Chapter 4 Version Date November 15, 2011
Spinors: Spin ¥z Fields

Niels Bohr: “What are you working on Mr. Dirac?”
Paul Dirac: “I'm trying to take the square root sbmething”

4.0 Preliminaries

While it may seem humorous to think of a physics Ndéeteate struggling over a square root
problem, Dirac’s meaning here was actually quite deep.

The quotes above purportedly came during a break at a 192&reed Bohr and Dirac
attended. Dirac later recalled that he continued on by sayingaketrying to find a relativistic
guantum theory of the electron, and Bohr commented, “ButKlas already solved that problem. e
Dirac then tried to explain he was not satisfied with the (K@brdon) solution because it involvec Order relativistic
a 29 order equation in time. That led to negative energy solytiand he sought a®lorder Schrodinger
equation like the non-relativistic Schrodinger equation. Baetdonference reconvened just ther €quation
and the discussion ended.

4.0.1Background

Recall from Chap. 3, Sect. 3.0.1 XXX check sect num in fina ¥etX, that we had to usd 2
to develop our relativistic wave equation, because the relaiitamiltonian H entailed the
operator ; i under a square root sign, and that had no meaning. Dirac warfiad a meaningful
H to use in a relativistic Schrédinger equation of form

» Dirac sought a first

i In other words,
Hy =izt (4-1)  he sought a wave
her th equation in H,
rather than , not H
H2%f =- %f (Klein-Gordon eq. (4-2)

It is no secret that he succeeded, and his fanesudty published in early 1928, is now known as
the Dirac equation. We will study it in depth instichapter.

It wasn't too long after Dirac’s discovery of thergect form for (4-1), that people realized (4-2 His equation
actually describes scalars; and (4-1), spin % femsjisuch as the electron. The mathematical nati turned out to be
of the Dirac equatio4-1) provided a good indication for this. That is, (4tdrns out (as we will Specifically for
see) to be a matrix equation whhbeing a square matrix quantity ajida column matrix. spin ¥z particles,

In NRQM, we represented up and down spin of padiclia wave functions that had a twc not all particles
component column matrix “tacked on”. (1T,O)3presented spin up; and (J,,lspin down. So, il
in (4-1) in RQM (and QFT) turns out to be a columatrix (and it does), then we could make a
good bet that it will represent spinors, rathentbealars. We would be smart to make such a bet, The Dirac
we would end up winning it. equation is a

Interestingly, the column matrix solutiopsto (4-1) turn out to have four components, rath¢ matrix equation
than two. Given that the relativistic (scalar) $imlos to the relativistic wave equation we found ii
Chap. 3 provided us with antiparticles, which etiap doubled our total number of
84
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fields/particles, this should not be too surprisiRgur spin components is just what we need to
represent particles with up or down spin (2 compts)eplus antiparticles with up or down spin (2
more components.)

4.0.2Chapter Overview

Our approach to spin % fermions in this chaptet pakallel that for spin 0 bosons. You m
find it helpful to compare and contrast the bulietmaterial below with that of the Chapi
Overview for scalars at the beginning of Chap. 3.

Spinor theory
development
parallels scalar
RQM first, theory

where we will look at

- the lack of a classical theory of fermions (no roacopic fermionic behavior observed) ¢ RQM overview
thus, being unable to use a classi¢ah 1st quantization, (spinorg

deducing the Dirac equation, a relativistic Schmger equation it, notH 2,
- solutions (states in RQM) to the Dirac equation,
probability density and its connection to the ndimadion constant in the solutions,
negative energies and the Dirac equation solutions,
how the Dirac solutions (unexpectedly at first)resgent spin ¥2 particles, and
- spin and the spin operator acting on the solut{etéch we didn’t have with scalars).

Then QFT,

noting the lack of classical, macroscopic fermiofidds and thus, being unable to use QFT overview
classical in 2nd quantization, (spinorg

assuming the RQM Dirac equation as the QFT fieldagign, with the same solution form,

using the (Dirac) field equation to deduce the QFTor spinors (the reverse route from the
scalar case), and employing the Legendre transtamto get

assuming solution coefficients obey anti-commutainstead of commutation) relations,
determining relevant operators in QH = d3x, number, creation/destruction, etc.,

- showing this approach avoids real particle negativergy states,

- seeing how the vacuum is filled with spinor quasitenergy — Y2w,
deriving other operators (probability density, 3mmentum, charge, spin), and

- showing spinors are fermions, and they won’t woithweommutation relations.

And then,
- finding the spinor Feynman propagator.

Free (no force) Fields Still only free

. . . particles/fields in
As in Chap. 3, we look herein only at free spinors. this chapter

4.1 Relativistic Quantum Mechanics for Spinors

4.1.1No Classical Spinor Fields: Can We Quantize?

In Chap. 3, XXX Wholeness Chart 3.1 XXX, we recdltbat, via the Pauli exclusion principle, No classical theory
fermions cannot occupy the same state within thmesaacro system. So, whereas photol for spin %
(bosons) can occupy the same state and a lot wf ta@ therefore reinforce one another to produ: particles/fields,

a macroscopic electromagnetic field, spinors (fems) cannot do so. In other words, we have 1 because fermions
classical macroscopic spinor fields to sense, aatewith, and study experimentally. And thus, w can’t occupy same
have no classical theory of spinors. state

First quantization started with the classical Hamnilan (or equivalently, the Lagrangian) anc
used that as the quantum Hamiltonian. But we havelassical spinor theory and thus no classical
spinor Hamiltonian. Precisely parallel statemerts be made for"2 quantization. There is simply
no classical theory with spinor Hamiltonian and taagyian densities.
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So we can't do %tor 2 quantization for spinors in the way it was adei earlier, i.e., as THE So we can't dodl
way to obtain a good quantum theory. (My apolodishe false advertising, but you would have
been confused at the time, otherwise.)

So how do we deduce a relativistic spinor quantueoty? We answer this question in the ne: pirac found
section by showing how Dirac did it (though he matually trying to do something else.) another way

or 2" quantization

4.1.2Dirac’s Approach to RQM: Another History Lesson

Dirac’s primary goal was a 1st order relativistth&dinger equation, and he postulated that if it
existed, it must have the general form (where, efsrb, we use the ket form symbolism for th: 5apneral form a §
wave equation solution in particle quantum theory) order RQM

. equation must have
l)=H)=( P my ). CONMAE

In (4-3), p is particle three momentum, and the veaorlnd the scalat would have to be
determined. Thus, the equation would be first oidehe time derivative (and hopefully yield only
positive energy solutions). Also, the relatividtiee particleH would be a linear function of bofh

and massn. The key question then is ‘what @eand6?’ in order for this equation to be true. S thi
uare of this
To find the answer, Dirac reasoned tH&tandy must also satisfy the usual relativistic energ ec?uation must

momentum relation (and therefore the Klein-Gordquation) equal K-G eq

S W)= (e ). @4

Squaring the operators in (4-3) and inserting #seilts into (4-4), we get

LS A T LIRS

i>] here (4'5)
= a’p’+ aa; taa, pp +hb Ha, )pmb *niy )
must= 0 : ;
st Q This squaring

restricts form of
where comparison with the RHS of (4-4) shows thecketed quantities in the lower line abovi terms in general eq

must equal zero. That comparison also shows al‘?at 1 andt’ = 1. In summary, where_anti-
commutatorsare defined asd,aj]+ = aigj + gjai ,

E.a H=[ap],=0i]j a,a.a H allant-commute with each oth 6)

2 _ 2 _ 2 _ 2 _ . . . Thea;, bthus must
(a1)"=(a,)" =(@s)” =(b)" =1 (the identity matrix) be matrices with

If ai and bwere numbers they would have to commute and coatdpossibly anti-commute. certain propertie
Hence, they can only be matrices. Since these ¢eatdre operators operating gn, then J itself
must be a multicomponent object (i.e., a columrrimadt least.)

Using (4-6), one can show that th® and b matrices are traceless, hermitian, havke
eigenvalues, and must have an even dimension lefst four. It will save time if you can simply
accept these results. If not, then please prova tieeyourself. | do note that |, myself, have never
done so.

Choosing the minimum dimension case (four), Dirad Rauli came up with a set of matrice Dirac & Pauli
which solve all of the above conditions (specificd#-6)) which is now called the standard (o found a set of 4X4
Dirac-Pauli) representatiorand which we will study in some depth in this ofes. There are, Matrices that
however, other possible choices farand5 that satisfy the same conditions. Two of thesteda WOrkKeC
the Weyl and Majorana representatioase also four dimensional and can be convenmnsdme
advanced applications, but we will ignore them hrere
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Square matrices in a 4D space must be 4X4, andftbos (4-3), if jy is a column matrix (a

vector), it must have four components (a 4D vectdake care to note that the 4D space we &
talking about here isot the four dimensional physical space of relatitlgory, but an abstract
space, often called spinor space

The matrices Dirac and Pauli found for spinor sparee
-1

(4-7)
-1 -1

where blank components equal zero. (4-7) is comymnaritten using the 2X2 Pauli matricesas

_|I| 0|:|a7 0 sllja 0 s, Da 0 s,C (4-8)
@'lglglogzgz I:]3%30[’

where 0 represents the 2X2 null matrix.
Note that the Klein-Gordon equation can be consliehe "square” of the Dirac equation an
hence any solutiory| which solves the Dirac equation also solves therikGordon equation.

4.1.3More Convenient Way to Express the Matrices

The Dirac equation can be expressed in a more odeneway by premultiplying (4-3) b§. To
help when we do that, we define four matrices echlDirac matricesas

g'=b g=ba gF=ba g=bg, (4-9)
where you can do Prob. 2 to show these equal
1 1 - 1
1 1 [ -1
= = = = ,(4-10
s VA i= 9=, (4-10)
-1 -1 - 1
or commonly, as
m o0 |Z| s3C
91 o) 1B g- 25 §= |:| T (4-11)
% 5. 0O Ijs . 0O or

From henceforth, we will do virtually nothing withe & and b matrices, and focus on tigf’
matrices, instead.

Note the Hermiticity conditiongvhich you can prove by doing Prob. 3),
=497 .

4.1.4The Dirac Equation Expressed with Dirac Matrices

Dirac’s original £ order equation (4-3) in terms afand b, pre-multiplied byb, takes on the
form

(4-12)

! b |y %‘3 b+ m% ) (4-13)
or rearranged as what is formaIIy called t M@n
4 3 ]
l(gm)kh Tn-mdy [¥),=0  k=1234] (4-14)
h=1 =0
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The 4D abstract
space of the
solutions is called
spinor space

Form of thea;j, b
matrices

Solutions to Dirac
equation also solve
K-G equation

Dirac matricesd’,
found froma; and
b, are better to
work with

Form of Dirac
matrices

Complex conjugate
transpose relations
for Dirac matrices

Dirac equation in
terms of Dirac
matrices & all
indices written out
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where we have written out the 4X4 spinor spaceceglink and /4, and the summation signs, in
order to make it explicitly clear what is going omspinor space. Note that the Dirac equation is
actuallyfour separate non-matrix equatignsne for each value of the indéx And each of these .. L
. : . o Dirac equation is

equations entails a sum of matrix components (suen @), each post multiplied by one the foui actually four non-
components (in7 index) of the column vectoy|. Yes, it seems complicated. But also yes, matrix equations
works. And also, yes, it is considered beautifuhigny.

You will get used to the complication in time. Whgou do, you should gain an appreciation for
the beauty, as well. In the words of the equaticiissoverer,

“The research worker, in his efforts to expressfilmedamental laws of Nature in
mathematical form, should strive mainly for math&o@h beauty. He should take simplicity
into consideration in a subordinate way to beautyt often happens that the requirements of
simplicity and beauty are the same, but where theesh, the latter must take precedence. “
— Paul A. M. Dirac

You should do Prob. 4 to provide some practice (4#14), and then note that the common wa Common, short
to write the Dirac equatiois to hide the spinor space indiceiand#, i.e., hand form of Dirac

(ig”ﬂm- m)|y>: . equation

where you have to be vigilant to remember the iaiipliX4 spinor space matrix/column nature of
(4-15) as expressed explicitly in (4-14).

(4-15)

Another notatiorcommonly used, which is the most streamlined lpisal Slash notation also
) i ) very common in
A =9™, so, the Dirac equatio® (if/- m)ly)= . (4-16)  Dirac equation

We note in passing that

m® me in non-natural unitsin the Dirac equati. (4-17)

4.1.5Solutions to the Dirac Equation
(4-15) can be considered an eigenvalue problemeigtenvalue zero, or by re-expressing it as Writing out Dirac

ig™,y)=mly), (4-18) equation as an

eigenvalue problem
as an eigenvalue problem with eigenvatuanriting out (4-18), we have

i(g0ﬂ0+jﬂ1+jﬂ2+5ﬂ3)| yam ) =

1 1 i 1 v,
o o+ SR L A g, 7 )@
1 1 i 1 ]

1 -1 i 1 )
Mo 0 1 -1, 1
_i 0 o L+ -7, 2\ _ 2
M T#0 T 0 V3 3
M-12 15 0 o 4 4

Note that the numeric subscripts on theymbols refer to derivatives with respect to tierel
space, whereas the numeric subscripts on the camoof | refer to the respective components
of the ket in spinor space.

Since (4-19) is a 4X4 matrix eigenvalue probleneréhmust be four solutiong 1”) , wheren =
1,2,3,4, with each such solution having four spispace components. We will not go through the
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tedium of solving (4-19) directly. Rather, | wilkqvide the solutions, and you will do Prob. 5 to
prove to yourself, by substitution, that they ardeied valid solutions.

The Dirac equation solutioris the Dirac-Pauli (standard) representation are

1 0
0 1
(1)> - E+m p3 eiPX = ginx P/(Z)> — E+m pl - ip2 @i = |y @Px
‘Y om Exm 4|D—;‘°!r@| \V2m Eim Y
p+ip” PR ¢’
E+m Pat E+m
spinoru, = part of spinoru,
solution in4D spinor space
(4-20)
p° p'- ip®
E+m E+m
P/(s)>= E+m pl+ip2 eipxzvzépx ‘y(4)>= E+m _p3 eipxzvlé'px .
2m E+m V 2m E+m
1 0
0 1
spinorv, spinorv;

Yes, again, these are more complicated than sokitiee have dealt with in the past, but yo -
will get used to them with time. Note several thin@n (4-20). Any constant instead of Column vector

«/(E+ m) /2m would suffice, but that choice was made becausgyshwill work better later on

parts of solutions
called spinors

with it, as we will see. The symbBlis always a positive number of magnitude equdhéenergy.
p is positive if it points in the positive directionf its respective axis. These are plane wave
solutions. We have defined new symbugl§) andv,(p) (r =1,2), which are the column vectors

multiplied by the constant shown, are functionsyasflp for a givenm (sinceE =+/p? + n? ), and

go by the name spingrer four spinorsNote that the particles represented byM are_also
often called spinors/Ne will show shortly that values represent different spin states (for exampl
Uy represents spin up, and represents spin down in the particle at-rest sy3tés you might
expect, we will find the solutions containingp) are associated with antiparticles; and those with
ur(p), with particles. More on this later, but for noi&ke care to note the reverse order numbering

onvy 1 fromug o, which is customary.

The solutions (4-20) are eigenstatespofsince every measurement of 3-momentum of the
particles they represent would result in the vagdu&hey are also eigenstates of energy, since, for

givenm, a free particle of 3-momentumhas a fixedE. *
Inner Product of Spinors

We will find the inner product of each spinor inZ@) with itself a valuable thing to know. For

ui(p),

! Similar to that mentioned in a footnote in ChagoBscalars, there are additional solutions toRirac
equation having exponents of fosm(Ept + p+x), instead oft i(Ept —p=x), but these have been widely
ignored. The possible impact on QFT of includingsth solutions in the theory is discussed in R. D.
Klauber, “Mechanism for Vanishing Zero-Point Enétgyttp://arxiv.org/abs/astro-ph/030962003).
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51 8
0
] J
: 2
ulT(p)ul(p)zE"'m% 0 P P- 'pzm]@ P’ % E ”‘%Jr P L Inner product of
2m 5 E+m E+mrE+m g 2mH (E+m)°f spinors with
t+ip2 O (4-21) themselves

]
CIE+m [
E2_p2
_E+m%E+m)2+pz|:l B +nf +2 Emtp? 2 EB+2Em E

2m H (e+m)? H 2m(E+rm  2nfE H m

By doing Prob. 6, you can feel comfortable with gfemeral result (underline means no summation®
Spinor magnitude

it (p)u (p) = (p) ¥ () = @22) - JETm

which we got because of our original choice of ¢bastant in (4-20). (You may want to ruminate
by looking at (4-21), on how our spinor inner prodwould have been a little more complicated it
we had chosen unity as our original constant iB@}1-We make our choices for arbitrary constants
in order to conform with custom. They are what@mmonly used.)

Orthogonality of Spinors
The inner product afi; anduy is

0
1
(P uw(p) =1 o P p-iF p-ip? Orthogonality of
2m E+m E+m E4m spinors
- p? (4-23)
E+m
_e+m P(o- w7} (0 W)

2m (E + m)2
By doing Prob. 7, you can prove to yourself that
u (p)w(p)=v(p)¥(p)=0 rts. (4-24)
We can combine (4-22), (4-24), and the first pARmb. 8 into the general result

Most general

E spinor inner
ur(P)u(p) =V (p)w(p)="ds  u(p) y(-p)=0 (425 [Foduct elations

Orthogonality of Eigensolutions

We can show that the eigensolutions (4-20) to tivradequation are orthogonal in the usual
guantum mechanical way. For example, for first sstutions of (4-20)

Oy @)=y fd Qax= ul(p) €™ u(p) e™ & P& 4. (4-26)
=0 \Vi
For the first and third solutions,
<y(1)jy (3)> = u (p)e™w(p) €™ &= d(p) y(p) & ¥ d. (4-27)
10 =0

By continuing with different solution pairs (do Bt® for practice), one can prove that
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M, (M\ — . .
<y ”‘jy “>—0 form?® n. (4-28)  Dpirac eigen

Given that we should know mathematically that eigetor solutions in any eigenvalue problen Solutions are
are generally orthogonal, and that the Dirac equatépresents an eigenvalue problem, this shot orthogonal
not be too surprising.

General Solution to Dirac Equation

The most general solution to the Dirac equatioa sum (or integral) of all eigenstates, each
having a (typically complex) coefficient represegtithe amount of that eigenstate in the total
general state. The discrete plane wave generdioig then

General solution =

Y sae=|Y) = /%(Cr(p)ur(p)e“px+Dr*(p)v(p>épx), (4-29)  sum of eigenstate
r.p solutions

where C;(p) and DrT(p) are the coefficients. We will explain later theason for the unusual
normalization constant chosen in terms of massiggneand volume, though from (4-22) and the
normalization we did in Chap. 3, you may be sensihgt is coming.

4.1.6The Adjoint Dirac Equation

Unlike the Klein-Gordon equation, the Dirac equatis a matrix equation. So, rather than a
complex conjugate form of the wave equation, wedn@econsider taking a complex conjugate
transpose of that equation, and of its solutior&Q) But, as it turns out, the theory works more

coherently if rather thary| T :<y | = yTstate we define and use the adjoint
Definition of

__ + — ..

Ve 5@°=V )9 =y § °={. (4-30) adjoint
where an inner product between the row vecjor T|:<y|:yTstate and the gamma matrix are
implied, and we hope the symbolism has not beconwaldy. You should do Prob. 10 to show

yourself what the four row vecto<;;7 M1 ook like.

The adjoint Dirac equatiois obtained by taking the complex conjugate trasspof the Dirac
equation (4-15), post multiplying tyo, and using the Hermiticity conditions along witte tadjoint
definition. (Do this in Prob. 11.) The result is

The adjoint Dirac
1,7 lg"+m{7| =0 . (4-31) equation
Simply by deriving (4-31), we have proven that #aoint (4-30) solves the adjoint Dirac equatior ,
as long as)y] solves the Dirac equation. By doing Prob. 12, gan justify it to yourself in a more
“hands on” way.
Adjoint spinorsare defined as the row vectors Adjoint spinor

U =yg° v =V, (4-32) definitions
which, with (4-29) and (4-30), gives us the disenetane wave adjoint general soluti@nm

General adjoint

V== [T2= (0, ()% (me ™ + G (o) u(p) &) 4-33 :
e = | " VEp( G ()T ) (4-33)  solution

4.1.7Probability Density for Dirac Fermions in RQM

Probability and the Four-Current Using the Diraci&tipn

Recall from Chap. 3 (see Box 3-1, pg. 45, and X>X&¢tS3.1.4, pg. 44) that, in any theory, we
can typically use the governing equation (and oftsncomplex conjugate transpose) to find a
conserved quantity, which in quantum theory catoled probability. We did this in NRQM and for
scalars in RQM. So, we try the same general apprfmcspin ¥ particles, but note that researchers
found early on that the adjoint Dirac equation Wwa#ter for this purpose than simply the complex
conjugate of the Dirac equation.
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o . _ _ _ . o . Dirac equation and
This is actually much simpler to do for the firstler Dirac equation and its adjoint than it wa its adjoint yield a
for the second order Klein-Gordon equation, soeev¢ it as Prob. 13 for the reader. The result 4-divergence of a
that problem is 4-current =0

1ijmzo jm:(rvj) 3/_stategj7 state%_gi ﬂ >not integ’ (4-34) Form of the

4-current
where the subscript “not integ” means we are ntegrating over space in the bracket showi

contrary to what the bracket symbol typically inagliin the position basis. (4-34) means the total
guantity

j0d3X: rdSX: y_stategg Stated3xg'<‘_d ’Bi >

Y v v (4-35) The conserved
=V ;rtategogoJ/ st °X =,? b >=Q¢ quantity related to
v | the 4-current

is conserved fo¥ = all space, and is the density value correspondingQo Naturally, we would
like r to be a probability density ari@ to be total probability, as we had in NRQM.
Probability for the Dirac Discrete Solutions
For a single particle state in RQM, we assumersit that the solution (4-29) has only terms witl Is that conserved
coefficientsC; (i.e., only has spinors of forng), i.e., the general statg | contains no eigenstates quantity

with coefficientsDy (i.e., no spinors of forng). Our r of (4-34) is then probability?

=8 [om um g BP9y (o6
O % Ve C :

Ep s wo°(p)
: &/%Cm(p% (p ye'P™ é

Ol .
=B e C Py re”
[Tlp
If (4-36) is probability density, its integral ovatl space must equal 1. In such integration all
terms withp  p go to zero due to the exponential term, and aflaiaing terms withr  r go to
zero from the spinor orthogonality relation (4-24)e end up with

(4-36)

For C; type particles,
[rd®x= gB CEGEYEuE [P dx= ¢o qp= | Qp)f =1 (437) theconserved
rp P rp quantity can be
interpreted as
Thus, by takingr as probability densityC}(p)|2 is the probability of measuring the particle witt probability
spin stater and 3-momentum eigenstape similar to what the coefficients of eigenstates
represented in NRQM, and for scalars in RQM (see Cjap.

r
Ep/m vV

Normalization Factors
. L . . We chose constant
(4-37) is the reason we usegim/VEp as our normalization factor in solutions (4-20). /i, solutions so

different such factor would not have resulted inypit the RHS of (4-37). conserved quantity
) _ ) ) would equall

4.1.8Negative Energies for D Type Dirac Fermions

Do Prob. 14 to prove to yourself that a Dirac fermiepresented by a solution with exponential
form —ipx (that has spinaw, and coefficienC,(p)), has positive energy; and one represented by 1 D, type particles
solution formipx (spinorv; and coefficienD,(p)), has negative energy. have negative energy

Thus, Dirac did not solve one of the problems he aily set out to solve. Half of his solutions
represent particles with negative energies, justtlikeKlein-Gordon solutions did.
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4.1.9Probability for D Type Dirac Fermions

Repeating the process of (4-36) fdD &ype particle instead of@type, we find
Probability for D

rd’x= g DEDEVE)VE) €T dx= DE) D= | D(P)|° =1 (4-38)  probability for D
rp E,/m v rp rp type patrticle
and a total positive probability (unlike the negatiprobability in the scalar case) that we can s
equal to 1.

4.1.10A Great Use for the Dirac Approach: Spin

So though Dirac’s approach still resulted in negatinergies, he did solve two of the problem~
he set out to solve (a first order equation and nathegprobabilities.) Well beyond that, however Dirac approach
he provided physics with something of enormous vatig.equation, and its solutions, allow us t Of great value for
model relativistic particles with spin %2, which coulot be done before. Importantly, this turned ot SPin %2
to give correct relativistic solutions for the hydemgatom, which the Klein-Gordon equation did
not.

RQM Spin Operator

Before delving into relativistic spin, you should deaver and understand Box 4-1, Review of
Spin in NRQM. That box is summarized in the secondmolof Wholeness Chart 4-1, pg 102.

In RQM, we have recently seen that each of the swistDirac came up with has a column
matrix (spinor) built in. But it is a four, not twepmponent column matrix. It wasn’t long before
people realized that Dirac’s four solutions (4-20)respnted two kinds of particles, regular
particles and antiparticles. The four components @hesolution were different for each, and
represented the four states of spin up and spin dowpaiticles, and spin up and spin down for
antiparticles.

The spin operator can be derived formally from terawalysis of the energy-momentum and
angular momentum tensors in 4D spacetime, but thatetsypcomplicated. We will simply state
the RQM spin operatd®; as follows, then compare it to the NRQM version & #pin operator,
and work some examples, to justify the form we haverasdu

1 - 1
0 ®S,=— 1 S, = ! S, = 1 . (4-39) RQM spin operator
S; 2 1 1
1 [ -1

Sj
20

Note (4-39) is a 3D object in physical space (3 coreptsi of the angular momentum), but
each of the components in that space is itself a 4Xixmia relativistic 4D spinor space, rather
than non-relativistic 2D spinor space of NRQM. Imatility, spin has three spatial components, as
it did non-relativistically. But, relativistically,a&h component must act on a 4D column vector in
spinor space. So, if we were to guess at a 4D matixag@rator, then (4-39), where we formed 4D
matrices from our 2D Pauli matrices, would be a gfiet guess. Compare (4-39) to (B4-1.1) of
Box 4-1. And, as we will see, this guess turns out todoeect.

As in NRQM, we can choose the direction of awaxis however we like, and it was easier in
NRQM if we lined it up in the direction of spin ofioparticle, so spin would be either up (plus
direction), or down (minug direction). We'll do something similar in RQM, so Wéocus for the
present on thedirection spin component operatey.

2 See F. Mandl and G. Sha®uantum Field Theoryl® ed. (John Wiley 1984), Chap 2, pgs. 38-39 and
Chap 4, pg. 65.
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Box 4-1. Review of Spin in Non Relativistic QuantunMechanics
NRQM Spin Operator
In NRQM our spin operatdg was the Pauli matrices times the factor /2,
01 0 -i 1 0

=—s ® =_5.= — =—-S ., =— =S =— B4-1.1
S'2' $21210$222i0§_2320-1 ( )

Spin (non-orbital angular momentur) in physical space acted like a vector with three mmments, as it doe
classically. A particle, or object, can have spin congnts in any of the three dimensions. In spinor sgameever, spin
was represented by a 2X2 matrix, one for each 3D coe.

Eigenstates of the Spin Operator Components
zdirection

Thus, a wave function (ket) with a column matrixresgenting spin up in thedirection (1,05 had spin /2; and one in
the down direction (O,I)had spin — /2.

Shpn)=s Ap)er T = gp) @ T 0l e Ty )
%b/p,down> % /‘(p) |p>< =-§jl/ p,down>

The spin up and spin down states are eigenstatgs thiez direction component of the spin operafor

(B4-1.2)

x direction
(1,1)T and (1,—15 are readily shown to be eigenstates oixtbemponent of the spin operator, i8., via

011 1

1 ) )
%va,+xspin> = S dp) er 1 = $p) @ 21 0 1 @) _ éDXE 1 =_2b/p,+xspin>
01 1 - -1
b/p xsp|n> m(p) P 2 10 -1 = B@p) —elpx_2 1 = '_Zb/p,— xspin> .

Note that we can construct theomponent eigenstates from linear combinatiorte@f component eigenstates, i.e.

[ o] A L] A0 -
R HEHIEE (B4
y direction

Do Prob. 15 to prove to yourself that—a)T and (,1)T are eigenstates of tiyecomponent of the spin operator, .8,
and that they can be constructed from linear coatilins of the up and dowa direction) eigenstates.

Up and Down £ Direction) Eigenstates Span the 2D Spinor Spawe éae Basis Vectors of that Space)

(B4-1.3)

Any spin state (not necessarily pointed in one hef %y, or z directions) as visualized in 3D physical space i

composed of components in thg,andz directions of the 3D spin vector. This is a simple of vector components.

Each of these three components forxhezdirections is represented in 2D spinor space afexeht column matrix.
But, importantly, all possible such column matrices be expressed as linear combinations of thangpdown %
direction) eigenstate column matrices. We showegdfthr thex direction in (B4-1.4). You showed it for if you did the

problem suggested above. (We didn’t normalize (BY-The normalized forms an(&/ \/E)(],])T and (1/ \/E)(], ])T )

Since thex andy direction spin states can be constructed via ticeanbination of the direction eigenspin states, g
possible spin states can be composed of variouviocations_of thez direction eigenspin states, i.e., of the up angrdg
states (1,0)and (0,13. In mathematical language, we say (Lﬁx)d (0,15 are_basis vectothat span spinor space.

General Solution Includes All Possible Spin States

1 0
)= C.(p)e™ _ +C(p)e™ (B4-1.5)
o 0 1
The general solution (B4-1.5) includes all poss#gan states. For example, for giverwith C_(p) = —Cs (p), spin is
in the negativex direction (see (B4-1.3) above. Choosing coeffitdarorrectly yields any given particle spin direati

Bottom Line: If we develop our theory for up and down staitesjll be applicable to all possible other spiatsts, too.

U7
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Dirac Fermion Spins: Stationary Particle Examples

Consider a Dirac particle which, for simplicity, samply sitting in front of us and not moving.
So p=0 in our frame, and the solutions (4-20) becomehmsimplified. What then, are their
respective spins? For the first such solution, aeeh

First Dirac

solution, if particle

1 1 1 stationary, is spin
-1 m+m 0 . 0 . . _ up eigenstate of
S ‘y(l)> =— / e = " gl =—Lv()> =linn.u., (4-40 i
3 2 1 om0 > 0 > (4-40) RQM spin operator
-1 0 0
Y

Other Dirac

and the spin is /2, indicating that our first Dirac solution is fepin up. Now do Prob. 16 to prove solutions, if

to yourself that the other three solutions, for tatisnary particle (or antiparticle) represent particle stationary,

respectively, spin down (H2), spin up, and spin down states. are one spin up

We included the symbdlLih our spin discussion so far, so that you coele the role it played states

in non-natural unit formulations, but from now ame will assume natural units, such thHa# 1.
And we will refer to spin magnitudes as %2 , whishriore common thaf/2.

Dirac Fermion Spins: Moving Particles Discussion Due to relativity
As soon as we have a moving particle, things geermomplicated, as we have to include nor moving particle”s

zerop' values in our solutions (4-20). This complicatiamich we didn’t have in NRQM, is due to spin is more

relativistic effects. complicated

Classical Relativistic Effects on a Spinning Object )
Read Box 4-2 to gain some appreciation for theceften a classical, macroscopic object’sCIaS.S'.Ca.”y’

angular momentum direction when viewed from a framehich the object has translational s|oee(felatlv's'[IC

approaching that of light.

Box 4-2. Classical Macroscopic Spinning Object Traslating at Relativistic Speed

In 4D relativistic theory, angular momentum is"d @&der tensor, but it can be treated simply ascéovdormed from

and two spin down

a

translation alterd-

the integral over a rotating body @n(r “ v) =dm(r” (w” r)), where symbols should be obvious. When a macrascop

object like a spinning disk, as shown below, modlese to the speed of light, distances contrathéndirection of the
velocity, and this makes the plane of the disk appeturn. (See figure below.)
The closer the disk gets to the speed of lightntieee the disk surface appears in the observextadrto align norma
to the velocity directionin the rest frame translating with the disk its#ig disk still appears aligned in the original way
In the observer’'s frame, though, the angular moarerit appears to turn toward the direction of the véjocrhe
greater the speed, the greater this turning. At kpeed|. andv become parallel.

This distance

z tracted z
L: (r X V)dm L contracte
L
X X
V=0
W V=0 Vx® ¢
Spinning disk, no translation Same disk, side view Same disk, high velocity

ForL in the opposite direction and the same positieirection velocity L would point more and more towards tl
negativex direction, as speed increased.

ne
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Quantum Mechanics Experiments: Spin Magnitude Ungbd at Any Speed

We know from all the testing on high speed quanparticles like electrons, that spin (particle Experimentally,
angular momentum) does not change in magnitud#, atoamatter what speed we see the partic quantum particle
carrying it as having. Electrons always have sgiri/@ (Y2 in natural units), no matter what thei spin magnitude
velocity. always the san

Quantum mechanically, then, at high speed, a pelgiangular momentum (spin) magnitude
remains unchanged, but its direction appears 1o osir frame to realign itself closer to that oéth
translational velocity vector. See Fig. 4-1. Asoaity approaches, the angular momentum (spin)
approaches the velocity direction (or directly ogi® direction.) For massless particles like
photons, which travel at, the spin is always aligned parallel with the eéhp vector, either in the
direction of velocity or in the opposite directidduch a state is called a pure helicitste.

spin |S| = 1/2
pin [S1= ISI=1/2 |5| 1/2 Asv ¢, quantum

particle spin axis

IS| =1/2 re-aligns closer to
-_— thev direction. For

Vx=0 Vx<<c Vx<c Vx=cC v=c, the particle is
in a pure helicity
b d
(@) (b) (©) (d) state

Fia. 4-1. Effect of Transverse Velocity on Dirac ParticleéSpin

Mathematically, these kinds of relativistic complions are incorporated into the form of thc Math form of Dirac

spinorsuy(p) andvy(p) (by their dependence on 3-momentum and thus aiély, on velocity, as we spinor changes
will see below) and by how they are combined tonmfomore general spin states. But it i¢ with p as physical
nonetheless good to have some physical apprecifiowhy spin angular momentum directior spin direction re-
can, for relativistic cases, depend upon linear sratomp. aligns

Spinor Components Really Dependent on Velocity

With reference to the prior paragraph, note thatsthinor components are actually dependent
particle velocity, rather than momentum, by théofelng logic.

Energy and momentum are expressed (in non-natoital to make it easier to understand)

Spinor form
actually dependent
on just velocity, not
3-momentum

mc o = mv
J1-v2 1 JE 1
so in the coefficient and spinor components ofliirac spinor (4-20) the mass drops out. This

leaves them a function solely of velocity (and tirusine with our knowledge, and with Box 4-2,
that relativistic effects are dependent on velogity

E= (4-41)

Dirac Spinors: What Happens When 0O

Note what happens to the spin as seen by us, feteatron whose spin is represented solely by
up, but hasp1 0, with p2 = p3 =0 in our frame (the lab.)

01 IZI o1 O
. 5 o o =
- | IZI IZI O .
Ss‘y(l)> =1|:| 1 E+m|:| 0 me m|:| 0 EipX1£2\y(1)> (4-42) U:-L:spm up
2 % 1 O eigenstate if

O

- 1% aia a particle at-rest.
+m not generally a

So such a moving electron is not in a spin up eigee as seen in the lab. This relates to o SPin up eigenstate

discussion above about translation affecting theection of the spin vector axis. Here, th¢ for moving particle

mathematics bears this out. (We will have moreap an this shortly.) u; for a non-translating
electron has spin up, but for an electron with high transverse velocity @ an up eigenstate.



Section 4.1 Relativistic Quantum Mechanics fom®ps 97

Now considelu; representing an electron traveling in #direction instead of thedirection.

01 O 01 0O But _if part!cle
% S O, O O, O motion is in
1 -1 E+mU . 1 [E+ mUY Ol 1 direction of at-rest
SSP/(l)> ) % 1 % om DEI p> & "N o 2P 8 > =—2\J/ (1)> (4-43)  spin axis, it is also
O O +m ] + mEI a spin eigenstate
0 -10 0 a 0 a when moving

This electron, represented by, is an up eigenstate as it moves, just as it waenwit was at rest.
Relativistically, this makes sense, as the plaree gdinning disk wit. aligned in the direction qf
would not appear to turn asincreased from zero to a relativistic value.

In general, boosts in the spin axis direction leayel,, vo andvy in the same spin eigenstates as
they would be at rest. Boosts in other directialetthem out of those spin eigenstates. We will
look a bit at the math behind this, for generatiplar states, shortly, but doing Probs. 17 andd8 n
will enable you to get some feeling for how thippans with two particular Dirac particle states.

The At-Rest Coordinate System

The four solutions (4-20) (for givep) and their associated spinangp) and v;(p) can be system is the lab
thought of as up/down spin eigenstates if the mspe particles represented by each welr frame with particle
decelerated to be at rest in the lab. We will tral coordinate system, fixed in the lab, in whice t . cjerated tov =
particle would be decelerated to be at rest, andspin would be in the direction, the_at-rest
coordinate systen{See Appendix B, Sect. 4.14.3, pg. 126 discussiothis definition.) Note this is
a lab frame and igifferent from theest frame coordinate systemhich is fixed to the particle.

The at-rest coord

0 and z axis
parallel to spin

Dirac Fermion Spins: How to Think About Them

ui(p) andv(p) in this system would then represent spin up atatiy statesuy(p) andvy(p)  Think of rindex on
represent spin down stationary states. We willugity never work with electrons that are no Spinors as
moving, so our spinors will always look more coroated than the one in (4-40). But it can help L representing z spin
mentally as we work with such states, that arenoftet in a spin eigenstate in the lab, to think ¢ eigenstate for at-
them as spin eigenstates for the at-rest systemfar a particle deceleratedwte O in the lab. rest coord system

The Four Spinors Span the 4D Spinor Space

In NRQM 2D spinor space, as we showed in Box g, ttvo eigenspinors (1I))and (0,15
(spin up and spin down, respectively) spanned plaees of all possible spins (all possible spins can
be constructed from linear combinations of those éigenspin states, so they are basis veébors
2D spinor space.) The general solution state (BJd-B linear superposition of spin up and spin
down eigenstates, contains all possible spin doedctates. Each possible distinct general particle
state has different coefficien®. and C_ for the eigenspin solutions summed to form thategel
state. This results in a different spin direction the particle for each different set of coeffiti®
Thus, in NRQM, all possible spin directions carrdygresented by general solution (B4-1.5).

By analogy, we can surmise that the four Dirac afn, Uy, vo andvy of (4-20) span the RQM
4D spinor space of all possible spins and momemtd, thus, are basis vectdos that space. Our
RQM general solution (4-29) contains within it pdissible relativistic spin states.

More mathematically, we should know that a 4D sgacpanned by four column vectors, eac
of four components, where these vectors are apeddent of one another. Generally, the vect
solutions of an eigenvalue problem, which is what Dirac equation solutions are, are independe
and complete, and thus we can conclude, span e sphey can be used as basis vectors.

Further, the stationary particle case has spinbii®ron (ignoring the normalization factor in
front) (1,0,0,0?, (0,1,0,0%, (0,0,1,0}, and (0,0,0,1T) These are obviously independent (and
orthogonal). That independence is not changed yost (giving the particle a velocity relative to
our frame.)

General ROM Solution Contains All Possible SpineBtions RQM spinor

Hence, similar to NRQM, our RQM general solutior2@) for spinors contains all possible spir 9€neral solution

L - g . : encompasses all
states within it. Different coefficient€,(p) and Cy(p) will yield different spin states fo€ type possible spin

directions

The four Dirac
spinors span the
4D spinor space
of RQM
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particles. And different coefﬁcient@Tl(p) and DTz(p) will yield different spin states fob type
particles.

To see how this works, look at Fig. 4-1, and comistibw each of the four states shown therein
can be represented by their respective terms igeneral particle state solution (4-29). In genere
forj = a,b,c,d the four states shown (foiGatype particle) in Fig. 4-1 are

V()= VB (Copmtp) + Cotp o) € (4-44)
State (a) there is effectively spin up with= 0, where from (4-20),

il
-

o) = T cion0s = G (B Ml e
i

u(0)
which from (4-40) is an eigenstate ®§. So, for state (a), (4-44) has effectively,= 1 andC, = 0.

For the last stated)], where the particle is traveling at the speedigift, (4-44) becomes an
eigenstate 08; (see Prob. 18) with eigenvalue %. That is,

‘y(d)>= ﬁc1(¥)u1(¥)e-ipdx +\/%CZ¥ Yu¥ )'eide

1 0 1
(4-46)
- [m Epd+m0+ L:Pu+m1 g PaX = m "lzﬂd+mléipdx
VWVeg V2m o0 \ 2m 1 VEy V' 2m 1 ’
1 0 1

U (¥) U, (¥) eigenstate o8,

An example

where here, we must ha@ = 1 andCy = 1 (in the normalized versiolg,; = C, :1/\/5) to get the
proper eigenstate on the RHS of the lower row g4

For “in between” stated) and €), C1 andC, would have other values. We won't get into how
those values are determined here. We only wantkerthe following point.

Theu; 2 values are determined in a given problem solelp fgr equivalentlyy.) A particle has p determines 1,
givenp, theu » are determined, and they serve as our spinor dgagie vectors. Then, for a giver and then spin is
spin alignment in our physical world problem, wevédo choose the correct values oy, to ~ 'epresented by
mathematically represent that spin state, for tivergp. The spin basis vectors » span spinor correct Ilqear
space, but we have to determine how much of eachesd for their linear superbosition to eque combination of
the spin state we are dealing with. Parallel Idgitds forD type particles and 1. ug and

So we see that although our development of theryhfecused on only the two states of spin up
and spin down (for stationary particle = at-resiie particle) states, the theory is applicablelto a
possible spin direction states.

One State That is Impossible
Note that we can never have a relativistic statera/ithe spin vector armare at right angles.

Dirac Spinors Become NROM Spinors in Low Speed timi

Classical relativistic mechanics approaches Newtorechanics in the limit where speed i RQM spinors
much less than that of light. In parallel fashiam, should expect that our RQM solutions approax NRQM spinors
NRQM solutions ay 0, as well. By doing Prob. 19, you can gain aneusidnding of how this ;¢\, 0
does indeed happen with Dirac spinors. If it didalir solutions could not be correct, so this is or
more check on the theory we have developed.
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Spinors vs Particle Spin Dependence on Velocity

As all of this relativistic spin stuff is a bit ndrbending, the following heuristic description of i
is offered to help in conceptualizing what is atljugoing on physically.

Fig. 4-2 illustrates spin for a Dirac fermion iretht-rest system (particle at-rest in the lab)and
boosted particle system in terms ofX¥tandz components in the lab, and also in terms of itls@p
u; andu, components.

Note thatu; andu, actually exist in spinor space (they are spinacspbasis vectors in that
space), but they correspond to directions in playspace. For example, in the at-rest system,
represents spin up and so can be visualized astelspector that points in thez+direction.
Similarly, in the at-rest system; represents spin down, so can be visualized astarveointing in
the -z direction. (See Fig 4-2a.)

Representing the, as vectors is a heuristic oversimplification thlbugnd in fact is not really
correct, as operations like spinor addition workitde differently than vector addition. (See
Winter’.) However, temporarily visualizing them as such e#d in our understanding of how they
and spin behave, relative to the at-rest coordisytéem, for varying particle velocities.

7 u; and vy can be
Z

v=0 Y, visualized
— heuristically as
S =Sasis=Lu, S S directions in
2 physical space
X X
S
97]
(a) (b)
Particle at rest system Boosted particle, spin x Boosted particle, spimu
= lab system and z components in latand ucomponents in lab

Figure 4-2. Heuristic Look at Spin in the At-Rest $stem and in a Particle Boosted System

In the particle boosted system (Fig 4-2b andicandu,, as we learned, no longer represent spin
in the + and <z directions, but can be visualized as vectors pugnitn other directions, where such
directions depend on the particular boost velogity

So both the spin direction & and the spin space basis vectorsand up, as visualized in
physical space, change direction with boost vefoci{Compare Fig. 4-2a to Fig. 4-2c).

At-rest system

In the at-rest system, spin is aligned with theaxis, and in our example it is the positive

direction of thez axis. Spin isS (= S3) = Y2u; and

S=§=S5;i; or S=<u. (4-47)

N

Particle boosted system
In the boosted system, we can express the spilofiger aligned with the axis of the lab) as Dependence of
S=Si;+Sj; or S=a,+ , (4-48) uiandy
directions orv is
different from
spin direction
dependence

(whereu; andu, are no longer aligned with tlzeaxis either).

Note that when the particle is boosted, the dioastiofu; and u, change, and so does the
direction of the spirS. However, they change a little differently.for the at-rest particle is solely
composed ofl;, whereas for the boosted particle it has companehbothu; andu,. A common
new student mistake is to think ti&andu; change in the same manner withand that the RHS of
(4-47), if it holds at-rest, will hold for any veliby.

® Winter, Rolf G.,Quantum Physic&Vadsworth (1979)Chap. 9.
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Again, the vector addition implied in Fig. 4-2c atiee RHS of (4-48) is not quite correct for
spinors, but hopefully, the underlying concept ttiet amount of each af; andu, in S changes
with velocity has become clear.

Summarizinq Eigen S_tatus of andu,
u(p) e ™ anduy(p) €™ is each always an eigenstate of the Dirac equéfimranyp). .
-ipx ApX ; : , L ~ _ 3. Summarizing the
ui(p)e " anduy(p)e " is each sometimes an eigenstate giin, i.e. ofSz (for p = 0 or =pi3). essence of

u(p) €™ andu,(p) €™ are always basis vectors for any general sfate(for anyp). urand B

uy(p) anduy(p) is each sometimes an eigenstate spin, i.e. ofS3 (forp =0 or :p3i3).

u;(p) anduy(p) are always basis vectors in 4D spinor space (fppa

u;(p) anduy(p) change orientation, as visualized in physical spagp changes.

SpinS (often written in relativity a$) changes direction witp, but differently tham, andus,.
Any general spin stateécan be represented as a linear combinatian afidu, (for anyp).

u(p) = Ca(p) us(p) + C2(p) ux(p)
Any general particle state includes a spin pars plispacetime part (for apy.

by =u(p) €™ =Cy(p) uy(p) €™ + Co(p) un(p) €™

4.1.11Helicity

We mentioned helicity briefly above in discussirmnhparticles approaching the speed of light
approach a state where their spin axis and thewgleectorv are parallel. It is possible, of course,
for particles not traveling at the speed of lighthtave spin aligned with velocity (or any other
direction.) With massless particles%£ c), however, the two must be aligned, in perfecicitgl

In general, if the spin axis (using the right haott), of a particle is in the direction gfone  pgsitive and
says the particle has positive helicitiyspin points in the direction of w the particle has negative negative helicity
helicity. The question we can ask then is “what is thechgloperator”? defined

The degree of helicity a particle has can be ddfinderms of the angle between the spin vect
and the velocity vector. It is maximum if that amg$ zero. Zero helicity would exist if the angle Helicity varies in
were 90. The dot product of the spin vector with a unittee in thep (or equivalently, thes)  degree, from max
direction behaves in just this way and has conteetthe mathematical definition of helicity. (full) to zero

Quantum mechanically, spin has three componertgrdiorS in NRQM orS; in RQM. These
three components represent the three spatial coamp®#,y,zdirections) of spin in physical space,
though each component is a matrix in spinor spaoeour spin operat@®in RQM plays the role of
a 3-vector in physical space that points in thealion of spin. The inner product in physical spac Helicity operator
of the spin operator vect® and the unit vector in the direction (=p/|p|) would then be the RQM = dot product of

helicity operator That is, spin operator
1 2 3 andp
S, =Sii, =sil=gP +gP 4+gqP (4-49)
[ p p Helicity operator is
(4-49) is a 4X4 matrix in spinor space because &icls a 4X4 matrix. (4-49) is a scalar in a scalar in physical
physical space because it is the inner produatvofvectors. space, but a matrix

. in spinor spac
A Helicity Example P b

Consider a case where a patrticle is in the firgemstate of (4-20), which we know from prior
work would be a spin up eigenstate if the partietge stationary. Take (4-49) with positip% 0, Example of

p1 = p2 = 0 and operate on that first eigenstate. positive helicity
1 eigenstate
1
p pw/ 1 -1 E+m 0
S _LV(1>> =5, (1)> - 3 gl
p 2 1 om _P
CiE-i e L

+
=1 _1
0
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1
1 /E+m : 1
= 3 - IPX — @ -
A o P © Zb/ > (4-50)
E+m
0

So, this state has a helicity eigenvalue otZ+ which we should have known from non-

mathematical considerations singéﬂ is an up spin (4z direction) eigenstate as long as its
velocity is in thez direction, as it is in this problem.

Note that ifp3 were negative (zdirection),

1 1
1 1 E+m 0 1
D\ == ) Jipx — =, (1) _
SSLV ) > . P e ZLV > and (4-51)
E+m
-1 0
Example of
1 negative helicity
eigenstate
P p’ L[Evm O 1 @
Si[y® =g, X ) @) =_= 3 e"pX=-—Z( DY (4-52)
_1 E+m
since 0
p’<0
Thus, from (4-51), the spin would still be up (+sgin eigenvalue), but from (4-52), helicity
would be negative (— % helicity eigenvalue).
In general, a + % helicity state for spinors metesspin is in the direction @, a — %2 helicity
eigenvalue means spin is in the direction pf*-
A Second Helicity Example
Consider a Dirac particle in stape(]]) with p2 0, p1 = p3 = 0. We would expect this is not a
helicity eigenstate, since we know the spin, ifoeitly were zero, would be in thezidirection and
here, the velocity is in thedirection. Let’s see if the math tells us the sdhireg.
. 1
-
5 : 0
SiBLv‘l)>:Szp— (1)> _1 S JEEMm o e
|p| |?|:| 2 - 2m L2 Example of
1 _ ip nple of state
=1 ! Erm that is not a
0 (4-53) helicity eigenstate
i
1 /E+m i 1
== = 2 e"pxli_ 1) .
2\ 2m _P 2‘y )
E+m
0

The lower line above is not proportional to thegoral state))((l) , SO the state is not in a helicity
eigenstate, as we suspected.
To gain more practice with helicity, do Prob. 20.

* Some authors define the helicity operator s sd their helicity eigenvalues are +1 instead &f.+
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Wholeness Chart 4-1. Spin %2 Particle Spin Summary

NROM ROM
Physical space 3D space plus time 4D spacetime
Spinor space dimensions 2D 4D
Wave function = ket physical space plus time p@fiﬂ‘x, physical spacetime parﬁékx ande+ikx,

(plane waves here)

and spinor space part (2D spinor)

and spinor space part (4D spinor)

Spinor forms
= basis vectors

(Dirac-Pauli
representation for RQM)

1 0
0 1
3 1 .2
= EXM _p u = EXM p'-ip
2m  E+m 2m  E+m
pl+ip2 _p3
E+m E+m

similar forms forv, andvy, here and below

Spinor form dependence

Independent of velocity

Depends on velocity (onp)

Spin operator

S :Esi Si = 2X2 Pauli matrices

S =l:5i

: 4X4 matrices
2 0

Spin operator character

3D physical space angular momentum vector simildinear momentum vectqr. Both are
guantum operators. Spin vector components = majrerators in spinor space.

Spinors spin eigenstate?

Yes. Always

Generally no. Yes i = 0, or spin & aligned

Spin in directions of

3D axes
(Linear combinations not
normalized here)

For any velocity
¢, ® + zspin; ¢c.® - zspin
c,tc. ®+x;¢,- c®- X
ic,-c®+ yic,t c®- y

Forv =0, or spin and both in direction indicated
W ® + zspin; u® - zspin
bt+tu, ®+ X U- UR- X
iu-u®+ y; iuf up- y

Spin operator eigenvals

= [2

+ (-) for givens; if spin in pos (neg
i axis direction

+ 2 (¥ in natural units)

+ (-) for givenS; if spin in pos (neg)
i axis direction

General spin direction

(Can normalize
coefficients if desired.)

c=C,c,+C. c.

C.+, C_determine spin direction.
Choose them to fit problem spin,
including spins not along,y,zaxes

u=C(p) w(p) +C(p) w(p)

C1, Co determine spin direction. Choose them to
particular problem spin for any given(including
spins not along or x,y,zaxes.)

Helicity

b P

S. =S
"7 ol p

p p

S =S
. || p

Spinors helicity
eigenstates?

Generally no. Yes if spin aml
aligned forC, or C_

Generally no. Yes, if Yes if spin apd
aligned foru; or up

Helicity eigenstates

Any general state where spin parallel to line aicacof p

Helicity eigenvalues

+ A (Y2 in natural units)
+ if spin inp direction; — if in —p direction

General states summary

A state is in a spin eigenstate®{S ) if spin is aligned in + or — direction @h axis.
A state is in a helicity eigenstate if spin is akg withp or —p.
Eigenstate or not, coefficients on the_ (or u; ) can be chosen to produce the
mathematical state for the particular spin direc{@ndp), and thus for the helicity, as we

fit
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4.1.12Summary of RQM for Dirac Particles

Do Prob. 21, which asks you to construct your owhnolness Chart summary for RQM Dirac
particles for all but spin and helicity.
Spin and helicity are summarized herein in Wholsr@&sart 4-1 for both NRQM and RQM.

4.2 The Dirac Equation in Quantum Field Theory

4.2.1Summary Chart Be sure to use the

All that we will do in the remainder of this chapte summarized in Wholeness Chart 5-4 at tt summary wholeness
end of Chap. 5. | highly recommend following alpstep by step, in that chart as we progress frc chart, as you study
here to the end of this chapter. this chapter

4.2.2From RQM to QFT

Recall from Sect. 4.1.1, pg. 85, that because farsncannot occupy the same state, they cani No classical theory
reinforce one another to produce a macroscopiciéenm field. So, we have no classical spino for spin %z fields, so
field theory. That is, we have no Hamiltonian dgndiagrangian density, nor wave equation (all ¢ e can’t useH or L
which are essentially equivalent), which we cowé €or quantizing and deriving a quantum spinc
field theory.

But in our scalar theory we found the QFT wave équdfor fields (in the Heisenberg picture)
was identical in form to the RQM equation for stafm the Schrodinger picture). It is not a great
leap of faith, therefore, to assume the same titidiold true for spin % fermions. And, of course
as history and experiment have proven, it does.

Thus, the Dirac equation for fielde/here we will, as with scalar fields, work in theisenberg
picture), from (4-15) for states, is

for 2" quantization
postulate #

So, we take a hint
from scalar theory
and take the Dirac
RQM equation as our

(ig™,,-m)y=0. (4-54) QFT field equation
Its eigensolutiongfor givenp), identical in form to (4-20) but fields now inatkof states, are
yO=uem y@=yer y O=yay 9= ye (4-55)
whose mathematical behavior we have already leagnie a bit about.
The adjoint Dirac equation for fielggom (4-31), is And the RQM adjoint
i 7" +my7 =0, 4-.56) €quation as our QFT
g~ +ny ( ) adjoint equation
with adjoint eigensolutions
Fy§oeyl=uy e =gé yP=ye y U=y y W=y @4s7)
4.2.3Summary of General Plane Wave Solutions
For the Dirac and adjoint Dirac equation, the gehdiscrete plane wave solutioas
y= B CEu@e™ +de)yE )
rp
= + + -
3 J: Cox y_ - (4-58)  General plane wave
= %(dr(p)w(p)e P+ d ()T () &) solutions to Dirac
rp field equation
= v’ + Y,
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and the general continuous plane wave solutssas

_ d’p -ipx gt ipx
y = m_ ZZ(c.(p)u (p)e P+ d'(p) y(p) ¥¥)
P V(2o) E)

(4-59)

= m d_sp — SiPX L ATy ipx
b% r/(zp)s \/E—p(d,(p)vr(p)e +¢ (P (p) €7).

Note that for fields we use lower case for the ficiehts, as we did for fields in the scalar
treatment. You may be anticipating that we wantigtinguish them from the RQM coefficients
(upper case) because we will find the QFT coeffitsdo be operators, rather than mere numbers. If
so, you will turn out to be right, as we will see.

4.2.4The Dirac Lagrangian, Conjugate Momentum, and Hartohian

From the Dirac equation (4-54), and trial and erveg can deduce the Lagrangian (density) for
free spinor fieldto be . .
Dirac Lagrangian

L2 = y(yaﬂa-m)y , (4-60) (density) for free

fields, deduced from
Dirac equation

=0, with fl=y;f2y ; = Y2 (4-61)

which can be checked by plugging into the Eulerreage equation,

d 1 1
dx” 1", ¥ "
By doing Prob.22, you can prove to yourself thatfe 1 above, we get the Dirac equation, and for
n = 2, we get the adjoint Dirac equation.
Conjugate momentfor y andy are

| / Dirac conjugate
q vz . ' 3 q Y2 momenta
vzl o —ijp0sjy Y=yt pli=lo =g (4-62)

ﬂy,o 1]V 0

where the adjoint momentum on the RHS might béla Burprising, but is true.
The Dirac Hamiltonian densitgan be found from the Legendre transformation as

y,

01/2 :pﬂ Zy o 1’}/— R 01 ény - 01 %);r g Tgoyo- 0’1 Dirac Hamiltonian
Vv (4-63) density from
=Y -y -yg iy v+ =yg~ %, ym
4.3 Anti-commutation Relations for Dirac Fields

4.3.1No Spinor Poisson Brackets: Try Assuming Coeffictebommutators

Since we don’t have macroscopic spinor fields, #ngs no associated Poisson brackets, v No classical spinor
can't really carry out second quantization posauté, in which we took Poisson brackets over ini field Poisson
commutators. But just as we took a hint in Se@.24from the scalar fields case for postulate # prackets guess
(i.e., we assumed that the QFT wave equation wasdime as the RQM wave equation in bo! that Dirac coeffs
scalar and spin % cases), we can take a similarfdrippostulate #2. That is, we can postulate th have commutation
the Dirac solution coefficients (p) andd;(p) obey the same sort of commutation relations ttiat relations like scalars
Klein-Gordon solution coefficient(k) andb(k) did.

But, when early researchers did this, they soomdathat suclcommutation relations did not
work for Dirac fields They did not produce a viable theory that matctimedreal world. (We will
see this near the end of the chapter, but for pmtaccept it.)

That guess is wrong

4.3.2Dirac Coefficient Anti-commutation Relations Do Whr e
A new guess: Dirac

However, it was soon found that coefficient antircoutation relationsparallel in form to the  coeffs obey anti-
scalar coefficient commutation relations, did workese are commutation

relations
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¢ (p) Q (pd = d (p) d (p} = (s Ghpg (discrete); = gsa(p - p )¢ (continuous)

All other anti-commutators between coefficients equabzer

(4-64)

We will thus use (4-64) as our postulate #2 of Budntization for Dirac fields. See Fig. 4-3 This guess is our
And before too long, we will prove to ourselvesttitaleed, this postulate does give us a viab postulate #2 for 2nd

spinor field theory. quantization of
spinor fields
No Classical No Classical
Spinor Particle Spinor Field
Theory Theory

The right guess and
the same Dirac wave
equation yield QFT
for spinors

Can't quantize Can't quantize
in usual way in usual way

Same wave equation
e

Coeff anti-commutators

QFT Spinor

Dirac RQM Spinor
Theory

deduced Theory

-
Effective 2nd quantization for spinors

Fia. 4-3. The Route to QFT for Spin %2 Field

4.4 The Dirac Hamiltonian in QFT

4.4.1The Free Dirac Hamiltonian in Terms of the Coeffients

Similar to what we did for scalar fields, we firftetDirac Hamiltonian by integrating the Dirac
Hamiltonian density of (4-63) over all space (awnéV containing the discrete solutions, whick
we can make as large as we like), i.e.,

Hy'2= Jd%= (-igTy + 0w )dx. (4-65)
Parallel to what we did for scalars, we substitbgeDirac general solution (4-58) into (4-65), Begin derivation of
HY2= ( gy + oy )d3x= coefficient form of H

H= dVv

Ve (@ ()Y (P)E ™+ ¢(p) T(p) &)

(-igh) B (cspugp e ™+ dip)egp) &%) ¢ x  (4-66)
sp¢ VEP¢

LN CION O O ORI
rp

Ve, (Cphus(pye P + dip)vgp) €) d x
¢ ¢

The first of the two integrals above (i.e., 8 and 3" lines of (4-66), which are multiplied
together and represent the derivative term) becomes
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_ili m (p p%) (pé‘ p¢)€)
( HJ:’)\‘T A (P)¥, (P)e /VEp C:(pd q%)t d x

+1 from
( oF p‘)é) i iEPJ'pﬂ)J) \
+ vg, 4PV (p)e . VE, d!(p9g (- o) \é(p)te( a67)
* \/vEp G (|c>)t+(|C>)e(Et ) \/ VEy C(pYg Pt tg(p)te( ) g
ot- p'% - i(Epd- X
" VE, (o) (p) 6 ") oot Ve, 4 {(n99 (- Fﬂ‘)\é(p)te( ) 4«

In (4-67) above, all cases where the terms in tirensations, when multiplied, don't give 6%
=1 for the sg)atlal part of the exponent drop bet;ause an integral over all space of the osaitjati
functione” , Wheref(x) 0, is zero. So in the first and last lines, odyms withp = —p will
survive. And in the ® and &' lines, only terms ip =p will. Thus, (4-67), line-by-line, reduces to

| part used in Box 4-3

+ S o (p)v(p)dpt&(p)g(p)e'z“%’x

willdrop out- see Box4-3

] _ i i -
+ Sp%dr PV (p)g ( Id)Vs(P)dsT(p)ﬁFX (4-68)

+ ¢’ (p)G (p)g dU(p)Cs(p)D3x
Ve PSR

O o :
"HE PG (p)g (- P )vs(P) (p) €% %
will drop out- similar to Box4-3

In similar fashion, the last two lines of (4-66presenting the mass term Hﬂ%’z, become

Ve 4 (P % (-P) MU (P C:(p) e d x
IZIZEEEEEEEI]ZIII]ZEEEEEEEIIEEI

willdrop out- see Box4-3

+ E,, oB-d, (p)V; (p) my(p)di(p) o x
(4-69)

rspVEp vE=C ()T (MU (P)Cs(p) d*X

VEp ¢/ (-p)T (-p)my(p)di(p) 5 d x
Elﬂh:l:l:l:l:l:ﬂ]:ﬂ]:lﬂ:l:lj:l:l:ﬂj:

will drop out- similar to Box4-3
The first row of (4-68) added to the first row df§9), as we do in (4-66), sum to zero as shown
in Box 4-3. Similarly the last rows of (4-68) antd§9) sum to zero as well. (Prove it in Prob. 23.)
Then we will look at the second lines of (4-68) &ab69) but first need to recall (4-25), i.e.,
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| o () eOy (o) = Ep o —Po . _(p) _E? _
vi (p)%(p) =% (p)g vs(p)—mdrs—mds ® Y(p) J By(p)= oo %= d. (4-70)

Adding the second lines of (4-68) and (4-69), asidgi (4-70) in the second line below, we find

720, ()% (p)(- g B+ m (i) d x

r,spVEp
_ E,’
= rsp%dr P %(P)(d n+m+d ) ve) =& dp) d> (4-71)
1 3 m < B, t
“\ d°x pgot(lo) v(p) g”)’gpn+ m ¥(p) -~ - ds ds(p) .
=1
Now, if you did Prob. 23, you proved that
(+m)w(p)=0, (4-72)
which means (4-71) reduces to
m EP2 t T Il
e -—— dE=- Ed@der E d(p) d(p) 1. (4-73)
P P use anti- P call this N, (p)

commutator

By doing Prob. 24, which essentially follows steps |{Ke70) to (4-73) for the third lines of
(4-68) and (4-69), one finds the sum of those thired to be

E,c'(p)g (p). (4-74)

" callthisN, (p)

The only terms remaining in (4-66) are (4-73) and4J, so the free field Dirac Hamiltonian is

1= Ep(Ne(p)- 3+ N (p) ) @75)
rp

where Nr(P)=g¢'(p)s () N ®)=¢"(p)d(p). (4-76)

An Example

Now consider the Hamiltonian of (4-75) acting on aestwith onec type Dirac particle in an
eigenstate of 3-momentum, anotherc particle withp , and ad type particle withp . Note that
Diracd type particles in a ket are represented by an oweirbg byy .

HS' 21V ot pon p 4o ooe B (N (P) - 3+ N (D)= 2N <o 6 o o

rp

true mathematically
(4-77)
= EBEutEBo B it ('% %) Lvr,pﬂtzk(rm.%;r ,p¢}¢' o0g

must be true physically P
unexpected¥ energy

4.4.2Dirac Number Operators
The only way this makes sense is if (4-77) is

107

End of derivation of
H in terms of
coefficients

An example:
Comparing math
results for H to real
world energy

Nr (p) =number operatorith eigenvaluan(p) = humber of particles of 3-monp, spinr in the ket,

N, (p) =_number operatonith eigenvaluen, (p) = number ofd particles withp and spirr in the ket,

and, the vacuum has — % quantum of energgdolnp, r for ¢ particles, and also far particles.

Comparison yields
number operators
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Box 4-3. Terms That Drop Out of Derivation of Hamitonian in Terms of Coefficients

To prove how the first row of (4-68) and (4-69), wheummed, equal zero, we first need to derive aioaktiip
involving the spinou;(p).

Relationship fow(p)
Consider the Dirac equation and a single eigensolttidrhaving 3-momenturp and spirs,

(ig”‘ﬂm- m)y: (i - mly= 0 with y = c,(p)ug(p)e ™. (B4-3.1)
This results in
(9P m)c.@)ugpe ™= (- mcyp)ugp)e ™= 0 (B4-3.2)
Neithercg(p) nor the exponential equal zero, so the remairactpfs must equal zero, and thus
(9P @ =(p Mugm=o. (B4-3.3)

Re-expressing and Combining Termg4n68) and(4-69)
Now from the complex conjugate transpose of (4-2%)ener ands are dummy variables and thus interchangeal
and the relation holds for ay including —p,

U (p)w(-p)=0 ® V((-p)u(p)=0® V(p)u(pF O
Vi(-p)a°Pu(p)=0® V(p) Fu(p)® V() Jpu(p O
The middle part of the first line of (4-68) can tHemwritten as
Vi (-p)g BuP=Y%(P)g(- p) um- V( p)J B ulPF- UP) dp;;im—, (B4-3.5)
=0 from (B4-3.4)

When we then use the RHS instead of the LHS of (B#48. the first line of (4-68) and add that to thstfline of
(4-69), as the terms are in the original summatiof# «f6), we get

(B4-3.4)

ble,

S HCORACOIP A O c(pe?™ dx 0. (B4-3.6)
nse =0 from (B4-3.3)
Thus. the first lines c(4-68) and(4-69) drop out. as promise
4.4.3Zero Point (Vacuum) Dirac Particle Energy
Note that
HY20\=F E N -1+ N 1|0 1 10, 4-78) Vacuum appears
o 10 rXp p (N (P)- 3+ N (p)- 3)l0F erEp( 2 319 (4-78) filled with Dirac %

infinite negative energy

It is a striking fact that, according to our theaitye vacuum appears to be filled with an infinite en
number of Dirac andd type virtual particle quanta, each of differemtofuency (with Y&, = 2wy
in natural units), and each havinggative energy

Does this negative vacuum energy really exist? Ifageepts that virtual scalars (and as we will
see in Chap. 5, virtual photons) fill the vacuum witsitive energy, then one has to accept what
(4-78) is telling us. There appears to be no expetiahezvidence, however, unlike that often
claimed for positive vacuum energy, that this is sddiionally, it then becomes even harder to
presume states in QFT are harmonic oscillator statesp &mown such oscillator has a negative
energy ground state.

ergy

gquanta of negative
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Many, like myself, feel that something is still wiisg from the extant theory, and that we should
keep an open mind with regard to what is happeinirige vacuun.

4.4.4Positive Energy for Real Dirac Type d Particles@FT

Consider a multiparticle state ofal (not virtual, like in the vacuum aboved)type particles,
which in RQM, withH =id/dt, had negative energies. Here, with= dV = (4-75) instead acting
on a state with 8 type particles of given 3-momentum and 2 others witferent 3-momentum,

we find

Y N - - d type Dirac
Hélzb/f%y r ,¢¢>Errszp(Nr(P)' N (p) %)J( rephs rm> particles have

positive energy in
) QFT, like
(4-79) antiparticles do in

= Epet Eyo¥ LVr, /er ,p&t-w experiments

real particle from
energy vacuum

So, our theory produces only positive energy realigles, and we will expect to find tlgetype
particles are antiparticles, with opposite charfjeasticles, but with the same (positive) energy.
4.4.5Unit Norms and Orthogonality for Multiparticle Spior States

Similar to what we had in QFT for scalars, we defour symbols for multiparticle states such
that every such state is normalized, i.e., itsimpreduct with itself is unity. That is, we choabe
constant in front of the state (when it is exprdssewave function form) to get this result. This
constant is hidden inside (it is implied, not shywe ket symbol, when we use that to represent t Orthonormality of
state. For example, using the ket symbol, whighase common in QFT, we have spinor states similar to

_ — scalar states
<yr¢py r ,MH/Wr ,py’¢ r¢p >¢_¢1¢¢ (4'80)

And by their nature, each such multiparticle siaterthogonal to every other state that is not
identical to it in particle types, particle numheps and spinr. If we expressed the following
examples in terms of integrals over all space (irpreducts) of the wave function form of the
states, we would find those integrals equaled zero.

<4fk¢V_r ¢ |L3 W e p %EQ )’< ¥ a_rw%” M etr p z} T 0 o6 oo (4-81)
e 600

4.5 Expectation Values and the Dirac Hamiltonian

Parallel to scalars (see Chap. 3 for details),ime the expectation value of any operator for ar
multiparticle state, witly;j representing thigh state and can be eithec ar d type particle, is

= s A K s (4-82)

4.6 Creation and Destruction Operators

It will probably not come as a big surprise thag th(p) and d;(p) operators destroy Dirac The coefficients create
particles, and their complex conjugates createdpaaticles. We prove this below. and destroy Dirac

4.6.1Proving It particles

Before going through the proof, we should note soef&tions we’ll need that are a direct result
of certain anti-commutation relations noted, butstwwn, in (4-64). Two of these are

i (p) 6" (P)EI=E4 (p) ¢ (P)EJ=0- (4-83)

As are expectation
values of operators

® The article cited in the footnote on page 89 shtvas by including the unused solutions to thedfiel
equations, all %2 quanta terms in the vacuum, df positive and negative energy, sum to zero.
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The first of these gives us

¢l (p) (p)+ ' (p) ¢'(p) =0 @ (¢'(p)) = 0. (4-84)
Do Prob. 25 to prove that from the second of (4&88) similar relations faa(p) andd; '(p),
(c(P)=0 (d'() =0 (d(p) =0 (4-85)

Note, as proven when doing Prob. 25, that none4e84) and (4-85) would be true if the
coefficients obeyed commutation, rather than amtimmutation, relations.

Proof thatc(p) is a Destruction Operator

We ask what state results frapfp) acting on a single type particle of spim and 3- Proving ¢(p) destroys
momentunp (no sum o below), a single particle state

G (P)Vip)=|?. (4-86)

To see, operate on this unknown state with our resraperatoiN:(p) = ¢ (p) ¢ (p).

Ny (p)|?>: n?|’.§: MG (p)b/r,p> = d(p) ﬁ:(p) P(p)j‘/r,p>

use anticommutator

(-6 () ()& (P)on)= & (O o) €OV EG) EGW p). (@87

N; (p)

=G (p)\yr,p>' G (p) “‘%‘L D¢ (p)* r’p> '

T 0

Since the number eigenvalue of i® zero, we conclude that |2 [0 and thus, from (4-86), that
cr(p) destroyed the Dirac particle staye j .

Note that, using (4-85), we can prove tb#&p) annihilates the vacuum, i.e., _
Proving G(p)

¢ (p)[0)=5 (p) (& (P)lVr.o) = (& (PH Wgp) =0 (4-88) annihilates the

vacuum
0

End of Proof

Proof thatc;(p) is a Creation Operator

What state results from'(p) acting on the vacuum? Proving 6'(p)
cl (p)[0)=]?). (4-89) creates asingle
. . particle state from
Start by operating on the above with the numberaipe the vacuum
Ne (p)|?) =119 = N-(p) ¢ (p)[0=¢(p) ¢(p) £(p) |9
c;f(p)q(p) use anticommutator
(4-90)

=¢(p) 1- 6 (p)a(p) [0= ¢ (p)(+ O[G= ¢(p)| 0= |7
Ni (p)
From the first and last parts of (4-90), we see the state in question has= 1 as the eigenvalue
of Nr(p) and thus, must be the single particle state=|[)’;, . Hence, from (4-89);;'(p) creates a

single Dirac particle out of the vacuum.
End of Proof
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4.6.2The Surprise Result of,{p) Acting on a Single Particle State

From the parallels so far with scalar creation dedtruction operators, one might expect th~* ;
¢ "(p) acting on a single particle state would createraparticle state. But if we recall that two or Proving ¢ (p)
more fermions cannot occupy the same state (sanep), it seems such a thing would have to b @nnihilates a state

prohibited. Let's see if it is. Using (4-84), wetge with type ¢ particle
) Vep init
¢! (p) go=(c () [0} =0. (4-91)
c/(p)o) =0

So action ot:rT(p) on a state containing the Dirac partigle] destroys that state.

So, the theory we've developed tells us that wenotreate (we cannot have) multiparticle
states with more than one Dirac particle in a giggmle particle stateDirac particles obey the
Pauli exclusion principle. This is a blessing. tifwere otherwise, we would not have a valid
fermionic field theory.

Anti-commutators give us fermionic behavior

As noted above, if our coefficients obeyed comnartaelations (like scalar bosons do), we
would not have gotten (4-84), and that is what edube operation in (4-91) to prohibit creation of
a two particle state with both particles beingtype fermions having the same spin and 3-
momentum. This is why we stated in Sect. 4.3 onlfig. that commutators would not work for
Dirac particles and we had to use anti-commutators.

General rule: Commutators-
Coefficient commutation relationaork for bosons and allow _more than one identgiafile bosonic behavior
particlestate to co-exigh the same multiparticle state. Anti-commutators
Coefficient _anti-commutation relationsork for fermions and do not allow more than on - fermionic
identical single patrticlstate to co-exigh the same multiparticle state. behavior

4.6.3Parallel Results for d Type Particles

A parallel analysis fod type Dirac particles yields exactly parallel réswas we had above for ~ Similar reasoning and
types. d:'(p) and di(p) operators create (from the vacuum) and desttdype particle states. results for d type Dirac

Application of drT(p) to a state containing a singlgarticle L‘7hp> , annihilates that state. particles

4.6.4Total Particle Number

As with scalars, total particle number is definedt'e number of particles (i.e.types) minus
the number of antiparticled (ypes). For spinors, the total particle numberagmeis

N(J/)=r’p

Again note the subtle difference in phraseologyurtitber of particles” is equal to the number ¢
particlesplusthe number of antiparticles.

Total particle number

(Nr(p)' N (p)) (4-92) is number of particles
minus number of

antiparticles

4.6.5 (x) and ~(x) as Operator (or Quantum)Fields

Thus, the total particle lowering operator fiedd

J%(Cr(p)ur(p)e' X 4 %d:(p)\((p) &x) y s atotal particle
r,p rp number lowering

(4-93) operator field

y

+

} 4 * o ma—
destroys creates
particles anti-particles

and the total particle raising operator fiedd
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_ m - - ipx M~y {px . .
Yy = i VEp (dr(p)vr (p)e + Vﬁj q‘ (p) y (p) ép ) )7 is a total part|c|e
_ P . .\ ! . _ (4-94) Number raising
= — yoo- operator field
destroys creates
anti-particles particles

4.7 QFT Spinor Charge Operator and Four Current

4.7.1Simple Deduction of Dirac Charge Operator

From what we know about the number operators, anallpl to what we found for scalar fields,
we can simply define our Dirac charge operator

—_ N ) Spinor charge
Q er’p(N((p) N(p)) ’ (4-95) operator

where —e is the charge on the electron. Note that, witk theéfinition,d type particles will have a
charge of +e, which would qualify them as antiparticles of takectron. Note the operation of
(4-95) on a typical state.

_el’p(Nr (p)_ N(p)) rl!plyrl'p ’_rlup1>:_ 6(3: i ]M’ rl&/l’rﬂyz’_r,]p1> (4_96)

tot charge=e

A state with two electrons and one positron hastal tharge of <.

4.7.2The Dirac Charge Operator from the Four Current

But we could, instead, derive (4-95) more formally.

Spinor fields in QFT are governed by the same D@quation as spinor states were in RQM.
And we used that equation in Sect. 4.1.7 (pg 9dl)Rwob. 13 to find the conserved quan@yof
(4-35) associated with the divergentless four-aurf& of (4-34). The exact same steps with fields
yield the exact same expressions as they did &estexcept now andy are operator (quantum)

fields with constant€;(p), Di(p)  operators;(p), dr(p). Thus, A conserved 4-
M . cm i current spinor
operator j”'=(r.j) =7 of with  9,,j” = (, (4-97) operator
and
%= rd®x=y @ dx=y P Exyy T Ex a (4-98)
\ \% \% \% \

Derivation of Charge Operator from DivergentlesSrent

Substituting the solutions (4-93) and (4-94) postiiplied by g° into (4-98) yields Deriving the
. spinor charge 4-
Q¢=_[J/:V d°x current operator
\%
= J er v (d eV, @™+ ¢ @) (p) &) - (4-99)

> JvEs (Cpoup e P* + diip)op) &%) dx.
spe

As we've seen before, all above products whglre |p | result in exponentials that oscillate in
space, and when integrated over all space, are Zeep = p terms then are
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1] 1]

1 1

o e CHOCNOVROOREONOTRONOISEE (4-100)
Sp E Ep

B Epdrs Tnan \V

where the underbrackets are from (4-25). ple—p terms are

Y vE(d o @V € puE) e ci(p)d ) dA p)yp) 7 dx  (4-101)
rsp =0 =0 v

where we again use (4-25) to show those terms gertm (4-99) then becomes

Q= rd’x=3 cE)G@E+dEJE =5 ¢Pe®- dP) dp)+1  (4-102)
r.p use anti- rp N, (p) N, (p)

commutator

The “1” may look strange here, but recall we onded to satisfy the 4-divergence relation (4-97).
So we can add a constant 4-vectoffe (r, j) and the result will still have zero 4-divergentée

can also multiplyj”’by any constant and the 4-divergence of zerostilllhold. So define a new 4-
vector, the spinor charge density 4-current operato

1 The spinor
charge 4-current
, 1 operator(a
m—_ _ m =g -
s"=-e | 1 ® 1 ,5 0. (4-103) densit)
1

Thus, our operator for our new conserved quaniityich is the_spinor charge operata (4-95),
ie.,

Q:J’sodSX:J’- e f-Y1 fx- e @ H E- ( Np) "Np)). (4109 The spinor

D P charge operator
End of derivation.

4.8 Dirac Three Momentum Operator

4.8.1Simple Deduction of Dirac Momentum Operator
Similar to what we did in Sect. 4.7.1, we can dingefine our Dirac 3-momentum operaas  The spinoi3-

_ momentum
P= IO(Nr (p) +N, (P)) (4-105)  gperator
rp
since operation by (4-105) on any multiparticletestaill yield a sum of the values for all the
single particles in that state. Do Prob. 26 asxamgple.
4.8.2Dirac Three-Momentum Operator from the Conjugate Mmntum
One can derive the 3-momentum operator more foyma#ling the relation between 3- Deriving the
momentum density and conjugate momentum of thd figlm Box 2-2 (XXX pg 23) of Chap.2, spinor3-
i.e., (with sum om index) momentum
. n operator
p'=p, HTfi n=1f"3 ; n=2 2. (4-106) P
X

Then,

113
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P= 'dx=3 B(N(b)+N(b)e P= 3 p( M)+ N(p). @207

derived from field equation solutions

The derivation of the expression after the secapalesign above is similar to the kind of thing
we have done before fét andQ, and we won't do it here. If you have trouble siynaccepting
(4-105), then please do Prob. 27, which asks yaletive (4-107).

4.9 Dirac Spin Operator in QFT

4.9.1Deduction of Dirac QFT Spin Operator

From what we found for the Hamiltonian, charge 8agiomentum operators, one might guess
that the Dirac spin operator in QFT would be Guessing the
, _ = _ = QFT spinor spin
(try assuming) oS = Sr p(Nr (P)+ N (p) ® orSi=S ) p( N (p)+ N (p)). (4-108) operator
whereS = §; is the spin operator of RQM (See (4-39)). Thutioa of (4-108) fori = 3 on a
sample state would probably give us the total 8pthez direction of the state, e.g.,

QFTSSb/upply downpzy_ um1>: SSr p(NI’ (p) +N{ (p)M uppll/’ down% - um1>

_ (4-109)
=(1+1+7 Ssb/upply downp, ¥ um1> :
but not a defined operation The guess isn't
But as noted in the underbracket above, our RQM sperator is not defined for a multiparticle defined for multi-
state. So, it is not evident hdBy would act on states as found in QFT. particle states
But what we can do is define our QFT Dirac spinrafi®# as
+ 3 + 3 Definition of
oS = ¥'Sy d¥ ® S,=y "9 dix, (4-110)  QFT spinor spin
v v operator that
and note what we get when we substitute the gerehations to the Dirac equation fgrandy T will work
For Typec Particles Only
For simplicity, we will restrict ourselves totype particles only, and later extend our restats
included types, as well. From (4-110), with the precedingesscriptc to designate type, Examining our
_ _ definition of QFT
or1S:= [GECow @™ s, [GE-Geguere™ dix.  (4-111) SPInor spin
VARS spt operator

As we should be getting used to by now, all terrhengp p’ will go to zero in the integration,
giving us

c 1
o$S:= emamu s — dx= S (pSup)c(p)Gp) . (4-112)
r,Sp Ep VV I’,Sp

Forr s thec operators will destroy a particle of s@rthen create one of different spin.e.,

c L m t % L m %
SslVsp) =) = U (PMSU(P)C(PIGPIHE ) =) — U, (P)S:;uP) ¥ p) - (4-113)
OFT 3b/ p> p E, A G p> pEp 34 ,p>

a number

So the expectation value of what we would measorrsgin in thez direction for the given state
with s spin would be
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S ) A o] T U OSUEN ) H sp|(@numbs)] )

rsp™=p
m (4-114)

=0ifrts; =S —u' (p)Su(p)if r=s .
r,szp 34

the number

s

Hence the only way we can measure anything correlpg to this operator is if= s. So, with no
loss in measurement prediction capability (nor thugenerality), we can drop terms in (4-112) that
result in zero expectation values, leaving us with

oSS, = Eﬂuup)ssq @ PGP = —u (0)Su(P) NP). (4-115)
rp Ep o B

Now if | y rp is in azdirection eigenstate, say the up state, then §}-adting on it yields

S o) = YU OSHE NG Y i) T2 U ) S o)
rp =p

E, Our definition of
2p(Pa) (4-116) SPin operator
—1.m _1 seems to work
g v wPOUPD Y upp, ) =BV up,)- el forSy

Ep, /M
And the eigenvalue of our operator is ¥, repreagrdin up eigenstate.
The key to all this is that th83 operator in (4-110) operates on the column spafay in

(4-110), and the destruction and creation operatg® and cTr(p) associated with that column
spinor operate on the ket in question. They alehspinr and 3-momentum. So the effect we get
on a multiparticle state is what we desired. Thaltspin in the direction from all particles in the

multiparticle state. It also works
All of the above steps can be repeated analogdosi; andS; to yield the general result nicely in general,
m i.e.Sj works
oS = —u' (P)SUPE)N (p). (4-117)
rp Ep

For Both Typec andd Particles
The same steps we went throughdgarticles and fields above work fotypes as well. Thus,

Same operator

d m _ works for d type
rrSi = =V (S EIN(P) - (4-118) particles, as well
rp Sp

Carrying out similar steps for both types yields @FT spin operator in terms of number operator:

Spin operator in
terms of number
operators

m

rp EP

oS =i S * oS = — (W SNV E) NN E).  (4-119)

4.9.2Formal Derivation of Dirac QFT Spin Operator

Angular momentum in relativity is, strictly speajima 4D skew symmetric tensor (the purel Spin operator
spatial components of which can be employed athtlee components of a 3D pseudo-vector.) Th .44 pe derived
angular momentum tensor can be converted into galanmomentum density tensor, which can b 4, formally
guantized. This gets quite complicated, and we tvda’it here, but will note that upon doing so
one finds the quantum field theory spin operatot#o (4-110). And thus, with a quite formal
derivation from general principles, one ends ugdt119).

4.10QFT Helicity Operator
As noted before, helicity is simply the componehthe spin along, i.e the dot product of the
3D spin vector and the unit vector in the 3-momandirection. So, the QFT helicity operater QFT helicity

operator in terms
of fields
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i

oSy = ¥ Sﬁy d3x=y T S%y d3x. (4-120)

In terms of number operatgfsom (4-119), this becomes .

i ; QFT helicity
S LU, p T N operator in terms

S = —u S — +V -—v . 4-121

S T E (PS5 (PIN(P)+V, (P)S 5~ ¥ (P) N (P) ( ) of number

operators

4.110dds and Ends

4.11.1Inner and Outer Products in Spinor Space
For products of two fields, when the adjoint fieddon the left and spinor indices are suppresser

an inner product is implied. Thus, where, as alwesfseated indices mean summation, Inner product of
o . spinor fields = a
W Iy »# 4 ¥ , =ascalar quantit. (4-122) | ber

When the adjoint field is on the right, an outesdarct (a tensor/matrix) is implied. For example,
73] =X,, = a matrix quantity in spinor spax 4-123) Outer product of
WYY PG B »=Xa quantity in spinor sp (128) e« o
If these rules are broken under any special cirtamegs, we will write out the indices t0 SC 4X4 matrix
indicate.

4.11.2Dirac Matrices and Spinor Relations

There are a number of ways Dirac matrices and spimay be manipulated, and many of these
will prove convenient along the way, particularlyhen we get to interaction theory. One of thes Many ways to
we have already seen: the hermiticity conditionrg 2 manipulate
Proving each and every one of these can eat upad fisne, is not something I, the author, hav pirac matrices
ever done, and is not recommended. Proving one@pt them to yourself can, however, give Yol ¢,,mymarized in
some conflfjence in gll of them.. . ' Appendix A
Appendix A of this chapter lists many of these tielaships. Prob. 30 asks you to prove one t
them. The rest can be treated similarly to the waytreat integral tables. | don’t know anyone why
has ever proven all of the relations in any intetahle to her/himself, but every physicist | know
commonly uses them with confidence.

4.11.3Subtleties Regarding Spin

Even if you have worked hard to understand Dirdnasp, their dependence on 3-momentum,
and the spin operator, you probably still feeltteliinsecure (a little “fuzzy”) about them. If you
don’t, you probably either i) are a very rare stud# ii) have not reflected too deeply on them.

Extant texts typically do far less to explain théran we have in this chapter, and seem to ignore
key issues and questions, the analysis and ansovesich would be highly enlightening.

The First Issue
One such example is how, in QFT, one might treaaréicle that is not in a purg or u state.

Typically, one would expect the overwhelming majprof particles treated to not have thei How to handle
momenta and spin directions so perfectly alignetbdx representable by only oneugfor u. Yet 0N €1g€N Spin

states?
in QFT, one almost invariably deals with kets sasl"y,’p> or ly,’py rep X m>’ for which, it is

seemingly implied, the spin valuesr’, andr” equal 1 or 2. These are spin basis states, selits
these kets can not represent more general (nos}lsiaies.

When we get to interaction theory applications,wilesee that in decay, the particle is analyzed
at rest. And we can simply align theaxis of our chosen reference frame with the sgia af the
particle at rest. No problem.

In scattering, particles are typically high enefgpproaching light speed) and so have their 3-
momenta effectively aligned with their spins. So wan simply choose our axis for a given
particle in that direction and things get simplifidbecause such a particle must then be in either a
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spin upu; state or a spin dowp, state. Still further, in scattering, calculaticare highly statistical,
and certain averaging processes over all possjlile $ates take place. Those cover over and
automatically account for more general, non pyrer up spin basis states.

And yet, the theory stills seems a little lackiffg,as it might seem, it only handles pure spin
basis states.

The Second Issue

The solutions to the Dirac equation are expresseerims of the spinons, up, vi andvy, but, it

is important to realize that thg values used in the usual expressions (4-20) meisixpressed in

thg at-rest coord.mate system of the particle (@eate the particle to rest in the lab) for whible t each particular

spin is parallel with the axis. particle, not all
But if we have a multiparticle state and we take caprdinate system as the at-rest system jn the s:';lme

one particle, this will usually not be the sametfasat-rest system of any of the other particles. { coord system

we can't use the same coordinate system for atlghes, or we won't represent the spin of thos

other particles correctly. But using more than oaerdinate system makes computation a lot mo. -

difficult, of course.

Ur and v
expressed in at-
rest system of

The Full Resolutions of These Questions in Appeiilix

Virtually everyone learns QFT without considerinigetsecond issue above, and you can
certainly do so, as well. The first issue is camdi in most treatments, but often unclearly. For
those who really wish to get to the bottom of thewsdters, | have covered them in greater depth in
Appendix B of this chapter. A summary of that apgirriollows below.

Summary of Appendix B

The First Issue

1. Feynman diagrams in the literature may label a@particle with giverp and spin of subscript symmary of

r. That impliesr = either 1 or 2, and thus the state should bere pasis state. But particles are rasolution of first
rarely in a pure basis state, so the symbolisrmseacomplete and unable to represent the ft jgge

range of states in nature.

2.In the ket symbolism of this text, we will repres@angeneral, not necessarily pure basis, state as
lVvp and a pure basis state &s;} . In Appendix B, we show the mathematical preditsidor
observables foyf, work out.

3. In experiments, spin is typically not measured, Watmay calculate a Feynman amplitude (see
Chap. 1) for a given interaction for a particulasis state spirr (= 1 or 2) for each particle, and
then use such basis state spin results to findrgkestate results. Typically, this entails an agéarg
over all incoming particles of all possible spiatses. Recall that quantum predictions (expectation
values, scattering, decay) of measurements aistgt@lin nature, so such averages work well.

The Second Issue

1. The usual standard representation forms of spinprand u, only represent actual spin if the
particle at-rest coordinate system has spin patalihez axis direction. That i9' used in the usual
forms ofu; andu; must be measured in the at-rest system.

2.1f we have two (or more) particles in a multipaeistate, each typically has a different at-re:
coordinate system. So, we can either i) represagtt particle with usual forms for anduy using

p' values for each measured in its own (differentrfithe others) at-rest system, and thereby make
computation very difficult, or ii) represent all giales by the usual forms af; andu, using p
values for all measured in the same coordinateesysbut then, at best, only one particle would
have its actual spin represented correctly.

3. We are typically concerned about expectation valaaed such values are the same whether we
use 2i) or 2ii). 2ii) is easier computationally base everything is done in the same coordinate
system. It works because in taking expectationeslthe “incorrectness” in spin representation in
the ket is canceled by the “incorrectness” in sppresentation in the bra.

Summary of
resolution of
second issue
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4.11.4Eigenstates of Three Momentum Not So Problematicsysn

Note that we can get away with considering gnigigenstate (basis state) particles in our ke
even though every free, real world particle is altjua wave packet (a general particle state whic
is an integral over differenp eigenstates). This is because, in many casesjding those
commonly treated in QFT, a particle eigenstate eftain p value (every measurement of 3-
momentum would yieldp) is an excellent approximation to a wave packehv@-momentum
expectation value (the average of many measurements would)be

p eigenstates
excellent approx of
wave packet witp
expectation value

4.12The Spinor Feynman Propagator

We will follow similar steps to derive the Feynmpropagator for Dirac fields as we did for
scalar fields in Chap. 3. Note that, as before, Miess Chart 5-4 at the end of Chap. 5 breaks these
steps out clearly, and should be used as an aid stheying the spinor propagator derivation.

4.12.1The Approach

Recall that the first part of QFT, including thibapter, deals with free particleffields (n¢ We'll use the spinor
interactions). When we later introduce interactiansnathematical relationship called the Feynm: F€ynman propagator
propagator will arise, which corresponds, physjcab a virtual particle that mediates force, iie., When we getto
carries energy, momentum, and often charge fromreakparticle to another. It will make things intéraction theory
easier in the long run, however, if we derive tlgriinan propagator for spinors now, rather the
when we get to interactions.

Similar to what we did with scalars, we will, hatitally, consider the operator fieja(x) to

But it's easier in the long
run if we derive it here

create a virtual Dirac particle at eventand y (X) to destroy that virtual particle at eventThe o
spinor propagator incorporates these two field ajoes. We can heuristically

Note, that as we showed with scalars, while thigdton/destruction at a point” perspective thmk'of the propagator as
helps in understanding the derivation of the prepag the propagator really corresponds to a kir creating a V|rtua! parﬂcle
of probability density function iy andx. It represents the probability density (actualhe square &t X and destroying itaty
of its magnitude represents probability densitputhh it is a bit more complicated as other facto
are eventually involved) of a Dirac particle apfpegraty and disappearing a It is a double
density in that it is a function of boyhandx, two independent variables, rather than one.

But it really correlates
with a probability density
inxandy

4.12.2Milestones in the Derivation Start with a physical
We proceed in five distinct steps, precisely patath those we followed in Chap. 3 for scalars visualization of the

The entire derivation is for continuous (not disejeigenstate solutions of the field equation &bir propagator and follovs
equation here), as the propagator is not confineal tolumeV. We represent the spinor Feynmau distinct steps

propagatorwith the symboliSe(x-y). This actually turns out to be a 4X4 matrix inrgpgi space,
which should not be too surprising, since the Diegziation and its solutions live in 4D spino
space. So we also will, at times, use the syrifgh(x-y) for the spinor propagator where thend

b subscripts range from 1 to 4 and represent thexnw@mponents.

Spinor propagator is
a 4X4 matrix

Stepl: Math
Step 1 Express the Feynman propaga as a mathematical representation of a spinor intel?pretation of the

anti-spinor created at one point in space and timthe vacuum and destroyed at anoth¢ ppysical propagator

place and time.
Step 2 E - f f icl df . il Step2, 3 and4: Math
tep xpressSe in terms of two commutators (one for particles and for anti-particles). manipulation of relations

Step 3 Express those two commutators as real integrals. for particle and anti-

Step 4 Re-express those two real integrals as two eor{tmmplex plane) integrals. particle

Step 5 Re-gxpress the two contour integrals as a sigglkintegral, the form most suitable fol Step5: Combining two
analysis. complex integrals into a

single real one.
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4.12.3The Derivation

Step 1: The Feynman Propagator as the VEV of & Tmler Operator
Fig. 4-4a represents creation of a virtual spirtor a

time _ time and destruction of it ak. Figure 4-4b represents
creation of a virtual anti-spinor atand destruction of
y,\ y it aty. As explained in Chap. 3, we need a relationsh step1, first part,
" for the propagator that includes both scenarios defining the time ordered
Y 7 possibilities. operator T and seeing

That is, we need an operator that will create how it represents
. particle first ift, <t,, but create an antiparticle firsttif  creation of either a

X X < t,. Our Dirac equation solutions provide the mear virtual particle or

a) t,<t b) ty<t for the desired creation and destruction operatibos  antiparticle followed by
y X X y . . .. .
these have to be arranged to provide us with the ti its destruction

ordering dependence of Fig. 4-4. As we did wit
scalars, we consider the time ordered operatdor
spinors defined as follows.

Figure 4-4. Creation & Destruction of
Virtual Spinor/Anti-spinor

If t, <ty V(y) operates first (creates a particle) and is plasethe right, with )/(x) operating
second (destroys the particle) and placed on the le

for t, <t, T{y (x)y_(y)} v (9 (Y- (4-124)

If t« <t, y(X) operates first (creates an antiparticle) andlasqdl on the right witb7(y)
operating second (destroying the antiparticle) gladed on the left.

for t <t, T{y (xy( y)} =y (y (X. (4-125)
where we note the minus sign on the right hand gitles sign is arbitrary, as either a plus or minc Stepl, second part
will still result in an antiparticle created xaand destroyed at But choosing it as a minus here ir definiﬁg the transiti'on
our definition will make things work out to be marempact mathematically later. amplitude as equal to the

As with scalars, the transition amplituéguals the vacuum expectation value (VEV) of tF vEV of the time ordered
above time ordered operafbyi.e., operator T

OT{y (xy (y)}0). (4-126) The VEV of T is the
expectation of finding a
virtual particle traveling
in the vacuum

which, similar to that in Chap. 3, represents ljmiksible scenarios of Fig. 4-4.

To gain insight into (4-126), review step 1 in tmalar propagator derivation of Chap. 3, pc
XXX 72-74 XXX. This insight allows us to define ourathematical relationship for the processe
shown in Fig. 4-4 as the VEV of the time orderedraporT. This is the spinor Feynman propagator
S (where we include an extra factoridfecause it makes the derivation simpler later on),

: — Redefine the transition
Sz (- )= (o[ Ty (7 (9}O | (4-127) amplitude as the
Feynman propagator

Note that the RHS of (4-127) is an outer producstpmor space and thus the LHS is a matri:
We can write out the spinor indicasand6 to make this clear,

iS - Y)=(0| T /- 0 . 4-128

iSea5 (- ¥)= (0] {ya(%yb( 9}| ) ( ) We will write out spinor
We will write out the spinor indices when it helsilluminate a derivation, but otherwise will indicesa and #when it
follow the common custom of suppressing them. aids in understanding

Step 2: Expressinige in Terms of Anti-Commutators

Similar to step 2 of the propagator derivation imaf. 3, fort, <t,, the case for a virtual scalar step2, expressing
(not anti-scalar), where the Feynman scalar prdpageas expressed in terms of commutators, v Feynman propagator in
can here express the virtual spinor propagetderms of anti-commutators. To do this, firsténo terms of anti-

that commutators
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1S (x- Y= Ty (Y (9= (F (§7 (Y9 if y< g(particly
=0l OO+ (7 (N0 +08 (T (Y 9+49 " 37 (Y] 9(4-129)  Step, first part,

=0 =( factor)‘ f> =0 = factor)‘ f> expressing Feyr_lman
propagator for virtual

=0 (7 (DI +{a " O )=0 " (W™ (Y9 spinor (not anti-spinoy

_ in terms of an anti-
= O = :0
(1ectorfO) (0 ) commutator
where “factor” represents the non-operator quastiin each field operator term that are le
unchanged when the creation and destruction cgaffioperators act on a ket. To the last part of

(4-129), we can add zero in the form of .
By adding a term equal

0=(o)7 (vl " (x)[0. (4-130) to zero, we can use an
-0 anti-commutator

And thus, (4-129) becomes (with spinor indices temitout)

iSean (% Y= (Ova (5 (P07 (¥ 2 (HO=(F 2 (35 ( Y [0 (4131

In similar fashion, foky <t,, the case for a virtual anti-spinor propagatore finds Step2, second part,
expressing Feynman
iSeap (X Y)=- <0| Va(9xs(% +|0>- (4-132) propagator for virtual

anti-spinor in terms of

In summary for Step 2, we have shown the spinomfFeyn propagator can be expressed an anti-commutator

terms of anti-commutators (which are outer produdts spinor indices suppressed below) as
iSe (x- 9= (O (™ (Y
=-0 7 (v)y (%

Step 3: Expressing Anti-Commutator FormsSf as Integrals

Define the symbolS’ as the commutator of the field typesolutions (for spinors, not anti-
spinors) of the first line of (4-133), i.e.,

0) if irtual spi
L0 if y< g (virtual spinor) (4-133) Step2, summary

0 if t<t, (virtual anti-spinor)

+ |

Step3, first part,
S35 (% 9= va" (s () ,=r TV (Y, (¢-134) express 5= anti-

commutation relation

The solutions used on the RHS above are the intégoatinuous) form for the Dirac equation for type c fields as an

solutions (4-59). It is common usage to use a ‘emapipt on the LHS of (4-134) to designate integral

type fields, rather than the letter which would be easier to remember. Just thiokype field”

when you see + (and remember th&gpes create and destroy particles, not antigaslicEquation

(4-134) is thus

iSy, (x- Y)

:(2:)32 > [ ¢ P& P, (P (P P+ CPIEE) W (P) & () %ap dp
T =Ura (p)Usb(ptl) ‘
S Y [ e®dEs . e pY S e

= ¢ ®PY , uPET(p pdp (4-135)

(210)3 r S drsd(p' m) outte_r product,&l)X4 ¢

- ip(x- y) 5 ip(x-y)

=T U, (P)G (p) = dp=—t +m)-=——— dp ,

(2/7)3‘[ Z ) 5 2(2p)3ja(z/findi:3s 5

_p+m sdppressed

2m
(see Appendixa)
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where in the second line, since the index labetmggns we take first (row index) andb second

(column index), we takéi, u,, = u,t, :( qQ)ab. In the last line we use relation (4-148) from

Appendix A.
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Similarly, where a minus sign superscript standslftype fields (since they are associated wit Step3, second part,

antiparticles, the minus makes some sense), ants&@-149) of Appendix A,

L i ) -1 eip(x- y)
'Sab(x' y)=' J/b()aﬂa()) + W (/p n) £ &3 (4-136)
o D
2 pprased

Note that though our earlier expressionsi&randi§, contained operators that operated on tt

ket part of the VEV in (4-133), because the anti-cartator of these operators in (4-135) (an
similarly, in (4-136)) is a numbeiS" are simply numbers, not operators. Since the datien
value of a number is a numbé&sg of (4-133) is only that, a number. (To be predise a numeric
function not an operatofunction) The bottom line is: We don’t have to worry abogerators,
their effects, or VEV brackets any more, but canpdy evaluate the Feynman propagaf as a
numeric mathematical relation.

It will help us in step 4, if we re-write (4-135) a(136), as &, b suppressed)

' (x Y= 0" em L g (4-137)
iST(x- y= i m p, -
1(x"- v 267 E
iD*(x-y)
L . 1‘[ 1 eip(x' Y)
iS (x- y)= ig” +m op, (4-138)
( ) ﬂ(Xm' yﬂ) 2(2,0)3 Ep
iD (x-y)

where theD" are taken from the Chap. 3 derivation of the sqalapagator, step 3 (pgs XXX 74-75

XXX, with k  p,w E,k p. We can thus write both of the above anti-commaoratelations
as
Cl q Cl
iS*(x- y)= E"——+ mB*(x ). (4-139)
O O

+
Step 4: Expressing the Tvi® Integrals in Real Space as Contour Integrals
From Chap. 3, step 4, pgs XXX 75-76 XXX,
[IKI(x- y)
dk=

i e KOx y)
()" & K-

integria in 4-momentum spac
energy part is contour integre

1 e
2(20)° W

integral over 3-
momentum space

d'k .

Dt (x- y)= (4-140)

Thus, re-writingiS* in terms ofiD*, as we did in (4-139), allows us to evalui®é using what
we already know from Chap. 3, i.e., (4-140). Taking p, w E, k p,m min (4-140) and
substituting the RHS of (4-140) into (4-139), wedfi

o e IPO¢ )

Ty )t o e m

(i (ﬂ*m)e-ip(x N p.
(2p)* © p*- ¥

d r

iS*(x- y)= +

2
(4-141)

express iS = anti-
commutation relation
for type d fields as an
integral

Our VEV of operators
expression of the
propagator has become
a simple numeric
function

Re-writing iS" and iS”
to help in next step

Step3, final part,
combine above parts into
one symbol i5

Step4, express S
as a contour integral
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Step 5: Re-expresk in Most Convenient Form

We would like two things more: 1) express the pgatar as a single function so we don't hav Step5, expressing
to keep track (while we are integrating over spawetind doing other things) of whether the virtu¢ Feynman propagator as
field is a particle or antiparticle (i.e., whether use theS” or S function), and 2) have all our integral over real, not
integrations over real numbers rather than dedl eontour integrals. complex space

We did this for scalars in step 5 of the scalappgator derivation to turn the RHS of (4-140,
into a single integral in real (not complex) space,

1 +¥ e ik(* y) 4

(2p)* y K- mit+ie

where e<< 1. By direct analogy (we could do virtually teeme steps over again with a differer Yields a single integral
integrand), we can take the last line of (4-141)g&t the final result for the spinor Feynmar representing both

De (x- y)= K, (4-142)

propagator virtual particle and
Tip(x Y] antiparticle, the most
1 e (/p+ nj convenient form for the
St (x- Y= (2,0)4 . PP+ e d p (4-143) ' Feynman propagator

Summary spinor

Summary of Steps 1 to 5 Feynman propagator

Steps 1 to 4 for the virtual spin ¥z particle Feynmeopagator were derviation
iSe (x- W)= (0 Ty (A (9H0= (& (¥~ (N9 if y< & (particld Stepsl to 4
=0y () (y) 10 =(diS, (% Y|9=i% (x ¥ (4-144)
1 & iP(xY) i (p + m) e Px y)
=—— =~ _(p+ op = d
Amf(ﬂ ") E p(mfc+ p2- P P

For virtual spin 2 anti-particles, they were
S (x= =0/ Ty (W (Y}9=-(F(y (X9 if & y(ant-particiy
=07 (Y)y (9 ,19={dis (x Y[o= iS(x ¥ (4-145)
_ a1 . iP(x- Y) _ (Jz,+m)e-ip(* y)
2er P E e

The two contour integrals in the last lines of @4) and (4-145) were combined in Step 5 t Stepd
yield the single integral over real space of (4143

d p.

p? - mP

Momentum Space Form of the Propagator

From (4-143) we can readily write down the 4-momenspace form of the propagatoe., its
Fourier transform, as

Momentum space form

Se ( p) :ﬂ :(/p+ n) D: ( 9 ) (4-146) of the propagator

p? - mP+ e

4.13Appendix A. Dirac Matrices and y vs Relations
We first re-state (4-12) in order to have it grodipéth other such relations.
Hermiticity conditions:

9"=49"§. (4-147)

Spinor outer product relations

The outer product of spinors is useful in derivatad the Feynman propagator for spinors. The
first of these is
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_/p+m_gmpm+m_g;77pm+ mlab_ —
= = = =u U . 4-148
om om om ar(p) br(p) ( )

(Summation on repeated indices 1,2,/m=0,1,2,3; outer product 4X4 matrix ina,b)
Similarly,

u (PG (p)

-m_g"Pp- M _gayPy; Ml ~
:/pzm = 2’:n _ Jab /;m ab:ar(p)vbr(p) (4-149)

The above two relations can be proven by simplestiution using the spinors of (4-20), the
Dirac matrices of (4-10), am@l' = —p; . Prob. 28 asks you to do this for (4-148).

Dirac matrices products
Carrying out matix multiplication of each of theawirac matrix pair combinations yields

G %p=9"™ ., (47 4 matrix) ; shorthan® g”g= g ™. (4-150)
So, for examplegr’lg2 = Oglg1 =1, andgog0 =— 1|, where | is 4X4 im andb.

Dirac matrices sort of like 4-vector components
From (4-9), the Dirac matrices may be written syhdadly as

9"=(b,ba) shorthand fo® = b g= ba, (4-151)

v, (P)Y; (p)

whered”has four components and seems like it might bimé & 4-vector in physical space. We
will see in XXX Chap. 6 that, in some ways, it beés like this, even though each of its
components is a 4X4 matrix in the separate absspicior space. (This is not unlike the Pauli
matricess; of NRQM, where each of the three matrices behdikesa 3-vector component in

physical space, though it is a 2X2 matrix in aldtepin space.)

Dirac matrices anti-commutation relations:

The Dirac matrices obey the anti-commutation retetiof (4-152) below. These can be proven,
at least in part, to yourself by doing Prob. 29okel Since Dirac matrices multiply via matrix
multiplication, each component of the matrix on REIS below, with givervnand 5, is itself,
actually a 4X4 matrix. That is, “I" in (4-152) ine 4X4 identity matrix. Theg notation is thus a

short hand symbolic way to remember these relatts not the true numeric component metric
we studied in Chap. 2.

g"g"  =21g™ =g"g% g'g*=2 (Iis 4X4 identity matrix) . (4-152)

By way of example, forn == 1 in (4-152),

gg+dg=2 . 1 =2 o, =2 (418)

-1 -1 -1

Note that (4-152) means that gamma matrices amirnate only whenn n(theng”q’=- o o).
Dirac matrices with lower indice®efinition:

In= 9l - (4-154)

123
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Contraction identities

From (4-152), relations (4-155) may be derivedy@i really want to take the time.) Note that
all matrix multiplications result in other matrice® a numeric value like “4” really symbolizes™4l
where | is the identity matrix in spinor space.l?180 asks you to derive the first relation below.

94 =4 9Y9'9g=-2"g
94 d g=4¢" 9IS F I E-2 GY (4-155)
9998852 Fdde°68%qg

For a four vectoA,; “Apslash” is defined byA = g7 A, and the following contraction relations
hold.

9 Kd =-2A gAB g= 4AB

(4-156)
9, ABCd =-2LBA g/bBCDG= 2( KRG /CBAD
Traces
Tr(UV)=Tr(VU) UVaren nmatrice (4-157)
For a product of an odd numhergmatrices, Tr (gag" ..... g ﬁ) =0 (4-158)
For products of an even numhsrgmatrices,
Tr(g* o ) =40™ Tr .8 =Tr §%- “g"g=0
(4-159)
Tr(g* o § §)=4(9™g*”- g¥g*%* g*g*)
from which, one can find
Tr(AB) =4( AB)
Te(48568) = 4{( AB)( D) - (AQ( B+ ( A)( B 160
T (A A)=(AA)TI( /A B)- ( AATI(/ B A LB
+ot(AB)TI(AA B, )
Also, AB=AB+IId & FA B =2 AB /B (4-161)
with particular cases ~ AA= A AB=- BAif ABO (4-162)

For any producof gmatrices,
T ..dd)=Tr( 8. 6% ® T(AA.B)=Tr(b LX) (4163)

4.14 Appendix B. Relativistic Spin: Getting to the ReBbttom of It All

| have not seen the following issue addressedtienliterature, though | consider it to be fairly
fundamental and something that should be understteatly by all. | have deduced it myself in
order to assuage gnawing uncertainties | held fiitecsome time about the theory. Thus, | caution
the reader to be vigilant and note that any efiarad herein are solely my own.

Considermp and spin both in the direction as depicted in Fig. 4-1(d) (pg. 96). gkewn about
half way down the right column in Wholeness Chalfit ¢pg. 102), this state is not represented by
one of our (at-rest system up/down) basis statetieaku; or up, but by the general solution (non

basis state solution)i = u; + up (not normalized herel) in this case is an eigensolution for spin in
the x direction, but not of the direction. So, formally, the state shown in Figl(d) would be
represented as

I ssping) = K |ua(p) €™ + uy(p) ), (4-164)
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whereK is a suitable constant providing correct norméilira
Consider as well, the state of Fig. 4-1(b), whikbWwise is not an eigenstate of the at-rest system

up/down eigensolutiong; or uy. It must have a general state like that shown holhess Chart 4-
1 two blocks below the block referred to in theviwes paragraph, i.e.,

LV sp.np> \Clul e+ G y(p) ¢ 'px> (4-165)

where for givenp, the constant€; and Co must be determined such that spin will be in the
direction shown in Fig. 4-1(b). Thus, if (4-165)taken as our general state of any given Dirac
particle with givenp, then the particular orientation of the spin veadtiirection will lead to

particular values o€1 andC,. SoC; andC; are functions of botp and spin direction.

So what is the issue? There are two of which | exare.
4.14.1The First Issue

In the QFT literature, kets are typically treatexledgenstates gb and basis states (up/down
eigenstates in the at-rest system) spiA ket is represented isrlp> for a single particle; or for

example,lyrypy rep X ,@¢> for multiparticles. They are generally not représd as (4-165). In

other words, such kets cannot represent spin titlaerfor particles i, or u, basis spin states, and
thus, seem incomplete.

4.14.2Resolution of the First Issue
Consider (the non spin basis state) particle state

W neso) =|C 'pX+c%/7 ufp) e™ ), (4-166)

non-eigen spin state

where |(.1|2 is the probability of measuring the state, and |§I2 is that of theu, state. The
expectation value of any operator for this state is

e jyn.e.$>: w17
[T dp) e ST ) €

<C1 VE, u(p) e ™ + QF (P

Or, withor=1 p andoy=2 p representing the operator eigenvalues for eachtssis state,
r=1p

(e TBuEE] |6 u6) )+ GRE o) & o] G ) )
o{Co T (7)™ o | ST ) &)+ G o) ] o] G o) #)

r=1p
(4-168)
The first term in (4-168) is
‘“’I c/ [VEp uj (p é‘”‘q/ e™ d x
(4-169)

- e ﬁaﬁ;ﬂa%w LS
\

Ep/m
The second term in (4-168) is zero, i.e.,

2p CLyB-ul (p) € C, [y w(p) €™ d % -, ¢ G Up) Yp)y U %0 (4-170)
zpvlﬁl() JE( 2 E()&()Ep

=0
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Similarly, as you can prove by doing Prob. 31, tthied term =0, and the fourth termar=2p
ICof%. Then,

SN o RSP o o (4-171)

where the probability of measuring the=1 basis state is 143, that of the the =2 basis state is
|C2|2, and |(i|2 + |Cz|2 =1. This should look pretty familiar from NRQM, éiit may be somewhat
gratifying to find it here in RQM and QFT also.

If  =H, the Hamiltonian, then our energy expectation ealould be

E=glaf+Elol=E(d*+d)=5 (4-172)

as it must be since the two different spin basidestin (4-166) have the same energy. Similar
effects would be seen for other operators fiker S; (although there are some tricky issuesSoy

The Resolution for Free Particles

We showed above that the mathematical predictibmeeasurable quantities for general, non-
basis, free states work out the same as for bdess

In this book and elsewhere, you may see a Feynriagnesn or other figure of a Dirac particle
with a givenp, which is not necessarily in a spin basis stdtes tommon to represent such a ket
without the subscript, i.e.,

y n.e.s,p> represented asJ(v p> : (4-173)

The Resolution for Interacting Particles

A Feynman amplitude (the mathematical represemtatib an interaction, whose magnitude
squared is the probability of the interaction [§#&p. 1 and later chapters on interactions herein])

can be calculated for each basis spin sjatep| in a given interaction. These can be used, as we

will see later on, to calculate Feynman amplituidesnore general stateg |, .

In scattering experiments, spin is typically noted¢ed, so an average of all possible incoming
spin states is used. Our outcome predictions amergy of expectation value type form, which is
itself an average, so things work out OK. We wét ¢p the math of that with regard to interactions
in later chapters.

4.14.3The Second Issue

The second issue is more complicated. Suppose adwalparticle such as that shown in Fig. 4-
5(a), but you wished to express the state in @mifft, primed coordinate system wherexhbaxis
is aligned with the spin direction. Note that ihdae expressed in the unprimed coordinate system
where thed axis is aligned with the at-rest system spin dioecby finding the corred; andC; in
(4-165). But how would we express it in the prinsgdtem (as shown in Fig 4-5(b))?

3
X ~
x3 n
at-rest frame _ [SI v
spin direction spin || o
_\_
v 1
WL ! X

spin of particle with re-expressed in primed coord
non-zero velocity system as spin up state
(a) (b)

Figure 4-5. Spin and Velocity in Different Coordinde Systems
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In the primed system, the spin is up, and so wardigour state must be an eigenstat8oiWe
might then consider that we need to flddandC; in (4-165) such that this is true for 3-momentum
aligned as shown (i.ep,3 andp ! 0,p 2= 0).Thus,

1 0
1
‘yg:spin,p¢>:‘clul(p)te_ip¢(¢+be(p)q:-eip)@>¢: q% s ¢ Ei?tm - x 99(4.172)
p¢ -pt
E+m E+ m
Then operate on (4-174) wiSy,
C,
1 C,
21 -1 pf +C, pt _ipxe
S; -¢spin,p¢> —E 1 % glp
1] ¢pt- G, pt
E+m (4-175)
G G
_C2 CZ
_1 cpf+Gpt giwe | 211 0\ 1] Cpf+C,pt ipe
2 E+m - spinp¢ E+m
-C,pé¢+ G, pt equation Cpé- Cpt
—E+ m for ® —E+ m

If the equal sign with the question mark over itridy an equal sign (4-175), then the state is an
eigenstate of spin up as shown in Fig. 4-5(b). Buthat to be trueC, must = 0, anqbl must = 0.
But in Fig. 4-5(b)p* 0.

Conclusion #1We cannot use the traditional forms studied is thiapter for Dirac spinors, u

and the spin operat@; to represent the particle state of Fig. 4-5(bhafTis, using those forms,
there is no possible mathematical expression fepia up state in a coordinate frame with the
direction aligned with spin and with velocity hagia component transverse to thalirection.)

No lab frame with the axis aligned witls,, g spin direction will work. It won't yield & spin

eigenvectorSz |y = Y|y . Changingv can cause any possible alignment of spip ¢ for a
particle, except the origin&y = g spin direction. None of these other systems witkwv(give the
proper eigenvector in thedirection). Therefore, only the = 0 system with the axis aligned with
theS,, = g spin direction does work.

Conclusion #2The traditional forms fouy, up, andSz (more generallySi) can only be used in a
coordinate system for which the particle at-resbrdmate system spin is aligned with the
direction (positive or negative direction.)

Our Mistake Aboveln the above example (4-175), we should havesfamedus, up, andSz into
their equivalent forms in the primed system, ihereT is the transformation in spinor space for a
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coordinate rotation transformation for Cartesianrdmates in physical space such as that shown in
Fig. 4-5,

uf=Tuy U= Tu, §SeTST Lv sp‘Fn,p¢> = TV oinp) (4-176)
whereT is a 4X4 matrix in spinor space. (We won't deterenits mathematical form here.)

Correcting that Mistake
So, if we were to go to the (considerable, at gomt) trouble to deducé for Fig. 4-5, we

would find
S?Lv-g:pin,p¢> =%jl/ 5¢Pi“P> =

S¢ |Cufp )&8P*+ C, u(p) & :%‘ Gupl et % G yp)e¢ é‘”¢>¢
TS;T? Ty Ty,

(4-177)

where we would solve for th€é; andCy values that satisfy (4-177). Then the ket in (Z)1With
those particular values would represent the statevs in Fig. 4-5(b) in the primed coordinate
system. Buti; andup would notlook like (4-20), but have other forms.

We did all of the above to emphatically demonstadaclusion #2 above. Keeping that in mind
can help a lot when tackling relativistic spin pesbs.

The Crux of the Second Issue

The issue then, in QFT, is that in every case with or more particles in different spin apd
states in the same multiparticle ket, we have &audifferent coordinate system for each parti€le,
we want to employ the usual forms for, up, andS;. We have to use the coordinate system for
which, for that particular particle, the at-resst®ym spin axis is in a pure up or down state. &ch e

particle in a mulitparticle state Iikb/r’py rep X rm> needs its own coordinate system, since each

typically has a different orientation for its astesystem spin direction. We can’t use just the lab
frame system for all of them. But they are all paftthe same problem/case (interaction or
whatever) we are studying and trying to solve.

For example, consider two electrons in the samdipaulicle state as shown in Fig. 4-6, each
having different velocity and different at-rest tgya spin direction. We would represent the
multiparticle ket as

VY &) =‘(CA1ul(p a) €P%4 4+ Cyy(p o) éipAXA) (, G ypg &+ G dp g épBXB)>, (4-178)

where for giverpa we would determin€a; andCa> to yield the correct spin for electron A when it
is moving as we would see in the lab, and carrysoutlar steps for the constants for electrorup.
andu, here have the standard form (4-20) we are familitr. Componenp,' values would be for
those of electron A in the at-rest system directionrdinate axes for electron A shown in Fig. 4-6.
ps’ would be for components of 3-momentum of electBoin the coordinate at-rest system of
electron B.

x3
i t-rest frame
3 at-res
gt-irnefjtirferzig]oen IS, | % spin direction
o?electron A v of electron B
IS,
Va
/ 1 Xé‘
XA
electron A

Vg
electron B

Figure 4-6. Two Electrons with Different p and Different At-Res! Spin Directions
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The crux of our present issue then is that, if aleeka' as our lab coordinates, they are fine for
electron A, but they don’t work for electron B. Weed to use coordinate systemh to describe
electron B if we want to use the standard formaif@andu,. On the other hand, solving problems is
enormously easier if everything is done in the saowdinate system.

A parallel concern is the representation of a Wigre each particle is labeled in terms of its 3-

momentum and spin 34$‘rA,pAJ/ rB,pB>' The 3-momenta can’t be compared directly (to whi&h

direction each is going with respect to the otlegause each particle’s 3-momentum is expressed
in a different coordinate system. And what thespin label means on each is equally non-
comparabler = 1 for electron A means a different spin directio the lab tham = 1 for electron B.

4.14 .4Resolution of the Second Issue

Re-express Entire Multiparticle Ket in Terms of (Reticle’s At-Rest system

To resolve this, first consider re-expressing thel&tron part of (4-178) by transforming it to
the at-rest coordinate system of electron A. Tdhde, keep in mind that both the A and B at-rest
coordinate systems are at rest with respect tdattebut rotated relative to one another. We can
transformpg (= ps' ) to the at-rest coordinate system A using a smptation transformation on
thepg' components, i.e., re-express 3-momentum of eledrin coordinates of the at-rest system
A. We will use the subscript symbol B/A to repres@&electron components in the A at-rest
coordinate system.

In addition to transforminng' to pB/A', we need to transform the spinaus to the new
coordinate system as well, analogous to what weirdi#-176), but the coordinate systems are
somewhat different here. We haven't developed #rig, won't here, but consider that if we did, the
transformation in spinor space corresponding thange in physical space from coordinate system
B to A would be symbolized byag. This represents changing the B electron compsriarthe B
electron at-rest coordinate system to those oftledectron at-rest coordinate system. Then (4-178)
could be represented as

VoY an =Y w CaTad(p sy €™+ Cg Tagy(p o) € 4-179
Ugya(Per o) L dP g A [(4-179)

=‘(CA1U1(pA) €% + Cro (P o) eipAXA) (’ G (P e €Y+ G YadP ) @WAXHA»

Urg/a is therth spinor column matrix for the B electron expressethe A electron at-rest system.
Now we have the entire multiparticle ket expressederms of a single coordinate system

(4-179), but the column matrix componentsugf/a will not look like the familiar ones, so we

cannot use the definitions (4-20) we have growrd use

What We Measure is Key

As we should have learned well by now, the critelainent in quantum theories is what we can
measure when we do experiments, and that is refleict the expectation value of the operator
corresponding to the particular dynamical varialsleasured. We want to demonstrate that the

expectation value of any dynamical variable, cqroesling to operator , is the same no matter
what system we express our particle state in. Tepkiings simple, consider measuring the
expectation value of for only the single B particle of (4-179) in therast coordinate system A.
The A particle measurement in the A particle at-cerdinate system is trivial. The expectation
value for gja ( for the B particle measured in the A particle egtrsystem), whereggis for
the B particle expressed in the B at-rest systetmiis

129
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on= e gt Th oATse 0T 4 o)

all in coord system A, coord
spinors not usual form sys B (4 180)
C..T ( A) e'ipB/AXBA CB T ( A) éPB/AXaA
_ B1 AU \P g c1| Yo e WP w
= X BA BB!BA K -
+ CBZTABuQ(p B/A) g Panten + Gy e 'é(p B/A) granten
In integral form, (4-180) is
CgluTl(p B/a) Thg €04 '
5 IPe/AXE A
 BAS Tas T, o Corlaat(Pan) €7 d®x (4-181)
+CT uT ( )TT éPWAXB/A BA BB'BA + CB T ( A) é‘pB,Ang
Vv BYU 2\Pgia) 'aB 2 n YlPy
Ths

Transformations of fornTag are unitary, so their complex conjugate transpaspsal their
inverses, as noted in the underbrackets aboveyHygrin (4-180) is pre-multiplied by its inverse
and drops out. We thus get

_ @T T épB/AXB/A ] AIPE/AXE A [
BAS |:|Blu 1$pBT/A) = Elmslbl(p an) € o %Fx:
v H +CBlu Z(pB/A) dPaiaXera H El + CBZ uz(p B/A) @PeaXea (4-182)
<CBll‘5(pB/A) €Peor + Cop (P a) B4 g ‘CBlul(p aa) € P90+ Co (P g g) éipBAXBA>

usual form of spinors witfp; components in A cdsystem ditto of comment at left

Since the A at-rest system and the B at-rest systenboth at rest with respect to each other,
energy measured in one system of any particleeis#ime as that measured in the other system for

the same particle. Thus, if is the Hamiltonian, gg = g/a (energy of B particle is the same

measured in B coordinate system and A coordinatesy). If is charge, the same thing is true.

Thus, for these operators, we can find the meakuiantities we want by using the ket (and
bra) form of (4-182), i.e., employ the familiar forfor u, of the B electron as a function of its 3-
momentum components as measured in the A system.

For directional quantities like 3-momentum and spfie argument is a tad subtler. Suppose we
have chosen at-rest system A as our lab frame,wanavant to know the expectation value of
momentum for the B electron in thﬁg direction, i.e.,pg/a3 (operator symboPg/a3.) Well, in
either system this is just the vertical componémtHig. 4-6) of mvg, wherevg is shown in the
figure. We can express this in either coordinattesy as shown in Fig. 4-7.

3 3
XA X

pg=mvp
: A

-« Pen3 xi [
Pgial Peasst
electron B momentum electron B vertical momentum
in A at-rest system component in B at-rest system

Figure 4-7. Vertical Component of X-Momentum Expressed in Two Different A-Rest System
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Thus, the vertical component of electron B’s 3-motam, expressed in each system, is simply

p|3/A3iA3 = pB/Q/B1Li g ¥ Pgg /é §(numbe|) ® PB//E £ PB”A/ié & PéA ;% é(()perato" (4-183)

Thus, we can use the operator form on the right sidthe equal sign in the second part of
(4-183) as the g;g operator in (4-182). We will find our expectatigalue for 3-momentum in the
vertical direction to be

P ot Poassl 5=l Poasd 8 Peask & o) (4-184)
which is the 3-momentum vertical direction compdnexpectation value. But that is really the
same thing as

P! 2 = P! 8 Peasd 8 :<yB/A| PB/;& &lV B/A>' (4-185)
all in coord system A,
ket spinors of usual form
Key Point for Vectors:

If we wish to know the expectation value of a veaioantity of any particle along the direction
of any axis in the A coordinate system, we can §infimd the expectation value in the same
direction expressed in terms of the B coordinastesy components. Thus, we can use the form of
(4-182) for any directional quantity in the B syste

Finally, the Resolution of the Second Issue

So, the expectation value of any operator expreissttd A coordinate system, even if acting on
a particle with an at-rest coordinate system diffierfrom A, can be found using (4-182). That is, it
can be found using kets expressed in terms oftdredard relations fou; » and components of 3-
momentum expressed in the A system.

This makes a lot of things easier, since we carausiagle coordinate system throughout. Note,
this works because doing so results in the samsumne@ quantities (same expectation values), even
though the spinor forms; » used are not, strictly speaking, the correct doegescribe the actual
particle spin state. The “incorrectness” in the isgetanceled by the “incorrectness” in the bra,
resulting in a correct expectation value.

4.14 5Multiparticle States and Thevand v Solutions

Although, to save space and make things simplerdeadt almost solely with single particle
states in this appendix, the reasoning is equaldjieable to the multiparticle states of QFT.

Also, all of the logic in this appendix applies direct parallel fashion to the Dirac equation
eigensolutions containing andv..

4.14.6Summary of this Appendix B

See the end of Sect. 4.11.3 (pg. 116) for a sumwfatyis appendix.

If you don't get all this, don’'t worry. Go with theummary results. Later, when you are a
practicing physicist, if you have questions abginh stuff, come back to this.

Copyright owned by
Robert D. Klauber

See more at Pedagogic Aids to QFT at
www.quantumfieldtheory.info

4.15Problems

1. Show that) (4-7) solve the relations (4-6), anjl they also fulfill the requirements of being
traceless, hermitian (matrix equals its complexjugate transpose), antl and a; havezl
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eigenvalues. Note that eigenvectors foare any constant times any of (1,0,6,,(1}),1,0,0},
(0,0,1,0}, and (0,0,0,1T) Eigenvectors fora; are any constant times any of (1,0,6,,1)
(0,1,1,0}, (1,0,0,-1}, and (0,1,-1,6) Do you believea, and a3 would also fulfill all these
relations and requirements, if we took the troublexamine them?

2.  Show that (4-9) equals (4-10) and (4-11).
3. Prove the Hermiticity conditiong™ = ¢ g" § by substitution, plugging, and chugging.

4. Use the form (4-14) of the Dirac equation (repramlidelow), insert the Dirac gamma
matrices (4-10), and show each term in the summatier /77 Write the whole thing as a matrix
equation (which should be a sum of matrices whiea¢ $um is post-multiplied by the column

matrix | ). Note that a different derivative is taken on Wigle vector (column matrixy| for

each Dirac gamma matrix. Note also that the remplthatrix equation has four rows, and thus,
may be considered as four separate scalar equatinador each index. Each such equation

has all four components gf | in it.

4 3
i(g7), Tm-mdy |¥),=0  k=1234 (4-14)

h=1  n=0
5. Show via substitution that the solutions (4-20)sfathe Dirac equation (4-15).

6. Find the inner products of at least twowdf(p) u, (p) , Vi (p) w(p) ;and V(p) w(p) -
7. Find the inner product o] (p) v, (p) .
8. Show that the inner product of (p) v, (- p)= 0 and thatu (p) u,(- p)= 0.

9. Show that for the solutions (4—2@,(%/ (4)> =0 and<y(3)jy (4’> =0

10. Use (4-10) and (4-20) to show yourself what the tmijoints<J7 M1 ook like.

11. Derive the adjoint Dirac equation (4-31).

12. Pick one of the adjointéy (”)‘ you found in Prob. 10, plug it into the adjointr&i equation,
and chug the math to show it solves that equation.

13. Derive the 4-current related to the conserved diyaassociated with Dirac particles that
might be interpreted as probability. (Hint: Pre-tiply the Dirac equation by, post-multiply

the adjoint Dirac equation by, add the two, then group the resulting terms ghah the four
derivative ,,is taken with respect to a quantity in bracketsatTquantity will be the four-
current with zero four-divergence in spacetime.u¥should get the four currefif of the RHS
of (4-34) multiplied by the constantbut the constant is irrelevant ip;j”’= 0, so, we drop it.

14. Operate on the four solutions (4-20) with the HéonilanH =i / t to show that those with
coefficientD,(p) have negative energies and those Witfp) have positive energies.

15. Show that the NRQM states<1)'e P and {,~1)'e ™ are eigenstates of tlyecomponent of
the NRQM spin operator, i.€5, and that they can be constructed from linear ¢oations of
the NRQM up and dowredirection) eigenstates.
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16. Take p = 0 and operate on the last three of the solut{@r®0) with the relativistic spin
operatorSz to show that they are spin eigenstateSpivhen they represent particles that are not
moving.

17. Pick one or two, other than the first, of the siolus (4-20) and show that fpll 0, p2 = p3 =
0, a particle, which would be inzdirection (up) spin eigenstatepfwere zero, will not be in
that up spin eigenstate. Then show, for the sai@os chosen, but Witb1 = p2 = 0,p3 0as
seen in the lab, that the particle is in the sapne eigenstate as it would bepifwere zero.

18. Show that as a Dirac particle of spinor fours u; + up approaches the speed of light in #he
direction (i.e.,p1 , p2 << pl, and p3 << pl), thenu approaches a spin state in the plus
direction (i.e., the spinan = up + up is an eigenvector dd 1 of (4-39) with eigenvalue + %2 (in
natural units.) Then show that fp?r p1 and p3 pl, this is not true.

19. Take the relativistic solutiongf(il) and J/(z) of (4-20) for the Dirac equation in the non-

relativistic limit, i.e., with v<<l (=1 in natural units), and show that they reduce to
approximately (1,0,0,08"™ and (0,1,0,0"™ Do these look remarkably like the wave
functions of a spin % particle you encountered RQW, i.e., spin up state"px(l,O)T and spin
down state™™(0,1)"?

Operate on each of the two low speed 4-spinorsstaia found with the 4D spin operat®s of
(4-39). Now, operate on each of the two NRQM 2-gpstates above for up and down spin with

% s3. Do you get the same spin eigenstates and eigasaDoes the low speed RQM case for
C type (i.e., having spinorg) particles parallel that of NRQM?

20. Take a Dirac particle in stat,e(f) with p1 0, p2 = p3 = 0. Without doing any math, is this in
a helicity eigenstate or not? Operate on the statie the helicity operator and prove your
answer mathematically. Then repeat the exercisthéosame state witln3 0, p1 = p2 =0.

21. Construct your own Wholeness Chart summarizing.Sett RQM for Spinors. You do not
need to summarize spin and helicity, as that iedonyou in Wholeness Chart 4-1.

22. Using (4-60), show that far= 1 in (4-61), we get the Dirac equation; andrfer 2, we get the
adjoint Dirac equation.

23. Prove that the last lines of (4-68) and (4-69) g¢onzero. Hint: First use the Dirac equation
with a singlep eigensolution of spis for ad type field to show tha(p + m) \é(p) =0. Then,

use the RH relation of (4-25) to shaw/(- p) 9° p\ (p)= 0. Then, use that to re-write the last
line of (4-68) in terms ofz . Finally, combine that line with the last line @69) and show that
together they equal zero.

24. Show that third lines of (4-68) and (4-69) sum4eréd).

25. Show that(cr (p))2 =0, (cﬂ(p))2 =0, and(q (p))2 = (. Would any of these or (4-84) be
true if the coefficients obeyed commutation relasiorather than anti-commutation relations.

26. Operate on the statety,lyply . a ’_rlp,> with the P operator of (4-105) and show the

eigenvalue from such operation equals the totab&entum of that state.

27. Derive the Dirac 3-momentum operator of (4-107).

133



134 Chapter 4. Spinors: Spin %2 Fields

+
28. Prove (4-148), i.e.u, (p)G (p)=y, by substituting the spinors of (4-20), the Dirac
m
matrices of (4-10), anp' = —p; .

29. Prove i) several of the anti-commutation relatiqds152) by plugging and chugging for
different values ofnandn, and/or ii) all of the anti-commutation relatiof#152) using (4-6).
(Hint for part ii): Fori j, use the top line of (4-6), insefb = | in between the factors in each

term, and takey b = -ba;. Fori and 0, pre-multiply4;, 4+ = 0 by b and substitutg/”values. For
i=j, insertbb between the factors and usg, pl+. For 0 and 0, it is simple.)

30. Using the anti-commutation relations (4-152) aheé definition g,,=g,,4 , prove that
g,9" =41, where | is the 4X4 identity matrix in spinor spac

31. Show that the third term of (4-168) equals O, ddfourth term is (=2 |Cz|2.



