Chapter 5 Version Date: November 15, 2011

Vectors: Spin 1 Fields

“Three passions, simple but overwhelmingly strdmaye governed my life: the
longing for love, the search for knowledge, andearhble pity for the suffering
of mankind. These passions, like great winds, béawen me hither and thither, in
a wayward course, over a great ocean ...

... I have wished to understand the hearts of maavé wished to know why the
stars shine. And | have tried to apprehend the &ybhean power by which
number holds sway above the flux. A little of thig,not much, | have achieved.”

Excerpts from “What | Have Lived For”
by Bertrand Russell

5.0 Preliminaries

Few of you who have come this far in this book do noteshiarsome part, Russell's passion for
knowledge. It is my hope that, as each of us lives higeptife, we can also share in his other two,
most noteworthy, passions.

With regard to the “power by which number holds sway abbeefltix”, few have more ably
demonstrated that power in their work than James Clerk Maxtislicasting of the phenomena of
electricity and magnetism into one elegant and holistic matheahatructure will forever remain
one of the monumental achievements in the history of mankind

Although his famous Maxwell equations were formulated forassital world, they play an
equally fundamental role quantum mechanically, as we shall soon see.

5.0.1Background

Maxwell first published his equations in 1864, well beftre advent of special relativity, ¢ \axwell’s
they were framed in a distinctly 3D spatial plus time forrAat that is how virtually every physic equations imD
student first learns them. However, as QFT is a distimetbtivistic theory, we will need to Wol'  {oymat are the
with Maxwell’'s equations in the more appropriate 4D formats Treatment of electromagnetism  j55is for QFT of
typically reserved for graduate courses, after students have gamedievel of comfort with the photons
+ 1 dimensional approach. We will review the 4D approach hbpefully, it is something the
readers of this book have already been exposed to, as it setheshesirock for QFT of photons
(massless spin 1 bosons).

5.0.2Chapter Overview

Our approach to spin 1 bosons (called vectfos reasons that will become apparent) in * Spin1 boson theory
chapter is three fold, including i) a review of classical electrorgtheory, i) RQM for photons  development parallels
and iii) QFT for photons. As we will see, the second dndi tof these bear striking parallel  spin0 boson theory
comparable aspects of spin 0 boson theory, and this willthehake our work easier.

Vector bosons, like scalars, can be massive or massless, drisinfocus in this book is on
guantumelectrodynamics (QED), where force is mediated by photeaswill be virtually
exclusively concerned with photons, which are massless vedon®o
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136 Chapter 5. Vectors: Spin 1 Fields

The following bulleted points provide an overview of thispter. You may find it helpful to
compare and contrast the material below for RQM and QFT wathaththe Chapter Overview for
scalars at the beginning of Chap. 3.

A review of classical e/m first,
where we will look at .
Classical e/m

« the pre-relativistic version of Maxwell's equations, theD)¥ector and scalar potentials, ant ;v arview
how they describe classical electromagnetic fields/waves,

» those same equations and e/m fields/waves represented covdriantip special relativity)
as a single equation for a 4D poten#i&] and

* the classical relativistic Lagrangian dendityor classical e/m fields.

Then RQM for photons (of which e/m waves are made), RQM preview
« deducing the quantum Maxwell equation in terms of the 4DnfiateA” by applying ' (photons =
guantization to classical theory, massless vectars

. squtionsA”) to that equation (the 4D potential will represent a phaotathematically), and
* noting that those solutions parallel the Klein-Gordorutsmhs, and so, much of what we
learned for scalars can be carried over directly to vectors @itk ||A“>.
Then QFT for photons,

« from 2" guantization, finding the same Maxwell equation, with threesanathematical form
for the solutions¥”, but this time the solutions are guantum fields, taies,

» using the classical relativisti€ for e/m fields and the Legendre transformation to et
(Hamiltonian density),

« from 2" quantization, finding the photon field’' commutation relations for QFT,

» determining relevant QFT operators for photons by a studrinethod: comparing to similar
operators for scalarsl, number, creation/destruction, momentum, charge, etc., and

finding the Feynman propagator for photons by analody thi¢ scalar propagator.

QFT preview
(photons =
massless vectors

As in Chaps. 3 and 4, in this chapter, we will deal onthvee particles/fields. iny_ free photons
in this chapter

5.1 Review of Classical Electromagnetism

5.1.1Maxwell’'s Equations in 3D Plus Time Formulation

The Equations

With no charge densitpchargeNOr charge currerjtharge present (meaning only free fields are
involved, asocharge@ndjchargeinteract with the electric fiel& and the magnetic fiel), Maxwell’s
equations in a vacuunn naturalized, rationalized Gaussian units (i.e., rational@agssian units
withc=1,A=1), are

_ Sourceless
nlE=o0 (a) Maxwell’'s
oE equations in
DXB:E (b) - vgguulm |
1B=0 (0 &
__08B
OxE=-—=. (d)

These are commonly referred to as the sourcelegsv®lés equationsecause there are no sources
porj for the fields in the region in which the fieldedeing analyzed. (The sources for the fields
would be elsewhere outside of the region in whiehane interested.)

The Scalar and Vector Potentials: Making It Eae8olve Maxwell's Equations Potentials: a way

Maxwell's equations (5-1) are four coupled diffeiehequations in two vector fields andB.  © make Maxwell's

To make them easier to solve, we would like, ifageld, to re-express them in simpler form. eqluatlons easier to
solve




Section 5.1 Review of Classical Electromagnetism 137

This can be done if we define a scalar potentigd,t) (not to be confused with our scalar fied

of Chap. 3) and a vectpotentialA(x,t) so they solve Vector and scalar

B=OxA, E=-00-2 (5.2) PotentialspandA
yield E andB

then (5-1)(c) and (d) are solved automatically rficlly) by @ and A. On the other hand,
substitution of (5-2) into (5-1)(a) and (b) yields

- 2o —i(D [A)=0 (a) The two equations
ot @andA must
ad  9%A 9°A D (5-3) solve, equivalent of
Ox[xA =_DE_ ot2 = o2 —D2A=—DE—D(DM\), (b) Maxwell’'s eqs

0(ola)-0%A
which @ andA must solve. If we can solve (5-3) forandA, then we can find the fields andB
from (5-2). So, instead of trying to solve the faguations (5-1) for two vector fields andB (6

component unknowns), we can instead solve the ty@teons (5-3) for a scalar field and a
vector fieldA (3 components plus 1 scalar = 4 unknowns). Simpla?

Ambiguity in the Scalar and Vector Potentials

Before trying to solve (5-3) foib andA, we should realize tha andA are not unique. Note
that if we define other quantities (designated bgps) by

v=0+  A=a-0f, (5-4)
ot Different forms for
then these new quantitig® andA’, used in place ob andA in (5-2), yield exactly the santeand scalar and vector
B, regardless of the form 6f That is, potentials also
B=OxA =0x(A -0f ) =OxA yieldE andB
' 5-5
E=-00 -2 = gfo+ 9L -i(A-Df):-DcD—a—A. &9
ot ot) ot ot

Thus, if we have solution® and A that solve (5-3) (i.e., that yield &b and B that solve
Maxwell's equations (5-1)), then for ahy®d’ andA’ of (5-4) also solve (5-1)(c) and (d) identically,
and also solve (5-3%’ andA’ thus yield the samé andB solutions to (5-1).

By way of example, put primes @nandA in (5-3) and plug in the primed values of (5-4), Those different forms

@ A for scqla}r arlld vecltor
2 of \ a T potentials also solve
. LQHEJ o Ola-0f) =0 (a) above equations ip
- (5-6) andA
A A’ — A
T i T 0 of T
F(A-Df)-D (A—Df):—Da[¢+E)—D oga-0of) . (b)
These equal
—Dzm—mzi—i(mmﬁimzf =0 (a)
ot ot ot (5-7)
2 2 2
9 A-2 of -02a 0o :—Dim—mﬂ—m(mm)mmf. (b)
o> at? ot ot?

And after cancelling terms (time derivatives andcgpderivatives commute), (5-7) are identical to
(5-3).

Bottom line If the potentialsh andA yield E andB that solve Maxwell’'s equations, then so do
@ andA’ of (5-4), wherd can be any function we like. We will, of coursegntto choose afnthat
will make Maxwell's equations as easy as possiblsolve.
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Gauge Theory

The formal name for any theory formulated in tewhsne or more potentials (two potentiads, Gauge theory:
andA here), where different potentials result in thmeabservable quantitiek @ndB here), is  ransformations of
gauge theoryA gauge-invariant transformatiamanges the potential(s), also called gaugén potential(s), i.e.,
one form to another, but leaves the observablelBanged (invariant). For us, such a transformatic gauge(s), yield

(see (5-4)) can be written as same observables

CD—»€D+%, A A-DOf . (5-8)

The primes helped us to understand how the potemtieanged, but in the future we will often
not use them, but simply talk of gauge transforamei (transformations of the potentials) as
expressed by (5-8). In our present case, we wileustand that terminology to mean we can modify
any gauge (potential) solutiods andA by the functionf, in the manner shown in (5-8), and still
have a viable solution (the sarBeandB). Thus, for us the term “changing gauge” will mean
changingf.

Picking a Useful Gauge We want the
Of course, we want to pick drthat makes (5-3) easy to solve. Suppose thatdi@oA” exists  particular gauge
for (5-3), but we don’t know what it is. Then anetisolutionA exists, wherd\ is defined as (potential) that
A=A"-0f . (5-9) makes solving easiest

Let’s pickf such that the following, known as the Coulomb grigytrue. .
Here, that is the

DlA=o. (5-10) ' coulomb gauge
In other words, so that using (5-9) in (5-10) y&ld
oA -0%t=0 - OA"=0%f. (5-11)

In principle, we can solve (5-11) férand use that in (5-9) to get our new solutfof (5-9). But
we never have to actually do that. We can simpbpae that a solution fdrexists that will give us
anA for which (5-10) holds true, and then use (5-D0)5-3). When we do that, (5-3) becomes

00 =0 (a)
2 (5-12)
a—f-DZA =%, (b)
ot ot
One solution to (5-12)(a) ® = 0. Using that, (5-12)(b) becomes
2 2 2 2 The Coulomb gauge

a—A -0°A=0 - a—A - a _A = 0 A =0,0A =0O%A =0, (5-13) turns the equations in
ot? ot?  axoX  ax‘ox, “ pandA into the

i.e., the wave equation (expressed above in vanmiations). This has the simple plane wav wave equation Ivh

solution

A(x,t) = A @ kx) (5-14) From that wave
i i equation we get the
leading via (5-2) to waveA, and from it,
E=—0o _O0A _ :iaAOeii(aI—k&l) (@) the wave€ andB
oo Ot
here (5-15)
B=OxA=gFi(k xAy)e?“™ ¥ (b

(5-15) represents propagating electric and magrfeids, perpendicular to one another and
traveling in the third perpendicular directikn(Do Prob. 1 to show this.) That is, they représen
electromagnetic wave (photons).

Since we can always readily filtlandB from A whenever we want, it is simplest to work with
a single equation (5-13) and the single fidldrather than multiple equationsknandB. Thus, it is
common practice to represent, and refer to, elpegmetic fields as.
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Bottom line

If we pick our potentialA such that it satisfies the Coulomb gauge (5-10¢ntsolving
Maxwell's equations becomes greatly simplified. Thauge lets us tak® = 0 and results in the Form of Maxwell’s
single, well known, and easily solvable wave equmain A, i.e., equations in
Coulomb gauge =
wave equation i\

aﬂaﬂA =0 Maxwell's equations in Coulomb gauge (ivehenO[A = 0) (5-16)
We then findE andB from (5-2).

5.1.2Maxwell’'s Equation in 4D (Covariant) Formulation

The Four-Vector Potential

All of the prior Sect. 5.1.1 is well and good, It formulation is not relativistically covariant,
and we will need such a formulation for investiggtphoton behavior in QFT. For that, let's begin
by defining a 4D vector potential usidgandA that (I, as the author, know ahead of time) waitht
out to yield a suitable covariant e/m formulation,

P(x) The four-vector
T Al(x) potential in
A(x ) =[o(xt) A(x.)]  or A(X= ()| (5-17) covariant theory
X
A (x)
where the notatiorx] meansx,t).
Then, let's define a fiel&“(x) (which is a tensor field since it has two 4D ey and) that
we can construct from (5-17) as F tensor
F(x)=0" A (X -0* A (X. (5-18) components
Then consider (5-18), whege= 1 and/=2 and we refer to (5-2), (found from K)
equal Eand B

FE(x)= 92 A(X) -0 AN =0, A 3 -0, A ¥

2 1

-0 W()-L A9 (xa(y = 8(Y

x3direction component

For i = 2 and’ =1, in the second part of (5-19) the terms arensad, sd- 21(x) =-B. By doing
Prob. 2, you can prove to yourself that

F(x)=-F*(x) = B*(¥ FAY=-F*4= B( }. (5-20)
Note from the next to last part of (5-19), and &mhy with (5-20), that we are simply re-
expressing the magnetic field part of (5-2) hereenms of four vector components of (5-17). This is
the more “sophisticated” covariant way of doing tb@me thing we did for the 3D + time
formulation.

For 4 = 0 and’ =1, where we use (5-2) again, and where we waxpligtly denote thex
dependence,

1 1 1
|:01:alA0_aOA1:aﬁ_ai:_a£_a_A: _(Dq))_a_A =EL. (5-21)
ox, ot ot ot ot
%/—/
xtdirection component

(5-19)

Do Prob. 3 to prove to yourself that
F10=_E1 F02=_F20=E2 F03=_F 3O=E

(5-22)
FO0 - pll_p22_ p33_
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Note from the next to last part of (5-21), and &ny with the first line of (5-22), that we are
simply re-expressing the electric field part of2bhere in the more “sophisticated” terms of the
four vector components of (5-17).

Summarizing the above, we find that the matrix espntation oF**(x) is
o E' g2 g3 F*Y matrix
B o B g components
, (5-23)
-E? -B* 0 B
-E® B> -B' 0

F*(x) =

whereE! and B! represent what we designated Byand By in Cartesian coordinates before we
worked with contravariant and covariant componefist as x* representsX; in Cartesian
coordinates. Ditto for the oth&t andB'. (E' = —E; =y, B' = —B; =By, E* = —E»=E,, etc.)

This all jives with what we know from the 3D+1 foufation. So, F¥(x) is a valid
representation, in skew-symmetric matrix form, ke tomponents of the electric fietlland the
magnetic fieldB, where those components are derived from whatDim13formulation was the
scalar potentiatp and the 3D vector potential. But here, we have expressed those two potentials
as the single 4D vector potentif of (5-17).

Maxwell’'s Equations in Terms & (x)

Maxwell's equations can be expressed in term&{x), i.e., in terms o' andB', but we
won't need to do that for our work, as we will leedising onA¥(x) and the equation governing
that. Those who wish can find the equations in seof=""(x) in virtually any graduate level text on
electromagnetism.

Four-Vector Potential Makes It Easier to Solve Mallis Equations in 4D

What we would like to do is re-express our equati¢®-3) which are in terms of the 3D+1 4-Vector makes
scalar potentiad> and three-vector potential in terms of the 4D four-vector potentiaf (x). If we ~ SCIVing Maxwell
solve that equation fo¥(X), then we have our electric and magnetic fieldisohs from (5-18) €duations easier
and (5-23).

With the aid of (5-3), we can show that Maxwellguations forA” (x) are

Maxwell equations
099, A" (x) -0 (6V A ( x)) =0. (5-24) in terms of A
To show that, first take (5-24) wifla= 0,

7 o+ g2 (g Ay R el
R+ D R() =S O RO+ S A+ S A ko0 A X

e X' 9%
drops out drops out (5-25)
2 .
=0 p(x-29 A(¥=-0%-2(0m)=0,
ox'0x ot ax ot
which is (5-3)(a). Doing Prob. 4 far=1i, we find that (5-24) equals (5-3)(b).
. . 9°A 0P
a i — Ai v —_M2A =—M1 ¥ ¥ _ -
00, (Y =d'(a, A (¥) = 5 ~DA=-0--0(0@). (5-26)

Thus, (5-24) is the 4D equivalent of (5-3). Solviegher means we've solved Maxwell's
equations.

Ambiguity in the Four-Vector Potential

® andA' of A are the same animals as those in the 3D + tinmeuiation of (5-2), and yielé&
and B that are valid solutions of Maxwell's equation®, Sve can incorporate the ambiguity we
found via the gauge transformation of (5-8) dirg@ito the components @,

That is, if we have a solution to Maxwell's equag@\(x), then we can transform that solutior
to another solutiod””(x), using the same functidr(x), i.e.,

Like pandA, A*
can take different
forms that also
solve Maxwell eqs
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, L o+ The valid forms A
N N = o) ot |_ o | (@ +9°f IYVIRPYr (5-27) can take, i.e., gauge
- A 0 i 0 - A+df B transformations that
A _gf A +6_xif leaveE and B

invariant
From the analysis of (5-4) through (5-7), we kndwttsubstitution ofA’#(x) from (5-27) for

AX(x) in (5-24) will result in all terms ifi dropping out and give us (5-24) in termsA§{x) back
again. You can also do Prob. 5 to show yoursed, avifully covariant analysis, that this is true.
Thus, bothA*(x) andA”(x) solve Maxwell's equation in terms of the four-guotial.

Bottom line If the four-potentialA”(x) yields E andB that solve Maxwell’'s equations, then so
doesA’#(x) of (5-27), wherd can be any function we like. As before, we willnwéo choose ah
that will make Maxwell's equations i*(x) as easy as possible to solve.

Picking a Useful 4D Gauge

The 3D Coulomb gauge of (5-10) only includad i.e., only 3 components @, and thus it
would not be a good gauge to use in covariant éDhulations, where we want four components
of a four vector (which transforms covariantly -e seppendix of Chap. 2.) Note that, via analogy
with (5-10), if we could have a gauge like the daling, called the Lorentz gaugehen (5-24) thea | orentz gauge
would be greatly simplified.

makes Maxwell egs
9,A” (x)=0. (5-28) in A’ easiest to solve

But can we have (5-28)? We can if using it leaZeendB unchanged. Well, the transformatior
(5-27) leaves them unchanged, as we proved. Legsrae we have a valid solutiés?*(x) for
Maxwell's equation. Then

A (x)= A#(X)+0" f( ¥ (5-29)
. . , . . . We can always find
is also a solution to Maxwell's equations. But take those solutions easier to solve we also we 4, f(but we don't

AH(x) to solve (5-28). Can we chosé(x) so this is s0? have to actually do
PluggingA*(x) of (5-29) into (5-28) yields it) that provides the
0,AH(X)+0,0" (=0~ 8, A" (X=-0,0" (. (5-30) Lorentz gauge

So, knowingA”#(x) we can, in principle, solve (5-30) f61(X), and for that particulaf (x), A“(X)
will, in addition to solving Maxwell’'s equationsisa solve (5-28). By doing the latter it will make
our Maxwell equations in terms of the four-potendiasier to solve.

We never need to actually solve fqx). We just need to know that we could solve foaitd so
doing would give us a four potentiaf{(x) that solves the Lorentz gauge. We also never heed
know whatA”#(x) is. We just know that such a solution must existowing thatf (x) andA”#(x)
exist if we wanted to find them is all that is nesary. Knowin%that, allows us to know that (5-28)
can be true, and that helps us immensely in finthegsolutiorA™(x).

So, with (5-28), Maxwell’'s equations (5-24) become

090, A% (x) = KA A (X = o0 A(%=0, (5-31)
“ o> oxiox ot IXox

which is, once again, the well known classical waggation, this time in terms 8f{(x).

Bottom line for 4D Formulation

If we pick our four-potentiah“(x) such that it satisfies the Lorentz gauge (5-#8n solving
Maxwell’s 4D equations becomes greatly simplifi@that particular choice of gauge results in th \with the Lorentz
single, easily solvable wave equationAf(x)., i.e., gauge, Maxwell's
equations take form
of the wave equatit

a,,a"Aﬂ(x) =0 Maxwell's equations in Lorentz gauge (i.whenaﬂAﬂ (x) = 0)| (5-32)
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We then findE andB from (5-18) and (5-23) These will obviously behave like waves, since
they are governed by the wave equation. They actremagnetic waves, i.e., photons.

Summary of Classical Electromagnetism and Potential

All of the preceding material in this chapter isrsnarized in Wholeness Chart 5-1 below.

Wholeness Chart 5-1. Summary of Classical Electrongmetism Potential Theory

3D + time

4D

Starting point

Four Maxwell's equationski) B

Four Maxwell's equations ik, B

To make solving the equations above easier, wednte the potentials below.

Potentials D(x,t), A(x,t) A (x) = [D(X), A )] T
i FA(x)=0" A (x)—0“ K
E, B in terms of the B=OxA E-=-0O0-9%A (%) (% (%
potentials ot FOl=El FO2= £2 F12= B3ptc,
2 0
o -0 q:—a(mm):o

Maxwell's equations in aaaaA,u(X) — ¥ (av A ( x)) -0
terms of potentials %A ) 5 L0)

— -’A=-0-—-0(0R)

ot ot

Above, a reduced number of equations, easier t@sol

Above even easier to _ i v _
solve if this were true | DA =0 (aiA = 0) Coulomb gauge 9,A”(x)=0 Lorentz gauge

We can use the above because ma

ny different paleatlve Maxwell’'s equations
so we pick one of those that also solves theseegaggations. See below.

Py

Gauge transformations

CD—>CD+E, A - A-Uf
ot

W)~ K (e (3

If the left side of the arrow above

right side, for any. We want arf that will make the Coulomb/Lorentz gauge try

solves Maxwge#quations, then so does the

If A7 (A”*) solves Max
egs, then so does

A" L A"-Df =A

KH(x) - K0 1§ = A ()

Thef we need solves
the gauge condition

olfa"-of)=0 - O?f =0[4"

0,(A#+0"f)=0 - a,A"=-0,09"1

We don't need to solve fdr. We simply know at least ore (A”) exists that

satisfies the gauge condition, and

we assume duiticA (A”) is one of those.

Maxwell’'s egs then are

0,0/A=0 (for®=0)

0,07 A*(x)=0

Solutions to above are wavés.B

are found from them and are waves, also.

! Actually, there are many possible Lorentz gaugéisof which solve (5-28), since many different

solve (5-30). For example, any function equdl pdus a constant timed solves (5-30). Because of this,
some authors refer to (5-28) as the Lorentz camjifor which there are many possible Lorentz gauges.
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Solutions to the 4D Wave EquationAf(x)
The wave equation (5-32) is virtually identicalttee Klein-Gordon equation which we studied
in depth in Chap. 3 (XXX see pg. 50 XXX), except floree things: i) photons are masslgss (0
in Klein-Gordon equation), ii) an electromagnetiaws is a classical world, measurable entity and
thus is real, not complex, and iii) the soluti&f(x) is a four-vector, not a scalar like Hence, (by
doing Prob. 6) you can show that if the photordfislreal, i.e. A”(x) A ”(x) then its_plane wave,
discrete solutiomas form Solution to

1 . Maxwell’'s equations
A (%) Zg(:\/zv—fﬂA( )e™ + Zm Al(k) & in Lorentz gauge

(5-33)

Solution is real, not
= AT + AT complex

whereA,(k) is a number, generally complex, and for each” is a four dimensional vector, which
we can take, without loss of generality, to be ianigth. Note from Prob. 6 how the form of (5-33),
because it is real, differs from the Klein-Gordausions (which were complex) in not having a
second set of coefficients, suchBaék) = Ar(k).

The Four Polarization Vectoes”

The & called polarization vectarsan take a little time getting used to. Firshcsi we are
dealing in spacetime, they must have four comp@egcond, to span a 4D space, we need fc
independent vectors. Hence, there must be fourhefm} each with four components. The
superscript stands for the four components=(0,1,2,3). The subscript stands for the four
mdependent vectors € 0,1,2,3), which we will take to be orthogonal general, each independen
vector&* has components along each of the four axes ir54B.Fig. 5-1(a).

Visualizing the
polarization vectors

photon direction

3
x38 X of travel
3
. &} K k ~*
H
&3 \ eh X2 &Y &d
1 x1 o
X el &
time dimension 2
suppressed el ey
x1
General Polarization vectors aligned Photon aligned Photon and axes aligned
case with coordinate axes polarization vectors coordinate system
(@) (b) (©) (d)

Figure 5-1. Visualizing the Polarization Vectors irDifferent Alignments

However, to make things simpler, we can align aatorss” with our four coordinate axes, as
in Fig. 5-1(b). When we do that, it is easy to gpuae that in this special polarization vectors
aligned coordinate system

=(1000 &'=(0109 £=(001p ££=(000: (5-34)

From (5-34), we easily recognize that th€ are orthogonal. Using our 4D metdg,, we see
that

51.10551 = g,uvgggg :l & 151 gpv 1‘9# = 1

51.1282 g,uv‘EZ‘E’u -1 ¢ ?3 g,uvg3£’u =

So, in general, the orthogonality conditions &dfare Orthogonality of
£,€l=0,=-(,0, where {4=-1 (;={,={;=] (5-36) Polarization vectors

(5-35)
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we use the metrigrs as a mnemonic, and we introduce the syngholwhich will be of use later on. ]
Note that (5-36) is also true in any other coortiirgystem, since (5-36) represent inner produc S@me orthogonality
between vectors;”, and inner products are scalars, which are theesamany coordinate system. conditions in any
Also, physically, the inner product of two vectaan be expressed independently of a coordine Coordinate system
system as simply the product of the vector lengthes the cosine of the angle between them. Sc

is always the same regardless of the coordinaterayse choose to work in.

Note we can choose to align oag” vector with thek, the direction of travel of the photon
(regardless of the coordinate system alignment)jnafig. 5-1(c). We deem this the photon
polarization vector alignmenand for it, &5 is called the longitudinal polarizatiofvector), i.e.,
where bold indicates a 3D vector direction, For &' ink
g5 =k /|- (5-37) direction: &"is
longitudinal, &* and
& are transverse

et ande* are orthogonal tgs”, and for this alignment, are called the transvearizations

k(g =k [8,=0. (5-38)
Thus, we will expectr” and&* here to be in the same plane asEhendB vectors, since they are
transverse to the direction of travel of an elettgnetic wave. £dis then scalar, or

£d”, for the photon aligned polarization vectors (Fgl(c) and (5-37)) and in the polarizatior tjme-like
vectors aligned coordinate system (Fig. 5-1(b) &&®4)), points in the time (4dimension)
direction and in such systems is called the tirke-dir scalar polarizatian

We could also choose to align all of thieaxis w=3 direction),agﬂ, and thek vector, which
can be very helpful. (See Fig. 5-1(d).) We willl¢hls the_photon aligned coordinate systgather
than the more cumbersome, but more correct, “phptdarization vectors-axes aligned system”). |
is easiest to visualize all of thig” stuff in a coordinate system that has both itsalgned with
the & and also hass” aligned in thek direction, as in Fig. 5-1(&)

The photon-aligned
system is easiest to
work with

Physical View ofA, B, E, and Polarization Vectors"

Fig. 5;12 can give us a physical feeling for how vieetor potent.iaA” relates to the polarization | 5oking at one
vectorsg” and toB andE. In the figure, we work in the photon aligned afibate system, suppress no|arization state
the time dimension, focus on just the 3-vector paof A, show only the = 1 polarization state of f pH
A for a particulak, and for simplicity (and with no loss of generglitake the coefficients to be 0
real, i.e. Ai(k) =A1T(k) . That is, Fig. 5-2 depicts one term in the suioneof (5-33),

1 Math form of that

= sk ; j = L -
A (x) = M‘%ﬂ A(k)e™ +m‘9{1 Alk) € Vg €1 Alk) cosk,  (5-39) polarization state

whereg”' = (0,1,0,05 in this coordinate system. This_is linear polai@a in which the field#, B,
andE do not rotate. (In circular polarization they tetabout thé vector.)

X2 X2

Pictorial form of
54 A x1 e5'4 x1 that polarization
el state

/ z M k
f ek \@Xg \‘\ = > This is linear
k
’ M polarization with

X3
T ,
no rotation of

The A vectorinr=1 B=VXAvectorinr=1 fields abouk
polarization state polarization state
(a) (b)

Figure 5-2. Physical Look at Vector Potential andts Curl in r = 1 Polarization State

2t is a subtle point, but the componentsséfwe can take to be real as long as we are dealing
with linear polarization, but if we wish to desaibircular or elliptic polarization, we would reqgii
complex polarization vectors and concomitant maodifons to the treatment herein.
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For Fig. 5-2,A is aligned in thed" direction (the& basis vector direction.) It is a sinusoida’

o L 3 . U ) i For A field in
wave (note cosine in (5-39)) moving in the” direction (thek or £3" direction), so the field is a

1. .
x"direction
transverse vector field varying in space (and pgagiag over time)B = v XA, soB is orthogonal polarization stateB
to the plane of thé field, and as should be obvious from the figusealigned in the? direction  field isin % direction
(&5 direction.)

From

0A xaAz G(Dx

DXE=DX(—DCD——)=—D — == A)=—£, (5-40) .

ot ot ot ot ANndE field is in X
which is simply one of Maxwell’s equation BilandB, we see thaB is orthogonal to the plane of direction

theE wave. We don’t show in Fig. 5-2, but it would be in the' direction & direction.)

For thes 5" component o&”, A would be in thex? direction withB andE orthogonal to it. Note For A in % direction
that anA in any direction in the plane orthogonalkk@an be constructed by a superposition of tt polarization,B in Na
£1" ande,” states, and so our solution (5-33) is the moseg#solution forA*. direction, E in ¥

direction
5.1.3The Classical Electromagnetic Lagrangian

Since we are dealing with electromagnefiields, the Lagrangiandensity rather than the
Lagrangian is relevant. There is actually more thae possible Lagrangian density that leads to a
correct classical theory of electromagnetism. Tingpkest of these, first proposed by Fermi, turns

out to be suitable for quantization (later in ttiigpter) and, is, for free fields (subscript 0 bglo
e/m Lagrangian

£5™=-4(a, A/J(X))(av A X)) : (5-41)  density for Lorentz
(5-41) can be verified by inserting it into the &uLagrange field equation gauge
d | o 0L .
— -——=0, with =N =00, 5-42
" (5(0n,., ] Py ¢ Ly (5-42)

to get (5-32). The minus sign in (5-41) is not keakeded here, but is the extant convention, since
in the development of QFT, things then turn out enconveniently. (5-41) works for the Lorentz
gauge.

5.2 Relativistic Quantum Mechanics for Photons

5.2.1Brief History of the Photon

Although Maxwell's equations were discovered in timd 1800s, the solution form was
wavelike, and the entity that solution represented considered to be a wave. So, at that time and
for some time thereatfter, it was assumed it cooldoe particle-like. However, in 1899, Planck, and
then in 1905, Einstein, explained certain electrgimedic phenomena in terms of indivisible packets,
or quanta of electromagnetic energy, that cameet&rtown as photons. In the ensuing years, the
concept of wave/particle duality gained acceptanod, today we know that photons, like all other
particles such as the electron, possess both wal@article properties. This, of course, played a
major role in the development of quantum theory.

Knowing that electromagnetic quanta (photons) eristresearchers in the early 1900s soon
realized that each photon had an energji@fand a 3-momentum dfk, and that they could be
treated like massless particles that obey spesiivity. , .
Maxwell’'s equations

The advent of the Pauli exclusion principle, witie realization that fermions and bosons diffe ¢, c|assical e/m
led to the understanding that many bosons coultesoa into a macroscopic, classical field. Th
electromagnetic fields classical researchers hackedowith were each simply a collection of
photons.

So, if Maxwell's equations described a classicaldfi they had to also apply to each of th
individual photons making up that macroscopic fielthe solution to Maxwell's equation&“(x)

wave apply to
individual photon
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could then be used as either a representatiomw@oscopic classical field, or as a representation
of a “classical”, single photon. True, that thiga&sical’ photon had some strange properties (e.g.,
wave/particle duality), but without invoking comration relations (and thereby quantizing the
theory), the photon, and the theory surroundingdte still essentially non-quantum.

5.2.21% Quantization and RQM for Photons

The top RHS of Fig. 5-3 illustrates the manner wised above in which one can deduce a
(somewhat) classical, relativistic electromagnetaticle theory for photons from the classical,
relativistic theory of electromagnetic fields (Magdis theory.)

Given that theory, we could then follow the usuaps for £ quantization and a RQM theory of
photons. However, there is a quicker and easier way

Take field AHas single

. . classical photon of . Ways from classical
No Classical Non- Classical energy ¢ 3-mom k Classical e/m theory to RQM
Relativistic e/m Relativistic e/m < Relativistic e/m and QFT
Particle Theory Particle Theory Field Theory
1st Quantization: _ Take field AHas 2nd Quantization:
Can't quantize same H (or L) + single quantum state  g5e H(or L)+

; + invoke commutators .
invoke commutators invoke commutators

f

No NRQM RQM theory QFT theory
photon theory of photons of photons

Figure 5-3. Quantizing the Electromagnetic Field

Recall that the Hamiltoniail, the LagrangiarL, and the governing wave equation are bi Simplest route to
different forms for representing the same thingnfrany one of these, we can deduce the ott RQM is diagonal
two. We know that the governing equation for phet@nMaxwell’s equation (in the four-potential arrow above
A¥(x) form), so we can simply use that equation formgization instead of going to all the trouble
of finding H =f7z/d3x, orL = [ d%. That is, we follow the diagonal arrow in Fig. 3eBquantize
our classical field theory into a quantum parti¢M) theory of photons.

Before looking more closely at that, note, as repnéed on the LHS of Fig. 5-3, that because
electromagnetic fields/photons are relativisticeréh can be no non-relativistic theory of them,
classical or quantum.

ROM Wave Equation for Photons

The first step in T quantization comprises taking the same e/m waveatn we had qs! quantization, first
classically, (5-32), and thus, the same solutiomféor the state (x)) as for the classica(x), step: Same wave

(5-33), which we repeat below. equation in RQM as
aaaa%{ate(x):aaaa"a{'l>:0' (5-43) N classical e/m
1 i 1 »
A = e (k) A (k) e™ + ef (k) AT (k) é*. (5-44)
\>§Mr()A() 2 i k) AT

PolarizationB, E Unrelated to Spin

When students learn of circular polarization statesere the transverde andB states rotate o
around thek vector direction as the e/m wave propagates, tin confuse that rotation with Circular polarization
photon spin. The two are unrelated. Classical agmomentum increases with rotation rate, ar IS not related to spin
the rate of the rotation & (and thus oE andB) increases witlwy in (5-39), i.e., with the energy
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of the photon. But every photon, regardless of gndras the same spin 1 value. Further, as we saw
on pg. 144, we can have linear polarization whieed=tandB do not rotate around thevector, but
the photon still had spin 1.

Bottom line: Don't confuse circular polarizationttvispin. They are different.

Polarization, Not Spin, States are Basis StatePHhatons

In electromagnetism and the quantum theories dirfv@m it, we formulate the theory with
polarization states rather than spin states. Phepam is always in the + or k direction and
comprises only two possible states for gidenPolarization vectors have four possible state
mutually orthogonal in 4D space, and thus can ses/dasis states, whereas spin (for photor
cannot.

We compare and contrast spinor spin basis statds p¥ioton polarization basis states in
Wholeness Chart 5-2.

Polarization states,
not spin states, used
as photon basis
vector:

Wholeness Chart 5-2. Comparing Spinor and Polarizadn Basis States

Dirac Particles Photons
Wave equation Dirac equation Maxwell equation inA”)
For simplicity Only consider; solutions Only considex; solutions
Single eigensolution to - _ipx 1 ik
wave equation = basis l//r,p> ZJECr(p)q(p)e ‘A{lk> = \/zv— ar (k)gf'(k)e
vector for general states “
Basis vector (one for each . _ . N _
value for giverp ork) In spinor spacay(p) r=1,2 In physical spacetime;”™ (k) r=0,1,2,3
r value related? Symbolused in both cases, but has different meanings.
i i Generally not No.

Are basis vectors spin eneraly ot Although&# is, if aligned withk.
eigenstates? Yes forp = 0 or inx” direction. U

Other&” would not be.
What are basis vectors . o L i
related to? Spin Photon polarization (direction @ in space)

ROM Commutation Relations for Photons

The second step ir'lquantization is taking Poisson brackets over summutators (with the 1! guantization,
factor ofi.) Note, for example, what this means for 3-momeniand position and one of the second step: Poisson

eigenstates from the first summation set in (5-44). brackets to
' _ - 0 commutators
[Xl,g_]m - [xl,g] A(’>: ‘A(’>: g A(k) € - LB =mbg (5-45)

operator

The commutation relations mean the dynamical véagim classical theory become operators in
guantum theory, as we have seen before. From (5-45)

—ig—xl ‘A”>=—i§—x1££,”A (k)e“(“‘“’“i)j: n | &) (5-46)
plTpﬁlmr number

The Nomenclature “Vector” for Spin 1 Particles

Note now, why the term “vector” is used for spibdsons. Becaus&’ (x), which represents that
boson, is a four vector.
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5.2.3Same Problems for RQM for Photons as Seen Before

It should come as little surprise that RQM for phnat suffers from the same deficiencies we sa
before for RQM for scalar and spinor particles.d&yng Prob. 7, you can see that, for example, v
have negative energies for half of our solutiond4h

And so, as before, in able to get a full and satisfry relativistic theory, we need to move on t
the QFT of photons.

Photon RQM
problems like those
for scalars and
spinors

5.3 The Maxwell Equation in Quantum Field Theory

5.3.1Summary Chart Be sure to use the

All that we will do in the remainder of this chapte summarized in Wholeness Chart 5-4 on pi summary wholeness
157 at the end of the chapter. This can also bed@www.quantumfieldtheory.infdy clicking  chart, as you study
the Free Fields Wholeness Chafis in prior chapters, | highly recommend follogialong, step by  this chapter
step, in that chart as we progress through QFpliotons.

5.3.2From Classical Electromagnetism to QFT

The RHS of Fig. 5-3 shows the steps to QFT for phetvia 2 quantization. The first step is
taking the classical Lagrangian density (or Hamio density or field equations) directly over to
QFT. The photon fieldd“(x) is real, so we don’t have to convert our reaksieal field to a
complex field.

The classical Lagrangian density (5-41) equalsQR& Lagrangian densityWe repeat it here,
but change the superscript from “e/m” to “1”, ingfing a spin 1 boson.

"Y quantization, first
step: Use classical
Lagrangian density

£y ==14(a, A, (x)(0" A (¥) | (5-47)
From (5-47) and the Euler-Lagrange equation, ortaid the QFT field equatiofwhich equals Same Lagrangian
(5-32)) of yields same field
(wave) equation as
0,0"A(X)=0 | (5-48)  classically
whereA” (x) is a quantum field, not a quantum state. Therefeqlane wave solutiosf (5-48) is
— 1 sikx X Plane wave solutions
A (x) = &t (k e + 5 5-49
(4 %Jz\/mK Fk)a(k)e Z,/zchK alk) & ®-49) " {6 field equation

AL A~
where we change the coefficients from capital tedocase letters, which we are using to indica

operators. We anticipate these coefficients, in QW’ill turn out to be creation and destruction
operators, as scalar and spinor field theory coefits were.

The continuous plane wave solutipmghich one can check by doing Prob. 8, are

J‘ d3k 8/_1 (k)
\/2( )3 VA 217
Nl_

&' (k)a(k) €'+ [—— dk) & .  (550)

5.3.3The Parallel with Scalars

Note how (5-48), (5-49), and (5-50) are virtualtientical to the parallel relations for scalar )
(massless scalars with= 0 in this case). (See Chap. 3, XXX pgs. 48-50. XXKy differ only in P hoton relations very
that the latter are not vectors and are complex,real. (5-47) is identical to the scalar fre¢ Similar to scalars
Lagrangian density, except for those differencestha factor of — %

These similarities will allow us to take many relasowe spent much time deriving in scala
(and spinor) theory directly over to vector theaiynply by changingsto A“(X). You will probably
want to put a book marker in Chap. 3 in the QFT bgreent pages there, as we will be referring
to, and simply lifting, many of those derived r&as for use in this chapter with photons.
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5.3.4Conjugate Momentum and Hamiltonian Density
From (5-47), the photon conjugate momentum is

ﬂl _64)1 — a 1 0 AV 1 iN .
b om ™ o] H A A - H0A) (0 A) Conjugate
A A oA, sodrops ou momentum for A
(5-51)

_ d .\ (0 - N
4 (A )* A ) h
g/JV 5/1[/

If you don’t see theg,, part above right away, do Prob. 9, in which | leau ythrough the

derivation. From (5-51), the Hamiltonian densgy i A .
Hamiltonian density

Ho =M =gy =—A N +1 B K +1(0, ,g)(ai A’):——; A K+4(o ﬁ)(ai A) 552) in terms of A
=-bh R -3{0 n)(0 #) =30 )0 #). |

5.3.5The Underlying Reason Why’Ais Real

In Sect. 5.1.2 on pg. 143 we gave a heuristic reagoyn the solutions to the photon wave
equation (5-48) were real. The quantum reason tti@ons are their own anti-particles.
Recall from Chap. 3, XXX Sect. 3.9, pg 65 XXX thaaiparticle is its own anti-particle, then its Particles that are
field solution must be real, not complex. &8is real. (A particle that is its own anti-particteust thelf_ own anti-
be chargeless, but a chargeless particle, e.@ytaimo, does not have to be its own antiparticle.) particles have real,
We also showed, in Prob. XXX 15 XXX of Chap. 3, thattie mathematical treatment of rea N0t complex ,
fields, a factor of ¥ arises in the Lagrangian dgnthat is not in the Lagrangian density for Solutions. Photon is
complex fields. one of these.

5.4 Commutation Relations for Photon Fields

The second step in”‘?quantization comprises taking the Poisson brackétslassical field 5
theory over to commutators (with a factor i9fin QFT. In scalar theory, we showed thes
commutators were

guantization,
second step: Poisson
brackets to

[(J (x,t) ,ﬂ-s(y,t)] =g m,- ng =id J(x-y), (5-53) commutators
and from these (in a 1% page proof), we showed taficients in the solutions must then obey
[a(k) a (k)] :[b(k ) .6 (k )J = J (discrete); =d(k —k') (continuou. (5-54)

Rather than go through the tedium of a virtuallgntical proof, from the parallels between
scalar bosons and vector bosons, we will simply prtede from the above. Thus, from (5-53)

(AR Y] =i0%0(x-y) ~ [ A9 2N (9] = ig“a(x~y), (5-55)

which leads (from (5-54)) to the photon coefficientnmutation relations

Photon coefficient
[ (k)& (k') ] = ¢, 8,50 (discrete) o =— K1p5= 1 commutation
o . (5-56) relations
={,8,0(k-k')  (continuous)

r=rs

All other commutators, such aa (k), ag(k)], equal zero for any ands, as with scalars. Thg
part arises from thg”" of (5-55), which was not present for scalars. Thisdro except whea =v,
and then the spatial parts have — sign and thepgamet. But an additional minus sign is introduced
into (5-55) and (5-56) by (5-51).
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5.5The QFT Hamiltonian for Photons

5.5.1The Free Photon Hamiltonian in Terms of the Coeffents

By inserting the field solutions (5-49) into thepegssion for the Hamiltonian densi’tggo1 (5-52)
and integrating over all space we g{# the full photon Hamiltonignin terms of the coefficients.
Again, this is virtually the same thing we did faakars, so we carry over that result there to here.

Hé:ZwK(N, (k)+%) (5-57)
k,r

Hamiltonian in terms
of number operator

(5-58) Photon number

N, (k)=¢,3"(k)a (k) the number operator for photor
LN operator

5.5.2Zero Point Vacuum Energy Again

As you can see from (5-57), the photon energy e®fiea value for the vacuum includes ¢ Photon vacuum
summing of ¥z over every photon energy and polarizatido infinity, as we had for scalars (anc energy like that for
similar for spinors). All of the comments made widgard to this in prior chapters are equall scalars
applicable here.

5.5.3Positive Energy for Photons in QFT

We do end up with positive energies for all real émiag manifest, not virtual as opposed to photon RQM avoids
real vs complex sense) photons from (5-57), thagigen thedo = — 1 in the summation of (5-58), problems of RQM
it seems like there could be photons with negativergy, so this is not obvious at this point. W' jike negative energy
resolve this issue in Sect. 5.8.3.

5.6 Other Photon Operators in QFT

In similar fashion to what we did for scalars andnspé, we can derive all other operators.
Again, to avoid the tedium, we simply state thestobews.

Photon creation and destruction operators

a'(k)|n)=yn,+1n, +1 a'(k)creates a photon with momentiam  polarizati Photon creation and
5-59 i
a (k)| n)=yn, |, -1 a (k) destroys a photon with momentkm  polariaati. (5-59) destruction operators

Total photon particle number

u\ _ ) Other photon
N(A )_kzr: N (k) (5-60) operators

Total particle number lowering and raising

A" particle lowering operator field (contairas (k)

(5-61)
A~ particle raising operator field (contaias' (k)

Four current operator
o Al _ a M adt _ . Mt — p M ) Photon 4-current
] |(Aa AT = AT A ) 0 for photons sinced, A (5-62) identically zero

If we were to takej:o of (5-62) as our probability operator, as earbe@chers expected it to be,
then we would have zero probability of ever findaghoton. But since the photon has zero charge,
and thus, zero charge density, those researchectuded (5-62) must be a charge density operator.

Charge operator So photon charge

The integral of 0 of (5-62) over all space to get charge is, of seurero. The charge operato operator identically
for photons is identically zero. ZE€ro
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Three-momentum operator

3-momentum
P= Z KNy (k) - (5-63) operator
k,r

Spin operator not important for photons

Spin for photons is always aligned with théirection and always of magnitude 1. It is therefo
not a key, unknown variable, like it was for spirp#ticles. So little attention is put on it in QFT Photon spin
and one typically does not use a photon spin opeiat QFT calculations. For completeness magnitude always =
however, we can state it as 1, spin always it k
K direction
S, = u;W Nr 4 (k) Ny 4 (k) =+Nr (k) for k direction spin

, (5-64)
Nr + (k) ==Nr (k) for -k direction spin
If we needed it, (5-64) would give us the totalnsgingular momentum of a collection of
photons.
Helicity operator not important for photons, either

Since spin for photons is always aligned with khelirection, and the helicity operator for g Photon helicity
single photon is simply the inner product of thé uactor in thek direction and spis, the helicity magnltude_ always =
operator is simply 1, always inx k

o direction
Helicity operator, => N, 4 (k) . (5-65)
kKr

One virtually never uses the helicity operatorghotons, however, since they are always in helicity
eigenstates, and also since adding up helicities foollection of photons, has no real meaning or
purpose.

5.7 The Photon Propagator
The photon propagator is derived in much the saskidn as the scalar propagator. We start | Photon propagator
defining the propagator as the time ordered opelik®we did in Chaps. 3 and 4, derivation like that of
T{ A”(x) N( %} _ A’( )) A( $' for §< { (particle = photon) scalars and spinors

(5-66)
=A(y)A (X  for t <t (anti-particle = photon

But for photons, the particle is its own anti-pelej and thusA” can either create or destroy a
photon. We also have four-vector componea@ndy, so we will expect the final form of the
photon propagator to have those components as well.

Following the same 5 steps as in Chap. 3 (and &lsap. 4), we arrive at the photon propagator

o —ik(x-y)
DAY (x-y) =9 £ d*k in physical space 5-67) Photon propagator
EY (x-y) (2n)4fc_ T physical sp (5-67)
uv -g" :
DE (k)=k2+ig in four-momentum spacx. (5-68)

5.8 More on Quantization and Polarization

5.8.1Problem with the Lorentz Gauge

We started all of the above by assuming we couttpbki use Maxwell's equations under the
Lorentz gauge (and hence use the correspondingabgign as well) carried over directly to QFT.
That implies thata,,A“ of the Lorentz gauge would be considered an operat QFT that is |orentz gauge leads
identically equal to zero. Unfortunately, that @ strictly true, because, as we are about totkee, to inconsistency in
Lorentz condition, employed in the direct way,risompatible with the commutation relations. the theory

Consider the commutator (the bottom line of alldigebra below to (5-71) is that the RED)
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0,2 (0) RO 5 et ) all) &+ 52 ) ) ¥

‘[serzvl_%gg(k') (k )_MZM ) al )ékij
(nk%gﬂ( Ja ()™ Zk:\/_ (K )a*(k)éka

which due to commutators that equal zero becomes

_ik,u u Vi t(, 1\ sikc+ik'
k)&l (k') a, (k k')|e y
> i e )s()[r(zia;( )]
(0,4 () A (=3 K e . (5-70)
P S sk’ U “(k) e (k' t Kk k' é’kx—ik’y
e b e L GG Lorenz e s,
_ st zero, but commutation
So that (5-69) and (5-70) finally become relations yield non-zero
[0,4/() A (YI=3 ed,et (e () €47 + &)
=0in e
Lorentz gauge (5-71)
=y ”Z &' (k)& (k)cos{ K x- y)#0

rkV

The LHS of (5-71) is zero if the Lorentz conditibolds. But the RHS is not zero, according to
the rules for commutators we established earliédifferent solutions to this problem, possibly the
best was found by Gupta and Bleuler, as describéuki following section.

5.8.2The Gupta-Bleuler Resolution

The Weak Lorentz Condition
Gupta and Bleuler replaced the Lorentz conditic&pwith the weaker condition

An alternative to the
Lorentz gauge by
a#A‘” (X)| LP> =0, (5-72) Gupta-Bleuler

where the Y) represents a ket of any number of photons. Theatmein the weak Lorentz
condition contains only destruction coefficient oers of forma,(k). The adjoint of (5-72) is

(W|o, A" (x)=0. (5-73) :
Expectation value
So, the expectation value of the Lorentz condigqgnals zero, i.e., for Lorentz
PEPVITINY ~ N condition should
0,A (%) :<W|6#A(’(X)|LIJ>:<W|6ﬂ A ( >§+6” A ( >)|LP>:0- (5-74) ' match classical
=0 =0 value of zero

Classically, when we make macroscopic measuremeptsneasure expectation values (to hign
precision with large numbers of quanta, typicallgp the Lorentz condition still holds classically
and the Maxwell’s equation in terms A&f we have been using holds in this limit. Thus, préohs
from our theory should correspond to actual measents in experiments.
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Actually, using the full Lorentz condition (5-28)stead of (5-72) results in an expectation valt Expectation value for
of the Lorentz condition of zero as well. This Bchuse the action of the Lorentz condition on tt Lorentz condition in
ket must result in a ket different from the brataf expectation value relation. That is, both approaches is

— . ~ zero. Both good from
0, A (x)=(W]o, A (Q[W)=(w| 0, A" (¥ |¥) +(¥] 0, A"( W) =0. (575) that perspective.
NS I NS A B

|Wminus a photoj| W) |¥ plus a photi#| W)

5.8.3Meaning of the Weak Lorentz Condition

The Constraint on Scalar and Longitudinal Photons

To understand (5-72), substitute the solutions9p{dr A*" and consider the photon aligned
coordinate system of Fig. 5-1(d), where (5-34) 87) hold. What does the weak
Lorentz condition mean

(k)e’"‘x =y 1 £”a(k)a” gkx in terms of operator

90,A(x) = ;a rk\/i e coefficients?

£030(K) @ +0aq(k) ko +£g adlk ) Ko* £ adk ) kgt

=] 20 0 =0 2’6 20
fﬁai(k)“& +fia1(k)5 j 1(")52*551 afk ) kst
z < =0 =1 =0 =0 =0 =0 i (5.76)
= —_— e . -
K VNG | v =2 rowis zero as above fo= 1 +

gz ag(k) o +e535(k) kit e adk ) kot e5adk ) ks
=0 =0 =0 =0 =0 =1 =—k3

{

In the very last term of (5-76) we invoke the rigligtic relation, in natural unitsm2 = E —p2 =

(a4<)2 - p2 = (cq<)2 - (k3)2, wherem =0. Sok® = ax = —ks. Then, for everk, (5-76) acting on\)
becomes

oA (X|W)=0 - (a(k)-alk))w)=0, alk. (5-77)

(5-77) is a constraint on the linear combinatiofdoogitudinal and scalar photons for each

value ofk that may be present in a state. It places noictistr on the transverse photons that may
be in that state.

For use in the next section, we re-write (5-77) @maddjoint as Relation between
adjoint scalar and longitudinal
() -a()w) - ak)W)=ak)¥) - (Wdk)=(¥] k). (78) coeficients operating
on a stat

The Expectation Value of Energy of an Allowed State

We can see the effect of the constraint on the RH&-77) (imposed by the weak Lorentz
condition of the LHS of (5-77)) by calculating tke&pectation value of the energy of an allowed
state ). From (5-57) and (5-58), where we ignore the ¥ntmaf the vacuum,

(W)=Y Sa (N ())¥) =Y Ya(aa'k)a k))¥)-
(W1X e (a0 (k))& (€) 2l )| ¥) + 8/ af )+ &) ok )|)

We re-write this using (5-78)

(5-79)



154 Chapter 5. Vectors: Spin 1 Fields
That relation leads to

—(W]ag' (k)ap (k)| W) +(W| &' (k) afk )W) scalar and longitudinal
— Wi X terms cancelling in the
o :;cq( Sadh ) Hamiltonian

+(W|a2T(k)a2(k)|LlJ>+<LIJ| aST(k ) as(k )|qJ> (5-80) expectation

= ;@ (<L|J|31T (k) al(k)|l{J> +<LIJ| a2T(k ) aQ(k )|qJ>) : And that leads to a
Hamiltonian

expectation that
effectively sums over

_ 2
Ho = Zk:“% ;(WMT (k)a (k)|w) . (5-81)  only transverse states

which means the only contribution to the energyeexation value is from transverse photons. The
scalar energy expectation value is negative, big @lways cancelled by a positive longitudinal
energy expectation value of the same magnitude. And other operator

A similar effect occurs, in parallel manner, folyabservable, since each such observable (e. expectations also
3-momentumP of (5-63)) incorporates the number operditk) of (5-79) above. So the same effectively sum over
?teps) would be followed for the expectation valfieaimy other operator as is done in (5-79) t only transverse states
5-81).

This “jives” with classical e/m theory, since wedmthatE andB in a classical electromagnetic
wave are always perpendicularkoAnd from the definition of our potential” = (P, A) of either  This matches what we
(5-2) or (5-18), we know th&E points in the same direction &s Thus, classicallyA is always observe classically,
orthogonal to the wave propagation directidji|. only transverse states

We have never measured any real longitudinal phetates. Nor have we ever done so fc
scalar (time-like) states. The Gupta-Bleuler appipan the classical limit of expectation values,
yields what we observe in our universe, only tramnse, observable photons. Very elegant, in my
humble opinion.

Or

Comments on Scalar and Longitudinal Waves

Note that we have not proven that scalar and ladgitl photons do not exist, only that, if they
do, they cancel one another in finding expectat@moes for any classical entity. Expectation value Real scalar and
relate to real (not virtual) particles. We mighenh still expect that scalar and longitudinal pinoto longitudinal states not
states would play a role in the Feynman propagathich represents a virtual, and unobservabl measurable, but they
particle. In fact, they do. In interaction theotglculations of effects from particles mediatingc® play a role in
(like photons in quantum electrodynamics) mustudelall four polarization states. propagator(as virtual

Finally, we note a subtle point that you should wotry about too much at this point. That is, i particle statey
can be shown that the allowed mixtures of longitaland scalar photons is equivalent to a gauge
transformation between two potentials, both of \utdce in Lorentz gauges.

Comment on Lorentz Gauge

You may be wondering “if we got the simplest forrh Maxwell's equations based on the Redefine2nd
Lorentz condition holding foA” but if it isn’t true, how can we dd“?quantization and assume we quantization as same
have the same wave equation (= same Lagrangian)?” but coefficient

The simplest answer is that by doing so, the theamks. Predictions match experiment. From constraint as additional
theoretical standpoint, we could just include tais part of ¥ quantization, with the added condition. It works.
condition that, acting on a state, the scalar anditudinal coefficient operators are related iohsu
a way as to cancel out their effects in findingentption values.

5.8.4Summary of Weak Lorentz Condition
Wholeness Chart 5-3 below summarizes the full vaknerentz condition approaches.
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Wholeness Chart 5-3. Gupta-Bleuler Weak Lorentz Codition Overview

Full Lorentz Condition

Gupta-Bleuler Weak Lorentz Condition

The Constraint

0,A(x)=0

0,A (x)|W)=0

Expectation Value of
Lorentz Condition Given
the Constraint

(o, A“(x)|w)=0

Either condition OK classically. Yields same mawapic Lorentz gauge.

Theory derived from
constraint + # quantization

commutation relations, number operato
observables operators

r, same commutators, number operator,

observables operators as at left

Problem with constraint?

Yes. [0,A“(x) , A(y)]= V(% y %0

%,_/
=0 numeric vector

Commutators from™ quantization in
above yield different result than constrai

No. [0,A“(x), A (Y] = V(% y #0

z0 same

numeric vector

Commutators from™ quantization in
above yield same result as constraint.

Operator result of
constraint, in photon
aligned coordinate system

3 (k)| W) # & (k)| W)

3 (k)[W) =& (k)| W)

Effect on observable
operators expectation valu

v

(W3 ()% (W2 () )

(W13 (K)) = (#I3N (0))

Result

longitudinal and scalar (timelike) photor
states no different from transverse

longitudinal and scalar (timelike)
photon states always caneel

predict they are observed, but they arer

predict none observed and they aren’t

5.9 Photon Spin Issues Similar to Spinors

One might raise several issues relating to polaorsstates, some similar to what we saw for
spinors at the end of Chap. 4.

Other Coordinate Systems for a GideRirection

155

First, the treatment in Sect. 5.8 employed only gheton aligned coordinate system. In othe Coordinate systems
coordinate systems, the polarization vectqfé would not be represented so simply, and tt other than photon
analysis would have been markedly more difficuld dess transparent. In the most gener. aligned system can
coordinate system, the” would then each have up to four non-zero companeAnd &* for work, but more
example, would not by itself represent a pure wrarse state. Any of the transverse, longitudinal, | complicated
scalar states would be represented by a superposttidifferent amounts of each of tgé.

Though the analysis would be more complicated fitted result would remain the same. Only
transverse states, regardless of the coordinatersyshosen to express them in, would remain
observable.

How to Handle Polarization States Notxinor x* Directions

The treatment so far assumed we only had two teagsvpolarization states in thé andx’  Non-eigen state kets
directions. But what about a state whérds aligned at 45between these axes, or in any othe can be handled. See
direction? Such a state is a linear superpositfdheotwo transverse states. Chap. 4 for details.

We will not enter into a detailed discussion othere, but simply note that the answer paralle
that for “The First Issue” for spinors found in @ha XXX pg 116 XXX. In short, in experiments
we typically average over polarization states aodattually measure those states. This averagi
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uses thec andx® direction polarization states as basis vector) each state within the ensemble
of states having different amounts of each. Thaame of all such composite states is used in
predicting experimental results. For experimentat tinight monitor polarization states, the
expectation values for non-axis aligned polarizatgtates can be calculated for such states in
similar ways to what we discussed for spin Y2 pledgic

In the ket symbolism in this book, we will represanphoton state with polarization in an axis
direction as); k) and a more general polarization stateygs. |

How to Handle Multiple Photons with DifferektDirections

We have used a preferred coordinate system, theplatigned coordinate system, where xthe i
axis is aligned with thi vector of the photon. This makes interpretatiod analysis much simpler. Multiple photons, all
But what happens when we have more than one pheémh, with a differerit direction? Then, at With differentk
most, we have simple expressions, like those we baen in this chapter, for only one such photc directions, and thus
(the one with itk aligned with the lalx’.) different photon

This question parallels “The Second Issue” of CHBXXX pg. 117 XXX, and like the prior aligned systems, can be
issue above, we will not go into great detail ohate. In short, one can determine quantities for handled V|a'coord|nate
given photon in its photon aligned coordinate systihen transform those quantities to th transformatlons.'See
(different alignment) lab system. In the procesghef transformation, things like the expressior Chap- 4 for details.
for, and interpretation of;” get a lot more complicated. But one can still krire math, typically
tedious, and get those expressions.

Expectation values in any coordinate system wilh taut to be the same. So one can pick the

coordinate system one likes for a given photon ftheton aligned system is best, obviously) to
calculate an expectation value, then transformutakte to lab coordinates.

5.10Where to Next?

We have achieved a milestone in the study of QR&,doverage of the fundamentals for th
three spin types. Knowing this well will serve ulwin interaction theory, to come after we
investigate symmetry and its importance in QFTthenext chapter.

The heaviest lifting is
behind you. It gets
easier with this
background.

5.11Summary Chart
Chaps. 3, 4, and 5 are summarized in Wholeness &fathat follows.
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QED/FIELD THEORY OVERVIEW: PART 1
Wholeness Chart 5-4. From Field Equations to Prapeig and Observables
Heisenberg Picture, Free Fields
Spin 0 Spin % Spin 1
Classical o NN P 3 A
Lagrangian 4)0 —K (%(ﬂaa({"ﬂz{ﬂﬂ) None. Macroscopic spinor fields not4o = 7 A'A 2( v Ah)( )
. observed. 1=0
density, free for photons

2" quantization
Postulate #1

Bosons: Quantum field

Spinors: Dirac eq from RQM with states fields. DeduceC from D

(or equivalentlyH) same as classical, fields are complex, lardL.

irac eq;H from Legendre transf.

QFT Lagrangiar
density, free

2 =(0,00°0- 170'9)

gr=glio-my 9=y,

As above for classical.

L 1 into the Euler-Lagrange equation yie

ds

Free field egs

(0,07 +12)p =0

(iy"9, —-my =0

(aaa" +,uz)A" =0 photonu = (

(60,6” +/12)qu =0 (i0,y" +m@)=0 g=y"y A“T = A for chargeless (photon)

Conjugate L0401 04 | e+ o ey

momenta ﬂg_a¢" ’ﬂg_a¢‘r_¢ =iy, 7'%=0 ni,- A,

L 0_,0° 0t t_ A0
Haml.ltonlan 72/0 .. ,2§¢+ ﬂo w LE) 72/1/2 - 7TU 2[// _[]J 2 72/01 - lzlA,U _[01
density = (WT +0¢" Mo+ ﬂ2¢T¢) 0 0 1
i p=¢ +¢ y=y' +y . B}

::)(Iel?tig(l?llg g T+ - + - A= A+ AT (photon)

p=9 +t9 =g +y
_ o(x) =Y~ (akye ™ |¥=2 %(q (®)y (p)e ™
Discrete K V&V, rp AX =

eigenstates

(Plane waves,
constrained to
volumeV)

Continuous
eigenstates

(Plane waves, n
volume
constraint)

+b' (k)€

1
Ny
+a' (k)ek)

g (x)= ; (b(k) & KX

dk —ikx
Ax) =|———(ak)e"
I«/2( 2m)’ .

+b' (k)e¥)

o dk ik
¢ (x) = | ——(b(k) "
"‘\/2( 2y’ w,

+a' (k)

+d/ (p)v, (p) &™)
7= [ enee™
rp

+c/ ()G (p) €7%)

d3p —ipx

Y= / M |—=(c, (P)y (p)e ™
Z (2”)3_[ /_Ep( Ur

+d (p)v, (p) &™)

dsp — —ipx

g=3 [50s]|——=d PV (p)e"

Zr: (2”)3j,/Ep (
+c/ ()G () &™)

spinor indices omi,, v;, andy

suppressedr = 1,2.

1

e

(e (K)ay (k)&

)
rk

+ el ()a] (<))

A =

¥

1 —ikx

J‘%(sf(k)ar K)e

el (g ()

r=0,12 3 (4 polarization vectors)

2 271)°
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2" quantization

Bosons:[¢ (x,t) 7z,

(y,t)] :[¢ - Y } =id" g(x-y), ¢ = any field, other commutators = 0.

Postulate #2
ostuate Spinors: Coefficient anti-commutation relationsgll coefficient commutation relations for bosons
Bosons: using conjugate momenta expressionsyialds |
Equal time .
: . o A0, A (YD
Coinr:trgfrﬁgir;te [qo(x,t) ,qo*(y,t)} =ig(x~y) | Notneeded for spinor derivation. [ }
( =-ig"’ o(x -y)
step only) 9 y
Bosons: Using free field solutions frwith 3D Dirac delta function (e.g., for discretdigions,
+00 .
d(x-y) :Vin—z—oo e 'kn™Y)y and matching terms, yields the coefficient cortatars|.
Coefficient +on ) ey = - t o
Coefficient I a(k).al (') =[bk) 5 &)] || (P).(p)] =[d () d(P)] | [a(k)a )]
discrete = O = s =09k {0="1.{123=1
continuous =d(k -k") =5s9(p-p’) =¢,g0(k -k")

Other coeffs

All other commutators = 0

All othetismommutators = 0

All other commutators = 0

The Hamiltonian Operator

Substituting the free field solutions into the ftéamiltonian densityHo, integratingHo = JHod 3x, and

using the coefficient commutatorsn the result, yieldg. Acting on states withlg yields number operator

Ho S g (Na(k)+3+ Ny (k )+2) pzr:Ep(Nr ()= R (p)-3) | X (Ne (k) +3)
k f ,
Ny (k) =a' (k) a(k Nr(p)=6"(p)¢ (p
yuen:;)t%rrs a( )_ T( ) ) _r ] T( ) ( ) Nr(k):ZrafT(k)E}(k)
P Np (k) =b" (k ) blk ) Nr(p)=d" (p) ¢ (p)
Creation and Destruction Operators
EvaluatingNa (K) a(k) |nk) (similar for other particle types) withand the coefficient commutators yielgs
creation a'(k),bf(k) e (p), & (p) ar ' (K)
destruction a(k),b(k) ¢ (p). & (p) ar (k)
Normaliz factorg
lowering a(k) I = \/E N =D G (p) 414,,)> =10 as with scalars
raising a'(k)In)=/n +1in+d |c/(p)I0)y= wr,p> as with scalars

tot particle num

tot particle num;
lowering

raising

N(¢)=;(Na(k)-%(k)

p=¢ + ¢
G =g+

V@)= 2 (N (p)- N (¢)

N(A”)=kZ; Ny (k)
AHT

AH

n
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Four Currents and Probability

Four currents
(operators)

j””u:()

i#=(pg)=-i(¢

Ho-ghg)

j/j = (p!J) =l/7yﬂl//

j,u = (Aa,,u*rAa _ Aa’”A’m)

=0 for photons(AaT = Aj)

Emphasis in field theory is usually on the numbfgparticles (k) operator), and particle probability

densities are rarely used. For completeness, haywawe to make the connection with quantum meclsa

they are included below. (Antiparticles would haaegative values of those below!)

nic

Single particle

p(x.t)=

<¢J(x',t)| jo(x,t)|¢(x',t)>

probability . . .0 _ .
density (not Note integration oveK’ , notx As at left, but with Dirag™ above. |= 0 for chargeless particles.
operator) _1
For typea plane wave v
Charge, not Scalar typéb particle— negativep. Photons— p= 0.
probability Led to conclusion that is really proportional tahargeprobability density.
Observables
Observable operators like total energy, three maamenand charge are found by integrating corresimgnd
density operators over all 3-space. (For spin &teins assumed below wigh= - €)
H =Yk (Nalk)+ N (k) [ R=2 6 (N (P)+ ¥ (p) Ro= 2Ny (k)
P, =3- P:Zk(Na(k)+Nb(k)) PZZp(Nr(p)+Nr(p)) P=> kN (k)
momentum K p.r k.r
g qi* =q(p.) q( i —(constan)) - 0,8 = ( 0 for photons
[Ldx= [Ld®x=
Q < 0 for photons
DICHORLNQ) ~e2 (M (p)- N (p) P
Spin operator s=x =19 O 153
for RQM states | N/A ' 2|0 o magnitude = 1 for photons,
and QFT fields o0, =2D Paulimatrices
Helicity operatol T.p
for RQM states | N/A ﬁ helicity eigenstates
and QFT fields P
Spin operator t 3 : _
for QFT states N/A J-l// Zdex magnitude = 1 for photons,
. 5.
Helicity operator jt//T [|T|p]z//d 3x helicity eigenstates

for QFT states
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Bosons, Fermions, and Commutators

Operations on states with creation, destructiod,rmimber operators above yield the propertiesielo

Properties of
states:

na (k) =0,1,2,...00
So spin 0 states bosonic.

nr (p) = 0,1 only
So spin ¥z states fermionic.

n (k) =0,1,2,...00
So spin 1 states bosonic.

Bosons can only
employ
commutators

Fermions can

If anti-commutators used
instead of commutators with
Klein-Gordon equation
solutions, then observable (ng
counting vacuum energy)
Hamiltonian operator would
have form

Ho’ = 0 andHg’ lgk) =0 ji.e.,

Commutators lead to 2 or more
identical particle states co-existing
same multiparticle state. Anti-
tcommutators lead to only one giver
single particle state per multi-partic
State.

Therefore, commutators cannot be
used with spin Y2 fermions.

Same as spin 0.

only employ .
anti- all scalar particles would have| This is further proof that we need
commutators | zero energy. commutators with bosons.
Hence, we cannot use
anticommutators with spin 0
bosons.
The Feynman Propagator
Creation and destruction of free particles (& patiicles) and their propagation visualized below.
time time time time time time
. y y y y y v
eynman . &
diagrams RN 4 AN y ‘%ﬁg ﬁH
: \\ / “ —S‘T
x x > / A o
a) ty<tx b) tx<ty a) ty<ty b) tx<ty a) fy<ty by tx<t,
Step 1 If t, <ty T{qo(x)qp*( y)} =¢(X¢'(y),ie. theg'(y) operates first, and should be placed on the right
Time ordered | If ty<t,, T{(p( X) & ( y)} =g (Y)@( ¥, i.e, thep(x) operates first, and should be placed on the.right
operatorT
P Note thatg(x) commutes withy' (y) forx# y. [Fermion fields anti-commute.]
T _ — i =
Transition <0|T{¢(X)¢ (y)} |0) = A ‘ <0|T{¢/a(x)417/3(y)} |0) = iS4 ‘ <0|T{A/j(y) A ( 9} 0) = in-*
amplitude The above vacuum expectation values (transitionliaurdps) represent both
(double density 1) creation of a particle at y, destiarctat x, and } . itude < F
in x andy) 2) creation of an antiparticle at x, tdestion at y transition amplitude = Feynman propagatg
Step 2

Propagator in
terms of two
commutators

By adding a term equal to zero to the Feynman majos above, it can be expressed as
vacuum expectation values (VEVs ) of two commutator

iAe (x-y)=
(o[ ¢ (x) @ (]9 <t
[ (v).# (9]0 <ty

iSFa,B ( X= y) =
(Of[ ¢z () @5(9)].19 <,
~(0l[@ () w2 (¥ 19 <ty

DA (x-y) =
(o A (%), &~ (9]0 y<%
(o[ A (v) & (R]10) &<y,
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Step 3
As 3-momentun
integrals

With the coefficient commutation relations, the eddwvo commutators (for each spin
type) can be expressed as two integrals over 3-mtumespace

DefiBitilor:c of [go+ (x) ,goT_(y)] =ia"(x-y) [l//;(x) ,w;;(y)l =iSe(x=y) | A (%), A ( )ﬂ = iD*T(x-y)
symbols for _ o . B ' " . o
commutators [¢T+(Y) @ (X)]: A" (x-y) ‘[Wﬁ(Y) #’a(x)l =igs(x Y |~ (y) A (X)] = iD"" (x- )
L 1 etk o figts 2 J(ﬁi m)eilp(x_y)dsp HvE i nE
AT = d=k 3 E iDAY= =—g~"iA~
2(2]7_)3 “f( 2(27T) p g
A", S, D** represent particlesy”, S™, D*V~ represent anti-particles. Symb&is = Sia/;
Although fields such agare operators, because of their coefficient coratian relations, each integra
above is a number, not an operator. The expectatie of a number X is simply the same number
((0]X]0=X(0]0=X. So, the Feynman propagator will also be singphumber (no brackets needed.)
Step 4 . . L . .
Contour integral theory (integration in the comp@ane) permits the above two integrals
ﬁfe(;gltgur (for each spin type) over real 3-momentum spadmtexpressed as contour integrals.
N UVE _
in* = iS*= DAY= =
o o e -ik(x-y)
_ ik(x-y) . ip(x-y) Fig” e
¥ J' +e d4k +I J. (/pf+m)e d4p 4 )ct k2 —_ 4,2
(2n)* 9 K= 112 (27)* Ic* p? — m? (2m) U
photon=0
Step 5 Taking certain limits with contour integrals in tbemplex plane yields a single form for the
As one integral Feynman propagator that works for any time ordeaind will prove more convenient.
B (x-)= Srap (%= Y= D (x-) =
in physical —ik(x-y -ip(x-y s —ik(x-y
space 1 e d*k 1 J.(p+m)e ( )d4 9% re ( )d4k
1) 2_ 2, 7 R p 4 2
(271)" " K" - p”+ie (2n)*?  pP-mP+ie (2m)*? KZ+ie

in momentum
space

—gH

+m
Srap (D=7 2 of" (k)=

k2 +ig

Copyright of Robert D. Klauber
see more atww.quantumfieldtheory.info
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5.12Problems

1.

From the Coulomb gauge defining equatiddA =0, andA of (5-14), show tha# and the
wave momentunk are perpendicular. From (5-15) show hBvandB are perpendicular to each
other and also tk.

Use (5-18) and (5-2) to show th&!(x) =-F"(x) = B*(X). If you feel you need to, also
show thatF*(x) =-F*(x) = BY( ¥ .

Use (5-18) and (5-2) to show thef? =-F?°=E2. If you feel you need to, also show that
F®=-F3%=E® Isitobvious thaF® =F''=F #=F ¥=0?

Show that foz =i, (5-24) equals (5-3)(b).

Show that substitution o&’#(x) from (5-27) forA¥(x) in (5-24) will result in all terms irf
dropping out and give (5-24) in termsAf(x) back again.

Show that A*(x) = (k) é~is a solution of the

E/JA sikx +
S AT
wave equation i®/(X). Then show that if(x) is reaI, i.e. Ax)= AT”(X), thenB," must =A,".
Then note that the two terms in the solution anmmlex conjugates of one another. Does the
sum of a complex number and its complex conjuglatays equal a real number?

Using the Hamiltonian operatét = i6/6t, show that each of the eigensolutions of (5-44hwi
coefficientsA”" has negative energy.

Show that (5-50) solves (5-48).

Start with the four -vectow,, = g, W’ and take the partial derivativ#ow” of both sides to
show thao wy/ow” = g, . Wy, can, of course, be any four-vector, suchigs



