, , ,, ,j i A A A A A A .µ µ µ µ µα α
α α α α= − − = =  (5-62) 

If we were to take j 0 of (5-62) as our probability operator, as early researchers expected it to be, 
then we would have zero probability of ever finding a photon. But since the photon has zero charge, 
and thus, zero charge density, those researchers concluded (5-62) must be a charge density operator. 

Charge operator 
The integral of j 0 of (5-62) over all space to get charge is, of course, zero. The charge operator 

for photons is identically zero. 
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identically zero 

So photon charge 
operator identically 
zero 
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Three-momentum operator 

 ( )
,r

N .r= ∑
k

P k k  (5-63) 

Spin operator not important for photons 
Spin for photons is always aligned with the k direction and always of magnitude 1. It is therefore 

not a key, unknown variable, like it was for spin ½ particles. So little attention is put on it in QFT, 
and one typically does not use a photon spin operator in QFT calculations. For completeness, 
however, we can state it as 

 
( ) ( ) ( )

( ) ( )

for direction spin

for direction spin.

,r
N N N

N N

rr , r ,

rr ,

γ = = +

= − −

± ±

±

∑
k

k
S k k k k

k

k k k

, (5-64) 

If we needed it, (5-64) would give us the total spin angular momentum of a collection of 
photons. 
Helicity operator not important for photons, either 

Since spin for photons is always aligned with the k direction, and the helicity operator for a 
single photon is simply the inner product of the unit vector in the k direction and spin S, the helicity 
operator is simply  

 ( )Helicityoperator
,r

Nr ,γ = ±∑
k

k  . (5-65) 

One virtually never uses the helicity operator for photons, however, since they are always in helicity 
eigenstates, and also since adding up helicities for a collection of photons, has no real meaning or 
purpose. 

5.7 The Photon Propagator 
The photon propagator is derived in much the same fashion as the scalar propagator. We start by 

defining the propagator as the time ordered operator like we did in Chaps. 3 and 4, 

 
( ) ( ) ( ) ( )

( ) ( )
for (particle = photon)

for (anti-particle = photon).

}{ y x

x y

T A x A y A x A y t t

A y A x t t
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µ ν

= <

= <
 (5-66) 

But for photons, the particle is its own anti-particle, and thus Aµ can either create or destroy a 
photon. We also have four-vector components µ and ν, so we will expect the final form of the 
photon propagator to have those components as well. 

Following the same 5 steps as in Chap. 3 (and also, Chap. 4), we arrive at the photon propagator 

 ( )
( )

( )
4 2
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2
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+∫  (5-67) 

 ( )
2

in four-momentum spaceF k i

g
D k

µν
µν

ε+

−= . (5-68) 

5.8 More on Quantization and Polarization 

5.8.1 Problem with the Lorentz Gauge 
We started all of the above by assuming we could simply use Maxwell’s equations under the 

Lorentz gauge (and hence use the corresponding Lagrangian as well) carried over directly to QFT. 
That implies that ∂µAµ of the Lorentz gauge would be considered an operator in QFT that is 
identically equal to zero. Unfortunately, that is not strictly true, because, as we are about to see, the 
Lorentz condition, employed in the direct way, is incompatible with the commutation relations. 

Consider the commutator (the bottom line of all the algebra below to (5-71) is that the RHS ≠ 0) 

3-momentum 
operator 

Photon spin 
magnitude always = 
1, spin always in ± k 
direction 

Photon helicity 
magnitude always = 
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direction 

Photon propagator 
derivation like that of 
scalars and spinors 

Photon propagator 

Lorentz gauge leads 
to inconsistency in 
the theory 
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which due to commutators that equal zero becomes 
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So that (5-69) and (5-70) finally become 
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The LHS of (5-71) is zero if the Lorentz condition holds. But the RHS is not zero, according to 
the rules for commutators we established earlier. Of different solutions to this problem, possibly the 
best was found by Gupta and Bleuler, as described in the following section. 

5.8.2 The Gupta-Bleuler Resolution 

The Weak Lorentz Condition 
Gupta and Bleuler replaced the Lorentz condition (5-28) with the weaker condition 

 ( ) 0A xµ
µ

+∂ Ψ = , (5-72) 

where the |Ψ〉 represents a ket of any number of photons. The operator in the weak Lorentz 
condition contains only destruction coefficient operators of form ar(k). The adjoint of (5-72) is 

 ( ) 0A xµ
µ

−Ψ ∂ = . (5-73) 

So, the expectation value of the Lorentz condition equals zero, i.e., 

 ( ) ( ) ( ) ( )
0 0

0A x A x A x A xµ µ µ µ
µ µ µ µ

− +

= =

∂ = Ψ ∂ Ψ = Ψ ∂ + ∂ Ψ =
������� �������

. (5-74) 

Classically, when we make macroscopic measurements, we measure expectation values (to high 
precision with large numbers of quanta, typically). So the Lorentz condition still holds classically 
and the Maxwell’s equation in terms of Aµ we have been using holds in this limit. Thus, predictions 
from our theory should correspond to actual measurements in experiments. 

Lorentz gauge says 
something should be 
zero, but commutation 
relations yield non-zero 

An alternative to the 
Lorentz gauge by 
Gupta-Bleuler 

Expectation value 
for Lorentz 
condition should 
match classical 
value of zero 
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Actually, using the full Lorentz condition (5-28) instead of (5-72) results in an expectation value 
of the Lorentz condition of zero as well. This is because the action of the Lorentz condition on the 
ket must result in a ket different from the bra of the expectation value relation. That is, 

 ( ) ( ) ( ) ( )
minus a photon plus a photon

0A x A x A x A xµ µ µ µ
µ µ µ µ

+ −

Ψ ≠ Ψ Ψ ≠ Ψ

∂ = Ψ ∂ Ψ = Ψ ∂ Ψ + Ψ ∂ Ψ =
������� �������

. (5-75) 

5.8.3 Meaning of the Weak Lorentz Condition 

The Constraint on Scalar and Longitudinal Photons 
To understand (5-72), substitute the solutions (5-49) for Aµ 

 
+ and consider the photon aligned 

coordinate system of Fig. 5-1(d), where (5-34) and (5-37) hold. 
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In the very last term of (5-76) we invoke the relativistic relation, in natural units,  m2 =  E2 – p2 =  

(ωk)2 – p2 = (ωk)2 – (k3)2, where m =0. So k3 = ωk = – k3. Then, for every k, (5-76) acting on |Ψ〉 

becomes 

 ( ) ( ) ( )( )3 00 0 allA x a a ,µ
µ

+∂ Ψ = → − Ψ =k k k . (5-77) 

(5-77) is a constraint on the linear combinations of longitudinal and scalar photons for each 
value of k that may be present in a state. It places no restriction on the transverse photons that may 
be in that state. 

For use in the next section, we re-write (5-77) and its adjoint as 

 ( ) ( )( ) ( ) ( ) ( ) ( )† †
3 0 3 0 3 0

adjoint
a a a a a a− Ψ → Ψ = Ψ → Ψ = Ψk k k k k k . (5-78) 

The Expectation Value of Energy of an Allowed State 
We can see the effect of the constraint on the RHS of (5-77) (imposed by the weak Lorentz 

condition of the LHS of (5-77)) by calculating the expectation value of the energy of an allowed 
state |Ψ〉. From (5-57) and (5-58), where we ignore the ½ quanta of the vacuum, 
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(5-79) 

We re-write this using (5-78) 

What does the weak 
Lorentz condition mean 
in terms of operator 
coefficients? 

Relation between 
scalar and longitudinal 
coefficients operating 
on a state 

Expectation value for 
Lorentz condition in 
both approaches is 
zero. Both good from 
that perspective. 
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Or  

 ( ) ( )
2

1 †
0

1
r r

r

H a aω
=

= Ψ Ψ∑ ∑k
k

k k  , (5-81) 

which means the only contribution to the energy expectation value is from transverse photons. The 
scalar energy expectation value is negative, but it is always cancelled by a positive longitudinal 
energy expectation value of the same magnitude. 

A similar effect occurs, in parallel manner, for any observable, since each such observable (e.g., 
3-momentum P of (5-63)) incorporates the number operator Nr(k) of (5-79) above. So the same 
steps would be followed for the expectation value of any other operator as is done in (5-79) to 
(5-81). 

This “jives” with classical e/m theory, since we know that E and B in a classical electromagnetic 
wave are always perpendicular to k. And from the definition of our potential Aµ = (Φ, A) of either 
(5-2) or (5-18), we know that E points in the same direction as A. Thus, classically, A is always 
orthogonal to the wave propagation direction k/|k|. 

We have never measured any real longitudinal photon states. Nor have we ever done so for 
scalar (time-like) states. The Gupta-Bleuler approach, in the classical limit of expectation values, 
yields what we observe in our universe, only transverse, observable photons. Very elegant, in my 
humble opinion. 

Comments on Scalar and Longitudinal Waves 
Note that we have not proven that scalar and longitudinal photons do not exist, only that, if they 

do, they cancel one another in finding expectation values for any classical entity. Expectation values 
relate to real (not virtual) particles. We might then, still expect that scalar and longitudinal photon 
states would play a role in the Feynman propagator, which represents a virtual, and unobservable, 
particle. In fact, they do. In interaction theory, calculations of effects from particles mediating force 
(like photons in quantum electrodynamics) must include all four polarization states. 

Finally, we note a subtle point that you should not worry about too much at this point. That is, it 
can be shown that the allowed mixtures of longitudinal and scalar photons is equivalent to a gauge 
transformation between two potentials, both of which are in Lorentz gauges. 

Comment on Lorentz Gauge 
You may be wondering “if we got the simplest form of Maxwell’s equations based on the 

Lorentz condition holding for Aµ, but if it isn’t true, how can we do 2nd quantization and assume we 
have the same wave equation (= same Lagrangian)?” 

The simplest answer is that by doing so, the theory works. Predictions match experiment. From a 
theoretical standpoint, we could just include this as part of 2nd quantization, with the added 
condition that, acting on a state, the scalar and longitudinal coefficient operators are related in such 
a way as to cancel out their effects in finding expectation values. 

5.8.4 Summary of Weak Lorentz Condition 
Wholeness Chart 5-3 below summarizes the full vs weak Lorentz condition approaches. 
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expectation that 
effectively sums over 
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And other operator 
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propagator (as virtual 
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Redefine 2nd 
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constraint as additional 
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Wholeness Chart 5-3. Gupta-Bleuler Weak Lorentz Condition Overview 

 Full Lorentz Condition  Gupta-Bleuler Weak Lorentz Condition 

The Constraint ( ) 0A xµ
µ∂ =  ( ) 0A xµ

µ
+∂ Ψ =  

Expectation Value of 
Lorentz Condition Given 
the Constraint 
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µΨ ∂ Ψ =  
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A x

A x A x

µ
µ

µ µ
µ

+ −

Ψ ∂ Ψ =

Ψ ∂ + Ψ =
 

 Either condition OK classically. Yields same macroscopic Lorentz gauge. 

Theory derived from 
constraint + 2nd quantization 

commutation relations, number operator, 
observables operators 

same commutators, number operator, 
observables operators as at left 

Problem with constraint? 

Yes.  ( ) ( ) ( )
numeric vector0

0[ ]vA x ,A y V x yµ ν
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=
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Commutators from 2nd quantization in 
above yield different result than constraint. 

No.  ( ) ( ) ( )
         same0
numeric vector

0[ ]vA x ,A y V x yµ ν
µ

≠

∂ = − ≠
����������

 

Commutators from 2nd quantization in 
above yield same result as constraint. 

Operator result of 
constraint, in photon 
aligned coordinate system 

( ) ( )3 0a aΨ ≠ Ψk k  ( ) ( )3 0a aΨ = Ψk k  

Effect on observable 
operators expectation value 

( ) ( )
3 2

0 1
r r

r r

N N
= =

Ψ Ψ ≠ Ψ Ψ∑ ∑k k  ( ) ( )
3 2

0 1
r r

r r

N N
= =

Ψ Ψ = Ψ Ψ∑ ∑k k  

Result 
longitudinal and scalar (timelike) photon 

states no different from transverse → 
predict they are observed, but they aren’t 

longitudinal and scalar (timelike) 
photon states always cancel →              

predict none observed and they aren’t 

5.9 Photon Spin Issues Similar to Spinors 
One might raise several issues relating to polarization states, some similar to what we saw for 

spinors at the end of Chap. 4. 

Other Coordinate Systems for a Given k Direction 
First, the treatment in Sect. 5.8 employed only the photon aligned coordinate system. In other 

coordinate systems, the polarization vectors εr
µ would not be represented so simply, and the 

analysis would have been markedly more difficult and less transparent. In the most general 
coordinate system, the εr

µ would then each have up to four non-zero components,. And ε1
µ, for 

example, would not by itself represent a pure transverse state. Any of the transverse, longitudinal, or 
scalar states would be represented by a superposition of different amounts of each of the εr

µ. 
Though the analysis would be more complicated, the final result would remain the same. Only 

transverse states, regardless of the coordinate system chosen to express them in, would remain 
observable. 

How to Handle Polarization States Not in x1 or x2 Directions 
The treatment so far assumed we only had two transverse polarization states in the x1 and x2 

directions. But what about a state where A is aligned at 45o between these axes, or in any other 
direction? Such a state is a linear superposition of the two transverse states. 

We will not enter into a detailed discussion of this here, but simply note that the answer parallels 
that for “The First Issue” for spinors found in Chap. 4 XXX pg 116 XXX. In short, in experiments 
we typically average over polarization states and not actually measure those states. This averaging 

Coordinate systems 
other than photon 
aligned system can 
work, but more 
complicated 

Non-eigen state kets 
can be handled. See 
Chap. 4 for details. 
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uses the x1 and x2 direction polarization states as basis vectors, with each state within the ensemble 
of states having different amounts of each. The average of all such composite states is used in 
predicting experimental results. For experiments that might monitor polarization states, the 
expectation values for non-axis aligned polarization states can be calculated for such states in 
similar ways to what we discussed for spin ½ particles. 

In the ket symbolism in this book, we will represent a photon state with polarization in an axis 
direction as |γ r,k〉 and a more general polarization state as |γ k〉. 

How to Handle Multiple Photons with Different k Directions 
We have used a preferred coordinate system, the photon aligned coordinate system, where the x3 

axis is aligned with the k vector of the photon. This makes interpretation and analysis much simpler. 
But what happens when we have more than one photon, each with a different k direction? Then, at 
most, we have simple expressions, like those we have seen in this chapter, for only one such photon 
(the one with its k aligned with the lab x3.) 

This question parallels “The Second Issue” of Chap. 4 XXX pg. 117 XXX, and like the prior 
issue above, we will not go into great detail on it here. In short, one can determine quantities for a 
given photon in its photon aligned coordinate system then transform those quantities to the 
(different alignment) lab system. In the process of the transformation, things like the expressions 
for, and interpretation of, εr

µ get a lot more complicated. But one can still crank the math, typically 
tedious, and get those expressions. 

Expectation values in any coordinate system will turn out to be the same. So one can pick the 
coordinate system one likes for a given photon (the photon aligned system is best, obviously) to 
calculate an expectation value, then transform that value to lab coordinates. 

5.10 Where to Next? 
We have achieved a milestone in the study of QFT, the coverage of the fundamentals for the 

three spin types. Knowing this well will serve us well in interaction theory, to come after we 
investigate symmetry and its importance in QFT, in the next chapter. 

5.11 Summary Chart 
Chaps. 3, 4, and 5 are summarized in Wholeness Chart 5-4 that follows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Multiple photons, all 
with different k 
directions, and thus 
different photon 
aligned systems, can be 
handled via coordinate 
transformations. See 
Chap. 4 for details. 

The heaviest lifting is 
behind you. It gets 
easier with this 
background. 
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QED/FIELD THEORY OVERVIEW: PART 1 

Wholeness Chart 5-4. From Field Equations to Propagators and Observables 
Heisenberg Picture, Free Fields 

 Spin 0 Spin ½  Spin 1 

Classical 
Lagrangian 
density, free 

( )0 2
0 K α

αφ φ µ φφ= ∂ ∂ −L  None. Macroscopic spinor fields not 
observed. 

( )( )21
0

1
2 2

0
for photons

A A A Aµ ν µ
µ ν µ

µ

µ =

− ∂ ∂=
�����

L  

2nd quantization, 
    Postulate #1 

Bosons: Quantum field L (or equivalently, H) same as classical, fields are complex, and K =1. 
Spinors: Dirac eq from RQM with states → fields. Deduce L from Dirac eq; H from Legendre transf. 

QFT Lagrangian 
density, free ( )0 † 2 †

0
α

αφ φ µ φ φ= ∂ ∂ −L  ( )1 2
0

/ i m α
αψ ψ γ= ∂/ − ∂/ = ∂L  As above for classical. 

                                              L ↑ into the Euler-Lagrange equation yields ↓  

Free field eqs 
( )
( )

2

2 †

0

0

α
α

α
α

µ φ

µ φ

∂ ∂ + =

∂ ∂ + =
 

†

( ) 0

( ) 0

i m

i mα
α

α
α ψ

ψ ψ ψ ψ 0

γ ∂ − =

∂ γ = = γ+
 

( )2

†

0 photon 0

for chargeless (photon)

A

A A

µ

µ µ

α
α µ µ∂ ∂ + = =

=
 

Conjugate 
momenta 

0 0
0 † 0†0 0
0 0 †

;π φ π φ
φ φ

∂ ∂
= = = =

∂ ∂
ɺ ɺ

ɺ ɺ

L L
 1 2 † 1 2 0/ /i ;π ψ π= =  

1 Aµ µπ = − ɺ  

Hamiltonian 
density ( )

00 0 0 † †
0 0 0 0

† † 2 †

π φ π φ

φφ φ φ µ φ φ

= + −

= + ∇ ∇ +⋅

ɺ ɺ

ɺ ɺ

H L

 1 2 1 21 2
0 0

/ //π ψ= −ɺH L  
1 11

0 0Aµ
µπ= −ɺH L  

Free field 
solutions † † †

φ φ φ
φ φ φ

+ −

+ −

= +

= +
 

ψ ψ ψ
ψ ψ ψ

+ −

+ −

= +

= +
 (photon)A A Aµ µ µ+ −= +  

Discrete 
eigenstates 

(Plane waves, 
constrained to 
volume V) 

( )

( )

†

†

†

1
( )

2

( )

1
( )

2

( )

(

)

(

)

ikx

ikx

ikx

ikx

x a e
V

b e

x b e
V

a e

φ
ω

φ
ω

−

−

=

+

=

+

∑

∑

k

k

k

k

k

k

k

k

 

†

†

( ) ( )

( ) ( )

( ) ( )

( ) ( )

(

)

(

)

r r

r r

r r

r r

ipx

r ,

ipx

ipx

r ,

ipx

m
VE

m
VE

c u e

d v e

d v e

c u e

ψ

ψ

−

−

=

+

=

+

∑

∑

p

p

p

p

p p

p p

p p

p p

 

†

1
( ) ( )

2

( ) ( )

(

)

ikx

ikx

r r
r ,

r r

a e
V

a e

Aµ

µ

µ

ε
ω

ε

−

=

+

∑
kk

k k

k k

 

Continuous 
eigenstates 

(Plane waves, no 
volume 
constraint) 

3

†

†

3

†

( ) ( )
2 2

( )

( ) ( )
2 2

( )

(

)

(

)

ikx

ikx

ikx

ikx

d
x a e

( )

b e

d
x b e

( )

a e

φ
π ω

φ
π ω

−

−

=

+

=

+

∫

∫

k

k

k

k

k

k

k

k
 

3

3

†

†

3

3

2

2

( ) ( )

( ) ( )

( ) ( )

( ) ( )

(

)

)

( r r

r r

r r

r r

ipx

r

ipx

ipx

r

ipx

d

E

d

E

m
( )

m
( )

c u e

d v e

d v e

c u e

π

π

ψ

ψ

−

−

=

+

=

+

∑ ∫

∑ ∫

p

p

p

p

p p

p p

p p

p p

 

spinor indices on ur, vr, and ψ  
suppressed.  r = 1,2. 

3

1

2 2

†

( ) ( )

( ) ( )

0 1 2 3 (4 polarization vectors)

(

)

ikx

ikx

( )
r r

r r

d
a e

a e

r , , ,

A

r

µ

π

µ

µ

ε
ω

ε

−

=

+

=

∑ ∫
k

k
k k

k k
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2nd quantization 
   Postulate #2 

Bosons: ( ) ( ) ( )r r r r
s s s s,t , ,t iφ π φ π π φ δ δ   = − = −   x y x y ,  φ r = any field, other commutators = 0. 

Spinors: Coefficient anti-commutation relations parallel coefficient commutation relations for bosons. 

 Bosons: using conjugate momenta expressions in ↑ yields ↓ 

Equal time 
commutators 

(intermediate 
step only) 

( ) ( ) ( )†,t , ,t iφ φ δ  = − x y x yɺ    Not needed for spinor derivation.    
( ) ( )

( )

A ,t ,A ,t

ig

µ ν

µν δ

 
 

= − −

x y

x y

ɺ

 

 

Bosons: Using free field solutions in ↑ with 3D Dirac delta function (e.g., for discrete solutions, 

( ) ( )1 ni

n
e

V
δ − ⋅ −

=

+∞

−∞
− = ∑

k x yx y ), and matching terms, yields the coefficient commutators ↓. 

Coefficient 
commutators  

( ) ( ) ( ) ( )† †a ,a b ,b′ ′=   
   k k k k  ( ) ( ) ( ) ( )† †

r s r sc ,c d ,d
+ +

   ′ ′=      
p p p p  †

r sa ( ),a ( ) ′
 k k  

discrete δ ′= kk  rsδ δ ′= pp  0 1 2 31 1r r , ,s ,ζ ζζ δ δ ′ = − == kk  

continuous ( )δ ′= −k k  ( )rsδ δ ′= −p p  ( )r rsζ δ δ ′= −k k  

Other coeffs All other commutators = 0 All other anti-commutators = 0 All other commutators = 0 

The Hamiltonian Operator 

 
Substituting the free field solutions into the free Hamiltonian density H0, integrating H0 = ∫H0 d

 3x, and 

using the coefficient commutators ↑ in the result, yields ↓. Acting on states with H0 yields number operators. 

H0 ( )1 1
2 2a bN ( ) N ( )ω + + +∑ k

k

k k  ( ) ( )( )1 1
2 2

,r
r rE N N− + −∑

p
p p p  ( )( )1

2
,r

Nrω +∑ k
k

k  

Number 
operators 

( ) ( ) ( )
( ) ( ) ( )

†

†

a

b

N a a

N b b

=

=

k k k

k k k
 

( ) ( )
( ) ( )

†

†

r r r

r r r

N ( ) c c

N ( ) d d

=

=

p p p

p p p
 ( ) ( )†

r r r rN ( ) a aζ=k k k  

Creation and Destruction Operators 

 Evaluating Na (k) a(k) |nk〉 (similar for other particle types) with ↑ and the coefficient commutators yields ↓ 

creation ( ) ( )† †a , bk k  ( ) ( )† †
r rc , dp p  ( )†

ra k  

destruction ( ) ( )a , bk k  ( ) ( )r rc , dp p  ( )ra k  

Normaliz factors 

    lowering ( ) 1k k ka | n n | n〉 = − 〉k  ( ) 0r r ,c |ψ = 〉pp  as with scalars 

    raising  ( )† 1 1k k ka | n n | n〉 = + + 〉k  ( )† 0r r ,c | ψ〉 = pp  as with scalars 

tot particle num ( ) ( )( )a bN( ) N Nφ = −∑
k

k k
 ( ) ( )( )r

,r
N( ) N Nrψ = −∑

p
p p  ( ) ( )

,r
N A Nr

µ = ∑
k

k  

tot particle num: 

    lowering φ φ φ+ −= +  ψ ψ ψ+ −= +  Aµ +  

    raising † † †φ φ φ+ −= +  ψ ψ ψ+ −= +  Aµ −  
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Four Currents and Probability 

Four currents 
(operators) 

     jµ,µ = 0 

 

( ) ( )† †, ,j , iµ µ µρ φ φ φ φ= = − −j  

 

( )j , µµ ρ ψ ψγ= =j  
( )† †, , ,j i A A A Aµ µ µα α

α α= − −  

= 0 for photons ( )†A Aα α=  

 
Emphasis in field theory is usually on the number of particles (N(k) operator), and particle probability 

densities are rarely used. For completeness, however, and to make the connection with quantum mechanics, 
they are included below. (Antiparticles would have negative values of those below!) 

Single particle 
probability 
density (not 
operator) 

( )
( ) ( ) ( )0

,t

,t j ,t ,t

ρ

φ φ

=

′ ′

x

x x x
 

Note integration over ′x , not x 

For type a  plane wave, 
1

V
ρ =  

As at left, but with Dirac j  0 above. 

 

= 0 for chargeless particles.  

 

Charge, not 
probability 

Scalar type b particle → negative ρ.  Photons → ρ = 0. 
 Led to conclusion that j0 is really proportional to charge probability density. 

Observables 

 
Observable operators like total energy, three momentum, and charge are found by integrating corresponding 

density operators over all 3-space. (For spin ½, electrons assumed below with q = - e) 

H ( ) ( )( )0 a bP N Nω= +∑ k
k

k k  ( ) ( )( )0
,r

r rP E N N= +∑
p

p p p  ( )0
,r

P Nrω=∑ k
k

k  

Pi  = 3-
momentum  

( ) ( )( )a bN N= +∑
k

P k k k  ( ) ( )( )
,r

r rN N= +∑
p

P p p p  ( )
,r

Nr= ∑
k

P k k  

sµ ( )q j q ,µ ρ= j  ( )( )constant 0q j sµ
µ

µ − → ∂ =    0 for photons 

Q ( ) ( )( )
0 3

a b

s d x

q N N

=

−
∫

∑
k

k k
 ( ) ( )( )

0 3

,r
r r

s d x

e N N

=

− −

∫
∑
p

p p
   0 for photons 

Spin operator 
for RQM states 
and QFT fields 

 N/A 

01
1 2 3

02

2D Paulimatrices

i
i

i

i

i , ,
σ

=
σ

σ

 
Σ = = 

 

=

ΣΣΣΣ
 magnitude = 1 for photons,  

Helicity operator 
for RQM states 
and QFT fields 

N/A   
p

p
iΣΣΣΣ

 helicity eigenstates 

Spin operator 
for QFT states 

 N/A † 3d xψ ψ∫ ΣΣΣΣ  magnitude = 1 for photons,  

Helicity operator 
for QFT states 

N/A † 3d xψ ψ
 
  
 

∫
p

p
iΣΣΣΣ

 helicity eigenstates 
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}  transition amplitude = Feynman propagator 

Bosons, Fermions, and Commutators 

 Operations on states with creation, destruction, and number operators above yield the properties below. 

Properties of 
states: 

na (k) = 0,1,2,…,∞ 

So spin 0 states bosonic. 

nr (p) = 0,1 only 

So spin ½ states fermionic. 
nr (k) = 0,1,2,…,∞ 

So spin 1 states bosonic. 

Bosons can only 
employ 
commutators 

Fermions can 
only employ 
anti-
commutators 

If anti-commutators used 
instead of commutators with 
Klein-Gordon equation 
solutions, then observable (not 
counting vacuum energy) 
Hamiltonian operator would 
have form 

 H0
0 = 0  and  H0

0 |φ k〉 = 0 ,i.e., 

all scalar particles would have 
zero energy. 

Hence, we cannot use 
anticommutators with spin 0 
bosons. 

Commutators lead to 2 or more 
identical particle states co-existing in 
same multiparticle state. Anti-
commutators lead to only one given 
single particle state per multi-particle 
state. 

Therefore, commutators cannot be 
used with spin ½ fermions. 

This is further proof that we need 
commutators with bosons. 

Same as spin 0. 

The Feynman Propagator 

 Creation and destruction of free particles (& antiparticles) and their propagation visualized below. 

Feynman 
diagrams 

 

 

  

Step 1 

Time ordered 
operator T 

If ty < tx , ( ) ( ){ } ( ) ( )† †T x y x yφ φ φ φ= , i.e., the ( )† yφ  operates first, and should be placed on the right. 

If tx < ty , ( ) ( ){ } ( ) ( )† †T x y y xφ φ φ φ= , i.e, the φ (x) operates first, and should be placed on the right. 

Note that φ (x) commutes with ( )† yφ  for x ≠  y.   [Fermion fields anti-commute.] 

( ) ( ){ }†0 0 F|T x y | iφ φ = ∆  ( ) ( ){ }0 0 F|T x y | iS αβα βψ ψ =  ( ) ( ){ }0 0 F|T A y A y | iD µνµ ν =  Transition 
amplitude  

(double density 
in x and y) 

The above vacuum expectation values (transition amplitudes) represent both  

           1) creation of a particle at y, destruction at x, and     

           2) creation of an antiparticle at x, destruction at y 

Step 2 

Propagator in 
terms of two 
commutators 

By adding a term equal to zero to the Feynman propagator above, it can be expressed as 
vacuum expectation values (VEVs ) of two commutators 

 

( )
( ) ( )
( ) ( )

†

†

0 0

0 0

F

y x

x y

i x y

x , y t t

y , x t t

φ φ

φ φ

+ −

+ −

∆ − =

  < 

  < 

 

( )
( ) ( )
( ) ( )

0 0

0 0

F

y x

x y

iS x y

x , y t t

y , x t t

αβ

α β

β α

ψ ψ

ψ ψ

+ −
+

+ −
+

− =

  < 

 − < 

 

( )
( ) ( )
( ) ( )

0 0

0 0

F

y x

x y

iD x y

A x ,A y t t

A y ,A x t t

µν

µ ν

ν µ

+ −

+ −

− =

  < 

  < 
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Step 3 

As 3-momentum 
integrals 

With the coefficient commutation relations, the above two commutators (for each spin 
type) can be expressed as two integrals over 3-momentum space 

Definition of 
symbols for 
commutators 

( ) ( ) ( )
( ) ( ) ( )

†

†

x , y i x y

y , x i x y

φ φ

φ φ

−

+

+ +

− −

  = ∆ − 

  = ∆ − 

 
( ) ( ) ( )
( ) ( ) ( )

x , y iS x y

y , x iS x y

α β αβ

β α αβ

ψ ψ

ψ ψ

+ − +
+

+ − −
+

  = − 

 − = − 

 
( ) ( ) ( )
( ) ( ) ( )

A x ,A y iD x y

A y ,A x iD x y

µ ν

ν µ

µν

µν

+ −

+ − −

+  = − 

  = − 

 

 
( )

( )
3

3

1

2 2

x yik

k
i

e
d

π ω

−
±∆ = ∫ k

∓

 ( )
( ) ( )

3
3

1

2 2

x yip

p

p m
iS

e
d

Eπ

−
±± ±

= ∫ p
∓

 
   iD g iµν µν± ±= − ∆  

 

∆+, S+, Dµν + represent particles; ∆–, S –, Dµν – represent anti-particles.  Symbols S ± = S ±αβ  

Although fields such as φ are operators, because of their coefficient commutation relations, each integral 
above is a number, not an operator. The expectation value of a number X is simply the same number X. 

(〈0|X|0〉=X〈0|0〉=X. So, the Feynman propagator will also be simply a number (no brackets needed.) 

Step 4 

As contour 
integrals 

Contour integral theory (integration in the complex plane) permits the above two integrals 
(for each spin type) over real 3-momentum space to be expressed as contour integrals. 

    

( )

( )
4 2 2

4

2 C

ik x y
i

i

e
d

k
k

π µ±

±

− −
∆ =

−∫
∓  

( )
( ) ( )

4 2 2
4

2 C

ip x y
i

iS

p m e
d p

p mπ
±

±

− −
=

+

−∫
∓

 
( )

( )

�

4 2 2

photon =0

4

2 C

ik x y
ig

iD

e
d

k
k

µν

π

µν

µ±

− −

± =

−∫
∓  

Step 5 

As one integral 
Taking certain limits with contour integrals in the complex plane yields a single form for the 

Feynman propagator that works for any time ordering and will prove more convenient. 

in physical 
space 

( )

( )

( )
4

4 2 2

1

2

F

ik x y

x y

e
d k

k iπ µ ε

− −

∆ − =

− +∫
 

( )

( )
( ) ( )

4 2 2
41

2

F

ip x y

S x y

p m e
d p

p m i

αβ

π ε

− −

− =

+

− +∫
   

( )

( )

( )
4 2

4

2

F
ik x y

g

D x y

e
d

k i
k

µν

µν

π ε

− −
−

− =

+∫
 

in momentum 
space 

  ( ) 2 2

1
F k

k iµ ε
∆ =

− +
    ( ) 2 2F

p m
S p

p m iαβ ε
+

=
− +

    ( )
2F k i

g
D k

µν
µν

ε+

−=  

 
            
 
      Copyright of Robert D. Klauber 
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5.12 Problems 

1. From the Coulomb gauge defining equation 0∇ =⋅A , and A of (5-14), show that A and the 
wave momentum k are perpendicular. From (5-15) show how E and B are perpendicular to each 
other and also to k. 

2. Use (5-18) and (5-2) to show that ( ) ( ) ( )31 13 2F x F x B x= − = . If you feel you need to, also 
show that ( ) ( ) ( )23 32 1F x F x B x= − = . 

3.  Use (5-18) and (5-2) to show that02 20 2F F E= − = . If you feel you need to, also show that 
03 30 3F F E= − = . Is it obvious that 00 11 22 33 0F F F F= = = = ? 

4. Show that for µ = i , (5-24) equals (5-3)(b). 

5. Show that substitution of A′ 

µ(x) from (5-27) for Aµ(x) in (5-24) will result in all terms in f 
dropping out and give (5-24) in terms of Aµ(x) back again. 

6. Show that ( ) ( ) ( )†1 1
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wave equation in Aµ(x). Then show that if Aµ(x) is real, i.e., Aµ(x)= A†µ(x), then Br
† must = Ar

†. 
Then note that the two terms in the solution are complex conjugates of one another. Does the 
sum of a complex number and its complex conjugate always equal a real number? 

7. Using the Hamiltonian operator H = i  ∂/∂t, show that each of the eigensolutions of (5-44) with 
coefficients Aµ

 
† has negative energy. 

8. Show that (5-50) solves (5-48). 

9. Start with the four-vector wµ = gµν  w
ν and take the partial derivative ∂/∂wν of both sides to 

show that ∂ wµ /∂wν = gµν .  wµ can, of course, be any four-vector, such as Aν
ɺ . 

 
 


