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Chapter 4                            Version Date November 15, 2011 

Spinors: Spin ½ Fields 
 

Niels Bohr: “What are you working on Mr. Dirac?” 
Paul Dirac: “I’m trying to take the square root of something” 

 

4.0 Preliminaries 
While it may seem humorous to think of a physics Nobel laureate struggling over a square root 

problem, Dirac’s meaning here was actually quite deep. 
The quotes above purportedly came during a break at a 1927 conference Bohr and Dirac 

attended. Dirac later recalled that he continued on by saying he was trying to find a relativistic 
quantum theory of the electron, and Bohr commented, “But Klein has already solved that problem.” 
Dirac then tried to explain he was not satisfied with the (Klein-Gordon) solution because it involved 
a 2nd order equation in time. That led to negative energy solutions, and he sought a 1st order 
equation like the non-relativistic Schrödinger equation. But the conference reconvened just then, 
and the discussion ended. 

4.0.1 Background 

Recall from Chap. 3, Sect. 3.0.1 XXX check sect num in final vers XXX, that we had to use H 
2 

to develop our relativistic wave equation, because the relativistic Hamiltonian H entailed the 
operator � i� i under a square root sign, and that had no meaning. Dirac wanted to find a meaningful 
H to use in a relativistic Schrödinger equation of form 

 H i
t

y y
¶

=
¶

, (4-1) 

rather than 

 
2

2
2 (Klein-Gordon eq)H

t
f f

¶
= -

¶
. (4-2) 

It is no secret that he succeeded, and his famous result, published in early 1928, is now known as 
the Dirac equation. We will study it in depth in this chapter. 

It wasn’t too long after Dirac’s discovery of the correct form for (4-1), that people realized (4-2)
actually describes scalars; and (4-1), spin ½ fermions, such as the electron. The mathematical nature 
of the Dirac equation (4-1) provided a good indication for this. That is, (4-1) turns out (as we will 
see) to be a matrix equation with H being a square matrix quantity and y , a column matrix. 

In NRQM, we represented up and down spin of particles via wave functions that had a two 
component column matrix “tacked on”. (1,0)T represented spin up; and (0,1)T, spin down. So, if y  
in (4-1) in RQM (and QFT) turns out to be a column matrix (and it does), then we could make a 
good bet that it will represent spinors, rather than scalars. We would be smart to make such a bet, as 
we would end up winning it. 

Interestingly, the column matrix solutions y  to (4-1) turn out to have four components, rather 
than two. Given that the relativistic (scalar) solutions to the relativistic wave equation we found in 
Chap. 3 provided us with antiparticles, which essentially doubled our total number of 
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fields/particles, this should not be too surprising. Four spin components is just what we need to 
represent particles with up or down spin (2 components) plus antiparticles with up or down spin (2 
more components.) 

4.0.2 Chapter Overview 
Our approach to spin ½ fermions in this chapter will parallel that for spin 0 bosons. You may 

find it helpful to compare and contrast the bulleted material below with that of the Chapter 
Overview for scalars at the beginning of Chap. 3. 

RQM first, 
where we will look at  
·  the lack of a classical theory of fermions (no macroscopic fermionic behavior observed) and 

thus, being unable to use a classical H in 1st quantization, 
·  deducing the Dirac equation, a relativistic Schrödinger equation in H, not H 2, 
·  solutions (states in RQM) to the Dirac equation, 
·  probability density and its connection to the normalization constant in the solutions, 
·  negative energies and the Dirac equation solutions, 
·  how the Dirac solutions (unexpectedly at first) represent spin ½  particles, and 
·  spin and the spin operator acting on the solutions (which we didn’t have with scalars). 

Then QFT, 
·  noting the lack of classical, macroscopic fermionic fields and thus, being unable to use a 

classical �  in 2nd quantization, 
·  assuming the RQM Dirac equation as the QFT field equation, with the same solution form, 
·  using the (Dirac) field equation to deduce the QFT �  for spinors (the reverse route from the 

scalar case), and employing the Legendre transformation to get � , 
·  assuming solution coefficients obey anti-commutation (instead of commutation) relations, 
·  determining relevant operators in QFT: H = �  �  d3x, number, creation/destruction, etc., 
·  showing this approach avoids real particle negative energy states, 
·  seeing how the vacuum is filled with spinor quanta of energy – ½� w,  
·  deriving other operators (probability density, 3-momentum, charge, spin), and 
·  showing spinors are fermions, and they won’t work with commutation relations. 

And then, 
·  finding the spinor Feynman propagator. 

Free (no force) Fields 
As in Chap. 3, we look herein only at free spinors. 

4.1 Relativistic Quantum Mechanics for Spinors 

4.1.1 No Classical Spinor Fields: Can We Quantize? 
In Chap. 3, XXX Wholeness Chart 3.1 XXX, we recalled that, via the Pauli exclusion principle, 

fermions cannot occupy the same state within the same macro system. So, whereas photons 
(bosons) can occupy the same state and a lot of them can therefore reinforce one another to produce 
a macroscopic electromagnetic field, spinors (fermions) cannot do so. In other words, we have no 
classical macroscopic spinor fields to sense, interact with, and study experimentally. And thus, we 
have no classical theory of spinors. 

First quantization started with the classical Hamiltonian (or equivalently, the Lagrangian) and 
used that as the quantum Hamiltonian. But we have no classical spinor theory and thus no classical 
spinor Hamiltonian. Precisely parallel statements can be made for 2nd quantization. There is simply 
no classical theory with spinor Hamiltonian and Lagrangian densities. 
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So we can’t do 1st or 2nd quantization for spinors in the way it was advertised earlier, i.e., as THE 
way to obtain a good quantum theory. (My apologies for the false advertising, but you would have 
been confused at the time, otherwise.) 

So how do we deduce a relativistic spinor quantum theory? We answer this question in the next 
section by showing how Dirac did it (though he was actually trying to do something else.) 

4.1.2 Dirac’s Approach to RQM: Another History Lesson 
Dirac’s primary goal was a 1st order relativistic Schrödinger equation, and he postulated that if it 

existed, it must have the general form (where, as before, we use the ket form symbolism for the 
wave equation solution in particle quantum theory) 

 ( )i H m
t

y y b y
¶

= = +
¶

� p� . (4-3) 

In (4-3), p is particle three momentum, and the vector aaaa and the scalar b would have to be 
determined. Thus, the equation would be first order in the time derivative (and hopefully yield only 
positive energy solutions). Also, the relativistic free particle H would be a linear function of both p 
and mass m. The key question then is ‘what are aaaa and b?’ in order for this equation to be true. 

To find the answer, Dirac reasoned that H 

2 and |y �  must also satisfy the usual relativistic energy 
momentum relation (and therefore the Klein-Gordon equation) 

 ( )
2

2 2 2
2 H m

t
y y y

¶
- = = +

¶
p . (4-4) 

Squaring the operators in (4-3) and inserting the results into (4-4), we get 
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 (4-5) 

where comparison with the RHS of (4-4) shows the bracketed quantities in the lower line above 
must equal zero. That comparison also shows that a i

2 = 1 and b 

2 = 1. In summary, where anti-
commutators are defined as [a i,a j]+ = a ia j + a ja i , 

 
[ ]

( ) ( ) ( ) ( )

1 2 3

2 2 2 2
1 2 3

0 all anti-commute with each other,

1 (the identity matrix)

i j i, , i j , , ,

.

a a a b a a a b

a a a b

++
  = = ¹ 

= = = =
 (4-6) 

If a i and b were numbers they would have to commute and could not possibly anti-commute. 

Hence, they can only be matrices. Since these matrices are operators operating on |y � , then |y �  itself 
must be a multicomponent object (i.e., a column matrix, at least.) 

Using (4-6), one can show that the a i and b matrices are traceless, hermitian, have ±1 
eigenvalues, and must have an even dimension of at least four. It will save time if you can simply 
accept these results. If not, then please prove them to yourself. I do note that I, myself, have never 
done so. 

Choosing the minimum dimension case (four), Dirac and Pauli came up with a set of matrices 
which solve all of the above conditions (specifically (4-6)) which is now called the standard (or 
Dirac-Pauli) representation, and which we will study in some depth in this chapter. There are, 
however, other possible choices for a i and b  that satisfy the same conditions. Two of these, called 
the Weyl and Majorana representations, are also four dimensional and can be convenient for some 
advanced applications, but we will ignore them herein. 
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Square matrices in a 4D space must be 4X4, and thus from (4-3), if |y �  is a column matrix (a 
vector), it must have four components (a 4D vector). Take care to note that the 4D space we are 
talking about here is not the four dimensional physical space of relativity theory, but an abstract 
space, often called spinor space. 

The matrices Dirac and Pauli found for spinor space are 

 1 2 3

1 1 1

1 1 1

1 1 1

1 1 1

i

i

i

i

b a a a

-� � � � � � � �
� � � � � � � �-� � � � � � � �= = = =
� � � � � � � �- -
� � � � � � � �- -� � � � � � � �

, (4-7) 

where blank components equal zero. (4-7) is commonly written using the 2X2 Pauli matrices s i as 

 31 2
1 2 3

31 2

00 00

00 00

I

I

ss s
b a a a

ss s
     

= = = =     -       
, (4-8) 

where 0 represents the 2X2 null matrix. 
Note that the Klein-Gordon equation can be considered the "square" of the Dirac equation and 

hence any solution |y �  which solves the Dirac equation also solves the Klein-Gordon equation. 

4.1.3 More Convenient Way to Express the Matrices 
The Dirac equation can be expressed in a more convenient way by premultiplying (4-3) by b. To 

help when we do that, we define four matrices, called Dirac matrices, as 

 0 1 2 3
1 2 3g b g ba g ba g ba= = = =  , (4-9) 

where you can do Prob. 2 to show these equal 

 0 1 2 3

1 1 1

1 1 1

1 1 1

1 1 1

i

i

i

i

g g g g

-� � � � � � � �
� � � � � � � �-� � � � � � � �= = = =
� � � � � � � �- - -
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,(4-10) 

or commonly, as 

 31 20 1 2 3

31 2

00 00

00 00

I

I

ss s
g g g g

ss s
     

= = = =      -- --       
 . (4-11) 

From henceforth, we will do virtually nothing with the a i and b matrices, and focus on the gm 
matrices, instead. 

Note the Hermiticity conditions (which you can prove by doing Prob. 3), 

 † 0 0m mg g g g=  . (4-12) 

4.1.4 The Dirac Equation Expressed with Dirac Matrices 
Dirac’s original 1st order equation (4-3) in terms of aaaa and b, pre-multiplied by b, takes on the 

form 

 � � �
0

2

Ii

i
i i ii p m i m

t x
g g

b y ba b y g y
 

¶ ¶  = + = - +  ¶ ¶ 
 

, (4-13) 

or rearranged as what is formally called the Dirac equation 

 ( )
4 3

1 0

0 1 2 3 4i m , , ,m
m kh hkh

h m

g d y k
= =

� �
¶ - = =� �� �

� �
� � , (4-14) 
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where we have written out the 4X4 spinor space indices in k and h, and the summation signs, in 
order to make it explicitly clear what is going on in spinor space. Note that the Dirac equation is 
actually four separate non-matrix equations, one for each value of the index k. And each of these 
equations entails a sum of matrix components (sum over m), each post multiplied by one the four 
components (in h index) of the column vector |y � . Yes, it seems complicated. But also yes, it 
works. And also, yes, it is considered beautiful by many. 

You will get used to the complication in time. When you do, you should gain an appreciation for 
the beauty, as well. In the words of the equation’s discoverer, 

“The research worker, in his efforts to express the fundamental laws of Nature in 
mathematical form, should strive mainly for mathematical beauty. He should take simplicity 

into consideration in a subordinate way to beauty ... It often happens that the requirements of 
simplicity and beauty are the same, but where they clash, the latter must take precedence. “ 

— Paul A. M. Dirac 

You should do Prob. 4 to provide some practice with (4-14), and then note that the common way 
to write the Dirac equation is to hide the spinor space indices in k and h, i.e., 

 ( ) 0i mm
mg y¶ - =  , (4-15) 

where you have to be vigilant to remember the implicit 4X4 spinor space matrix/column nature of 
(4-15) as expressed explicitly in (4-14). 

Another notation commonly used, which is the most streamlined of all, is 

 ( )so, the Dirac equation 0i mm
mg y¶/ = ¶ ® ¶/ - = . (4-16) 

We note in passing that 

 in non-naturalunitsin theDiracequation
mc

m®
ℏ

. (4-17) 

4.1.5 Solutions to the Dirac Equation 
(4-15) can be considered an eigenvalue problem with eigenvalue zero, or by re-expressing it as 

 i mm
mg y y¶ = , (4-18) 

as an eigenvalue problem with eigenvalue m. Writing out (4-18), we have 
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(4-19) 

Note that the numeric subscripts on the �  symbols refer to derivatives with respect to time and 
space, whereas the numeric subscripts on the components of |y  �  refer to the respective components 
of the ket in spinor space. 

Since (4-19) is a 4X4 matrix eigenvalue problem, there must be four solutions |y  (n)� , where n = 
1,2,3,4, with each such solution having four spinor space components. We will not go through the 
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tedium of solving (4-19) directly. Rather, I will provide the solutions, and you will do Prob. 5 to 
prove to yourself, by substitution, that they are indeed valid solutions. 

The Dirac equation solutions in the Dirac-Pauli (standard) representation are 
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(4-20) 

Yes, again, these are more complicated than solutions we have dealt with in the past, but you 
will get used to them with time. Note several things in (4-20). Any constant instead of 

( ) 2E m / m+  would suffice, but that choice was made because things will work better later on 

with it, as we will see. The symbol E is always a positive number of magnitude equal to the energy. 
pi is positive if it points in the positive direction of its respective axis. These are plane wave 
solutions. We have defined new symbols ur(p) and vr(p) (r =1,2), which are the column vectors 

multiplied by the constant shown, are functions only of p for a given m (since 2 2E m= +p ), and 

go by the name spinors, or four spinors. Note that the particles represented by the |y  (n)�  are also 
often called spinors. We will show shortly that r values represent different spin states (for example, 
u1 represents spin up, and u2 represents spin down in the particle at-rest system.) As you might 
expect, we will find the solutions containing vr(p) are associated with antiparticles; and those with 
ur(p), with particles. More on this later, but for now, take care to note the reverse order numbering 
on v2,1 from u1,2, which is customary. 

The solutions (4-20) are eigenstates of p, since every measurement of 3-momentum of the 
particles they represent would result in the value p. They are also eigenstates of energy, since, for 
given m, a free particle of 3-momentum p has a fixed E. 1 

Inner Product of Spinors 
We will find the inner product of each spinor in (4-20) with itself a valuable thing to know. For 

u1(p), 

                                                 
1 Similar to that mentioned in a footnote in Chap. 3 for scalars, there are additional solutions to the Dirac 
equation having exponents of form ± i(E p t + p.x), instead of ± i(E p t – p.x), but these have been widely 
ignored. The possible impact on QFT of including these solutions in the theory is discussed in R. D. 
Klauber, “Mechanism for Vanishing Zero-Point Energy”, http://arxiv.org/abs/astro-ph/0309679 (2003). 

Column vector 
parts of solutions 
called spinors 
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By doing Prob. 6, you can feel comfortable with the general result (underline means no summation), 

 ( ) ( ) ( ) ( )† †
r r r r

E
u u v v

m
= =p p p p , (4-22) 

which we got because of our original choice of the constant in (4-20). (You may want to ruminate, 
by looking at (4-21), on how our spinor inner product would have been a little more complicated if 
we had chosen unity as our original constant in (4-20). We make our choices for arbitrary constants 
in order to conform with custom. They are what are commonly used.) 

Orthogonality of Spinors 

The inner product of u1 and u2 is 
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By doing Prob. 7, you can prove to yourself that 

 ( ) ( ) ( ) ( )† † 0r s r su u v v r s= = ¹p p p p . (4-24) 

We can combine (4-22), (4-24), and the first part of Prob. 8 into the general result 

 ( ) ( ) ( ) ( ) ( ) ( )† † † 0r s r s rs r s
E

u u v v u v .
m

d= = - =p p p p p p  (4-25) 

Orthogonality of Eigensolutions 
We can show that the eigensolutions (4-20) to the Dirac equation are orthogonal in the usual 

quantum mechanical way. For example, for first two solutions of (4-20) 

 ( ) ( ) ( ) ( )(1) (2) (1) † (2) 3 † 3 † 3
1 2 1 2

0

ipx ipx ipx ipx
state state

V

d x u e u e d x u u e e d xy y y y + - + -

=
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For the first and third solutions, 

 ( ) ( ) ( ) ( )(1) (3) † 3 † 3
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0 0
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By continuing with different solution pairs (do Prob. 9 for practice), one can prove that 
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 ( ) ( ) 0 form n m ny y = ¹ . (4-28) 

Given that we should know mathematically that eigenvector solutions in any eigenvalue problem 
are generally orthogonal, and that the Dirac equation represents an eigenvalue problem, this should 
not be too surprising. 

General Solution to Dirac Equation 
The most general solution to the Dirac equation is a sum (or integral) of all eigenstates, each 

having a (typically complex) coefficient representing the amount of that eigenstate in the total 
general state. The discrete plane wave general solution is then 

 †( ) ( ) ( ) ( )( )r r r rstate
ipx ipx

r ,

m
VE u e v eC Dyy -= += �

pp
p p p p , (4-29) 

where Cr(p) and Dr
†(p) are the coefficients. We will explain later the reason for the unusual 

normalization constant chosen in terms of mass, energy, and volume, though from (4-22) and the 
normalization we did in Chap. 3, you may be sensing what is coming. 

4.1.6 The Adjoint Dirac Equation 
Unlike the Klein-Gordon equation, the Dirac equation is a matrix equation. So, rather than a 

complex conjugate form of the wave equation, we need to consider taking a complex conjugate 
transpose of that equation, and of its solutions (4-20). But, as it turns out, the theory works more 

coherently if rather than |y  � † = y = y †
state, we define and use the adjoint  

 
†† 0 0 0

state statey y g y g y g y= = = = , (4-30) 

where an inner product between the row vector |y  � †= y =y †
state and the gamma matrix are 

implied, and we hope the symbolism has not become unwieldy. You should do Prob. 10 to show 

yourself what the four row vectors ( )ny  look like. 

The adjoint Dirac equation is obtained by taking the complex conjugate transpose of the Dirac 
equation (4-15), post multiplying by g 0, and using the Hermiticity conditions along with the adjoint 
definition. (Do this in Prob. 11.) The result is 

 0i mm
m y g y¶ + =  . (4-31) 

Simply by deriving (4-31), we have proven that the adjoint (4-30) solves the adjoint Dirac equation, 
as long as |y  �  solves the Dirac equation. By doing Prob. 12, you can justify it to yourself in a more 
“hands on” way. 

Adjoint spinors are defined as the row vectors 

 † 0 † 0
r r r ru u v vg g= = , (4-32) 

which, with (4-29) and (4-30), gives us the discrete plane wave adjoint general solution form 

 †( ) ( ) ( ) ( )( )r r r rstate
ipx ipx

r,

m
VE D v e C u ey y -= += �

pp
p p p p . (4-33) 

4.1.7 Probability Density for Dirac Fermions in RQM 

Probability and the Four-Current Using the Dirac Equation 
Recall from Chap. 3 (see Box 3-1, pg. 45, and XXX Sect. 3.1.4, pg. 44) that, in any theory, we 

can typically use the governing equation (and often its complex conjugate transpose) to find a 
conserved quantity, which in quantum theory can be total probability. We did this in NRQM and for 
scalars in RQM. So, we try the same general approach for spin ½ particles, but note that researchers 
found early on that the adjoint Dirac equation was better for this purpose than simply the complex 
conjugate of the Dirac equation. 
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sum of eigenstate 
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Definition of 
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Dirac eigen 
solutions are 
orthogonal 
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This is actually much simpler to do for the first order Dirac equation and its adjoint than it was 
for the second order Klein-Gordon equation, so we leave it as Prob. 13 for the reader. The result of 
that problem is 

 ( ) not integ
0 state statej j ,m m

m
mm r y y y g yg¶ = = = =j , (4-34) 

where the subscript “not integ” means we are not integrating over space in the bracket shown, 
contrary to what the bracket symbol typically implies in the position basis. (4-34) means the total 
quantity 
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is conserved for V = all space, and r  is the density value corresponding to Q�. Naturally, we would 
like r  to be a probability density and Q� to be total probability, as we had in NRQM. 

Probability for the Dirac Discrete Solutions 
For a single particle state in RQM, we assume at first that the solution (4-29) has only terms with 

coefficients Cr (i.e., only has spinors of form ur), i.e., the general state |y  �  contains no eigenstates 

with coefficients Dr (i.e., no spinors of form vr). Our r  of (4-34) is then 
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 (4-36) 

If (4-36) is probability density, its integral over all space must equal 1. In such integration all 
terms with p� �  p go to zero due to the exponential term, and all remaining terms with r� �  r go to 
zero from the spinor orthogonality relation (4-24). We end up with 

 † † 23 † 3( ) ( ) ( ) ( ) ( ) ( ) ( ) 1r r r r r
px

r r
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p
p p p

p p p p p p p����� �������
. (4-37) 

Thus, by taking r  as probability density, |Cr(p)|2 is the probability of measuring the particle with 
spin state r and  3-momentum eigenstate p, similar to what the coefficients of eigenstates 
represented in NRQM, and for scalars in RQM (see Chap. 3). 

Normalization Factors 

(4-37) is the reason we used m / VEp as our normalization factor in solutions (4-20). A 

different such factor would not have resulted in unity on the RHS of (4-37). 

4.1.8 Negative Energies for D Type Dirac Fermions 
Do Prob. 14 to prove to yourself that a Dirac fermion represented by a solution with exponential 

form – ipx (that has spinor ur and coefficient Cr(p)), has positive energy; and one represented by the 
solution form ipx (spinor vr and coefficient Dr(p)), has negative energy. 

Thus, Dirac did not solve one of the problems he originally set out to solve. Half of his solutions 
represent particles with negative energies, just like the Klein-Gordon solutions did. 
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4.1.9 Probability for D Type Dirac Fermions 
Repeating the process of (4-36) for a D type particle instead of a C type, we find 
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px

r r
ipx i

r , r , r ,E / m

m
VE

V

e ed x D D v v d x D D Dr -
� �
� �= = = =� �� �
� �

� � �� �
p

p
p p p
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 (4-38) 

and a total positive probability (unlike the negative probability in the scalar case) that we can set 
equal to 1. 

4.1.10 A Great Use for the Dirac Approach: Spin 
So though Dirac’s approach still resulted in negative energies, he did solve two of the problems 

he set out to solve (a first order equation and no negative probabilities.) Well beyond that, however, 
he provided physics with something of enormous value. His equation, and its solutions, allow us to 
model relativistic particles with spin ½, which could not be done before. Importantly, this turned out 
to give correct relativistic solutions for the hydrogen atom, which the Klein-Gordon equation did 
not. 

RQM Spin Operator 
Before delving into relativistic spin, you should read over and understand Box 4-1, Review of 

Spin in NRQM. That box is summarized in the second column of Wholeness Chart 4-1, pg 102. 
In RQM, we have recently seen that each of the solutions Dirac came up with has a column 

matrix (spinor) built in. But it is a four, not two, component column matrix. It wasn’t long before 
people realized that Dirac’s four solutions (4-20) represented two kinds of particles, regular 
particles and antiparticles. The four components of each solution were different for each, and 
represented the four states of spin up and spin down for particles, and spin up and spin down for 
antiparticles. 

The spin operator can be derived formally from tensor analysis of the energy-momentum and 
angular momentum tensors in 4D spacetime, but that is pretty complicated.2 We will simply state 
the RQM spin operator Si as follows, then compare it to the NRQM version of the spin operator, 
and work some examples, to justify the form we have assumed. 
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s
s
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� � � � � �-� � � � � � � �S = ®S = S = S =� � � � � � � �-� �
� � � � � �-� � � � � �

� � � �
. (4-39) 

 
Note (4-39) is a 3D object in physical space (3 components i of the angular momentum), but 

each of the components in that space is itself a 4X4 matrix in relativistic 4D spinor space, rather 
than non-relativistic 2D spinor space of NRQM. In relativity, spin has three spatial components, as 
it did non-relativistically. But, relativistically, each component must act on a 4D column vector in 
spinor space. So, if we were to guess at a 4D matrix spin operator, then (4-39), where we formed 4D 
matrices from our 2D Pauli matrices, would be a good first guess. Compare (4-39) to (B4-1.1) of 
Box 4-1. And, as we will see, this guess turns out to be correct. 

As in NRQM, we can choose the direction of our z axis however we like, and it was easier in 
NRQM if we lined it up in the direction of spin of our particle, so spin would be either up (plus z 
direction), or down (minus z direction). We’ll do something similar in RQM, so we’ll focus for the 
present on the z direction spin component operator S3. 

 

                                                 
2 See F. Mandl and G. Shaw, Quantum Field Theory, 1st ed. (John Wiley 1984), Chap 2, pgs. 38-39 and 
Chap 4, pg. 65. 
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Box 4-1. Review of Spin in Non Relativistic Quantum Mechanics 
NRQM Spin Operator 

In NRQM our spin operator Si was the Pauli matrices s i times the factor � /2, 

                        1 1 2 2 3 3

0 1 0 1 0

1 0 0 0 12 2 2 2 2 2 2i i

i
S S S S

i
s s s s

-� � � � � �
= ® = = = = = =� � � � � �-� � � � � �

� � � � � � �
                (B4-1.1) 

Spin (non-orbital angular momentum) Si in physical space acted like a vector with three components, as it does 
classically. A particle, or object, can have spin components in any of the three dimensions. In spinor space, however, spin 
was represented by a 2X2 matrix, one for each 3D component. 

Eigenstates of the Spin Operator Components  
  z direction 

Thus, a wave function (ket) with a column matrix representing spin up in the z direction (1,0)T had spin � /2; and one in 
the down direction (0,1)T had spin – � /2. 
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The spin up and spin down states are eigenstates of S3, the z direction component of the spin operator Si. 

  x direction 
(1,1)T and (1,–1)T are readily shown to be eigenstates of the x component of the spin operator, i.e., S1, via 
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Note that we can construct the x component eigenstates from linear combinations of the z component eigenstates, i.e. 

                                                     
1 1 0 1 1 0

1 0 1 1 0 1
           

= + = -           -           
.                                                         (B4-1.4) 

  y direction 
Do Prob. 15 to prove to yourself that (i,–1)T and (i,1)T are eigenstates of the y component of the spin operator, i.e., S2, 

and that they can be constructed from linear combinations of the up and down (z direction) eigenstates. 

Up and Down (z Direction) Eigenstates Span the 2D Spinor Space (and are Basis Vectors of that Space) 
Any spin state (not necessarily pointed in one of the x,y, or z directions) as visualized in 3D physical space is 

composed of components in the x,y, and z directions of the 3D spin vector. This is a simple law of vector components. 
Each of these three components for the x,y,z directions is represented in 2D spinor space as a different column matrix. 

But, importantly, all possible such column matrices can be expressed as linear combinations of the up and down (z 
direction) eigenstate column matrices. We showed this for the x direction in (B4-1.4). You showed it for y, if you did the 

problem suggested above. (We didn’t normalize (B4-1.4). The normalized forms are ( ) ( )T
1 2 1 1/ , and ( ) ( )T

1 2 1 1/ ,- .) 

Since the x and y direction spin states can be constructed via linear combination of the z direction eigenspin states, all 
possible spin states can be composed of various combinations of the z direction eigenspin states, i.e., of the up and down 
states (1,0)T and (0,1)T. In mathematical language, we say (1,0)T and (0,1)T are basis vectors that span spinor space. 

General Solution Includes All Possible Spin States 
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ipx ipxC e C ey - -
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p p                                                           (B4-1.5) 

The general solution (B4-1.5) includes all possible spin states. For example, for given p, with C– (p) = – C+ (p), spin is 
in the negative x direction (see (B4-1.3) above. Choosing coefficients correctly yields any given particle spin direction. 

Bottom Line:  If we develop our theory for up and down states, it will be applicable to all possible other spin states, too. 
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Box 4-2. Classical Macroscopic Spinning Object Translating at Relativistic Speed 

In 4D relativistic theory, angular momentum is a 2nd order tensor, but it can be treated simply as a vector formed from 
the integral over a rotating body of dm(r ´́́́  vt) = dm(r ´́́́  (w w w w ´́́́    r)) , where symbols should be obvious. When a macroscopic 
object like a spinning disk, as shown below, moves close to the speed of light, distances contract in the direction of the 
velocity, and this makes the plane of the disk appear to turn. (See figure below.) 

The closer the disk gets to the speed of light, the more the disk surface appears in the observer’s frame to align normal 
to the velocity direction. In the rest frame translating with the disk itself, the disk still appears aligned in the original way. 

In the observer’s frame, though, the angular momentum L  appears to turn toward the direction of the velocity. The 
greater the speed, the greater this turning. At light speed, L  and v become parallel. 
 
 
 
 
 
 
 
 
 

 
 
 

For L  in the opposite direction and the same positive x direction velocity, L  would point more and more towards the 
negative x direction, as speed increased. 

Classically, 
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w
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Dirac Fermion Spins: Stationary Particle Examples 
Consider a Dirac particle which, for simplicity, is simply sitting in front of us and not moving. 

So p=0 in our frame, and the solutions (4-20) become much simplified. What then, are their 
respective spins? For the first such solution, we have 
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, (4-40) 

and the spin is + ℏ/2, indicating that our first Dirac solution is for spin up. Now do Prob. 16 to prove 
to yourself that the other three solutions, for a stationary particle (or antiparticle) represent, 
respectively, spin down (– ℏ/2), spin up, and spin down states. 

We included the symbol ℏ in our spin discussion so far, so that you could see the role it played 

in non-natural unit formulations, but from now on, we will assume natural units, such that ℏ = 1. 

And we will refer to spin magnitudes as ½ , which is more common than ℏ/2. 

Dirac Fermion Spins: Moving Particles Discussion 
As soon as we have a moving particle, things get more complicated, as we have to include non-

zero pi values in our solutions (4-20). This complication, which we didn’t have in NRQM, is due to 
relativistic effects. 

Classical Relativistic Effects on a Spinning Object 
Read Box 4-2 to gain some appreciation for the effect on a classical, macroscopic object’s 

angular momentum direction when viewed from a frame in which the object has translational speed 
approaching that of light.  
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Quantum Mechanics Experiments: Spin Magnitude Unchanged at Any Speed 
We know from all the testing on high speed quantum particles like electrons, that spin (particle 

angular momentum) does not change in magnitude at all, no matter what speed we see the particle 
carrying it as having. Electrons always have spin of ℏ/2 (½ in natural units), no matter what their 
velocity.  

Quantum mechanically, then, at high speed, a particle’s angular momentum (spin) magnitude 
remains unchanged, but its direction appears to us in our frame to realign itself closer to that of the 
translational velocity vector. See Fig. 4-1. As velocity approaches c, the angular momentum (spin) 
approaches the velocity direction (or directly opposite direction.) For massless particles like 
photons, which travel at c, the spin is always aligned parallel with the velocity vector, either in the 
direction of velocity or in the opposite direction. Such a state is called a pure helicity state. 

 
Mathematically, these kinds of relativistic complications are incorporated into the form of the 

spinors ur(p) and vr(p) (by their dependence on 3-momentum and thus ultimately, on velocity, as we 
will see below) and by how they are combined to form more general spin states. But it is 
nonetheless good to have some physical appreciation for why spin angular momentum direction 
can, for relativistic cases, depend upon linear momentum p. 

Spinor Components Really Dependent on Velocity 
With reference to the prior paragraph, note that the spinor components are actually dependent on 

particle velocity, rather than momentum, by the following logic. 
Energy and momentum are expressed (in non-natural units to make it easier to understand) 
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, (4-41) 

so in the coefficient and spinor components of the Dirac spinor (4-20) the mass m drops out. This 
leaves them a function solely of velocity (and thus in line with our knowledge, and with Box 4-2, 
that relativistic effects are dependent on velocity.) 

Dirac Spinors: What Happens When v �  0 

Note what happens to the spin as seen by us, for an electron whose spin is represented solely by 
u1, but has p1�  0, with p2 = p3 = 0 in our frame (the lab.) 
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 (4-42) 

So such a moving electron is not in a spin up eigenstate as seen in the lab. This relates to our 
discussion above about translation affecting the direction of the spin vector axis. Here, the 
mathematics bears this out. (We will have more to say on this shortly.)  u1 for a non-translating 
electron has spin up, but u1 for an electron with high transverse velocity is not an up eigenstate. 
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Now consider u1 representing an electron traveling in the z direction instead of the x direction. 
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 (4-43) 

This electron, represented by u1, is an up eigenstate as it moves, just as it was when it was at rest. 
Relativistically, this makes sense, as the plane of a spinning disk with L  aligned in the direction of p 
would not appear to turn as p increased from zero to a relativistic value. 

In general, boosts in the spin axis direction leave u1, u2, v2 and v1 in the same spin eigenstates as 
they would be at rest. Boosts in other directions take them out of those spin eigenstates. We will 
look a bit at the math behind this, for general particle states, shortly, but doing Probs. 17 and 18 now 
will enable you to get some feeling for how this happens with two particular Dirac particle states. 

The At-Rest Coordinate System 

The four solutions (4-20) (for given p) and their associated spinors ur(p) and vr(p) can be 
thought of as up/down spin eigenstates if the respective particles represented by each were 
decelerated to be at rest in the lab. We will call the coordinate system, fixed in the lab, in which the 
particle would be decelerated to be at rest, and its spin would be in the z direction, the at-rest 
coordinate system. (See Appendix B, Sect. 4.14.3, pg. 126 discussion on this definition.) Note this is 
a lab frame and is different from the rest frame coordinate system, which is fixed to the particle. 

Dirac Fermion Spins: How to Think About Them 

u1(p) and v2(p) in this system would then represent spin up stationary states; u2(p) and v1(p) 
represent spin down stationary states. We will virtually never work with electrons that are not 
moving, so our spinors will always look more complicated than the one in (4-40). But it can help us 
mentally as we work with such states, that are often not in a spin eigenstate in the lab, to think of 
them as spin eigenstates for the at-rest system, i.e., for a particle decelerated to v = 0 in the lab.  

The Four Spinors Span the 4D Spinor Space 

In NRQM 2D spinor space, as we showed in Box 4-1, the two eigenspinors (1,0)T and (0,1)T 
(spin up and spin down, respectively) spanned the space of all possible spins (all possible spins can 
be constructed from linear combinations of those two eigenspin states, so they are basis vectors for 
2D spinor space.) The general solution state (B4-1.5), a linear superposition of spin up and spin 
down eigenstates, contains all possible spin direction states. Each possible distinct general particle 
state has different coefficients C+ and C– for the eigenspin solutions summed to form that general 
state. This results in a different spin direction for the particle for each different set of coefficients. 
Thus, in NRQM, all possible spin directions can be represented by general solution (B4-1.5). 

By analogy, we can surmise that the four Dirac spinors u1, u2, v2 and v1 of (4-20) span the RQM 
4D spinor space of all possible spins and momenta, and thus, are basis vectors for that space. Our 
RQM general solution (4-29) contains within it all possible relativistic spin states. 

More mathematically, we should know that a 4D space is spanned by four column vectors, each 
of four components, where these vectors are all independent of one another. Generally, the vector 
solutions of an eigenvalue problem, which is what the Dirac equation solutions are, are independent 
and complete, and thus we can conclude, span the space. They can be used as basis vectors. 

Further, the stationary particle case has spinors of form (ignoring the normalization factor in 
front) (1,0,0,0)T, (0,1,0,0)T, (0,0,1,0)T, and (0,0,0,1)T. These are obviously independent (and 
orthogonal). That independence is not changed by a boost (giving the particle a velocity relative to 
our frame.) 

General RQM Solution Contains All Possible Spin Directions 
Hence, similar to NRQM, our RQM general solution (4-29) for spinors contains all possible spin 

states within it. Different coefficients C1(p) and C2(p) will yield different spin states for C type 

But if particle 
motion is in 
direction of at-rest 
spin axis, it is also 
a spin eigenstate 
when moving 

The four Dirac 
spinors span the 
4D spinor space 
of RQM 

RQM spinor 
general solution 
encompasses all 
possible spin 
directions 

The at-rest coord 
system is the lab 
frame with particle 
decelerated to  v = 
0 and z axis 
parallel to spin 

Think of r index on 
spinors as 
representing z spin 
eigenstate for at-
rest coord system 
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particles. And different coefficients D†
1(p) and D†

2(p) will yield different spin states for D type 
particles. 

To see how this works, look at Fig. 4-1, and consider how each of the four states shown therein 
can be represented by their respective terms in the general particle state solution (4-29). In general, 
for j = a,b,c,d, the four states shown (for a C type particle) in Fig. 4-1 are 

 ( ) ( )1 1 2 2( ) ( ) ( ) ( ) j
j j j jj

j

ip xm
VE u u eC Cy

-
= +

p
p p p p . (4-44) 

State (a) there is effectively spin up with pa = 0, where from (4-20),  
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, (4-45) 

which from (4-40) is an eigenstate of S3. So, for state (a), (4-44) has effectively, C1 = 1 and C2 = 0. 
For the last state (d), where the particle is traveling at the speed of light, (4-44) becomes an 

eigenstate of S1 (see Prob. 18) with eigenvalue ½. That is, 
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 (4-46) 

where here, we must have C1 = 1 and C2 = 1 (in the normalized version, 1 2 1 2C C /= = ) to get the 
proper eigenstate on the RHS of the lower row in (4-46). 

For “in between” states (b) and (c), C1 and C2 would have other values. We won’t get into how 
those values are determined here. We only want to make the following point. 

The u1,2 values are determined in a given problem solely by p (or equivalently, v.) A particle has 
given p, the u1,2 are determined, and they serve as our spinor space basis vectors. Then, for a given 
spin alignment in our physical world problem, we have to choose the correct values for C1,2 to 
mathematically represent that spin state, for the given p. The spin basis vectors u1,2 span spinor 
space, but we have to determine how much of each we need for their linear superposition to equal 
the spin state we are dealing with. Parallel logic holds for D type particles and v2,1. 

So we see that although our development of the theory focused on only the two states of spin up 
and spin down (for stationary particle = at-rest frame particle) states, the theory is applicable to all 
possible spin direction states. 

One State That is Impossible 
Note that we can never have a relativistic state where the spin vector and p are at right angles. 

Dirac Spinors Become NRQM Spinors in Low Speed Limit 
Classical relativistic mechanics approaches Newtonian mechanics in the limit where speed is 

much less than that of light. In parallel fashion, we should expect that our RQM solutions approach 
NRQM solutions as v �  0, as well. By doing Prob. 19, you can gain an understanding of how this 
does indeed happen with Dirac spinors. If it didn’t, our solutions could not be correct, so this is one 
more check on the theory we have developed. 

RQM spinors �  
NRQM spinors    
as v �  0. 

An example 

p determines u1,2 
and then spin is 
represented by 
correct linear 
combination of 
u1 and u2 
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Spinors vs Particle Spin Dependence on Velocity 
As all of this relativistic spin stuff is a bit mind bending, the following heuristic description of it 

is offered to help in conceptualizing what is actually going on physically. 
Fig. 4-2 illustrates spin for a Dirac fermion in the at-rest system (particle at-rest in the lab) and a 

boosted particle system in terms of its x and z components in the lab, and also in terms of its spinor 
u1 and u2 components. 

Note that u1 and u2 actually exist in spinor space (they are spinor space basis vectors in that 
space), but they correspond to directions in physical space. For example, in the at-rest system, u1 
represents spin up and so can be visualized as a spatial vector that points in the +z direction. 
Similarly, in the at-rest system, u2 represents spin down, so can be visualized as a vector pointing in 
the – z direction. (See Fig 4-2a.) 

Representing the ur as vectors is a heuristic oversimplification though, and in fact is not really 
correct, as operations like spinor addition work a little differently than vector addition. (See 
Winter3.) However, temporarily visualizing them as such can aid in our understanding of how they 
and spin behave, relative to the at-rest coordinate system, for varying particle velocities. 

Figure 4-2. Heuristic Look at Spin in the At-Rest System and in a Particle Boosted System 
 

In the particle boosted system (Fig 4-2b and c), u1 and u2, as we learned, no longer represent spin 
in the + and – z directions, but can be visualized as vectors pointing in other directions, where such 
directions depend on the particular boost velocity v. 

So both the spin direction of S and the spin space basis vectors u1 and u2, as visualized in 
physical space, change direction with boost velocity v. (Compare Fig. 4-2a to Fig. 4-2c). 
At-rest system 

In the at-rest system, spin is aligned with the z axis, and in our example it is the positive 
direction of the z axis. Spin is S (= S3) = ½ u1 and  

 1
3 3 3 12orS= = =S S i S u . (4-47) 

Particle boosted system 
In the boosted system, we can express the spin (no longer aligned with the z axis of the lab) as 

 1 1 3 3 1 2orS S a b= + = +S i i S u u , (4-48) 

(where u1 and u2 are no longer aligned with the z axis either). 
Note that when the particle is boosted, the directions of u1 and u2 change, and so does the 

direction of the spin S. However, they change a little differently. S for the at-rest particle is solely 
composed of u1, whereas for the boosted particle it has components of both u1 and u2. A common 
new student mistake is to think that S and u1 change in the same manner with v, and that the RHS of 
(4-47), if it holds at-rest, will hold for any velocity. 

                                                 
3 Winter,  Rolf G., Quantum Physics, Wadsworth (1979), Chap. 9. 
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= lab system
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Boosted particle, spin x 
and z components in lab

(c)
Boosted particle, spin u1 
and u2 components in lab
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u1S3 3

u1 and u2 can be 
visualized 
heuristically as 
directions in 
physical space  

Dependence of 
u1 and u2 
directions on v is 
different from  
spin direction 
dependence 
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Again, the vector addition implied in Fig. 4-2c and the RHS of (4-48) is not quite correct for 
spinors, but hopefully, the underlying concept that the amount of each of u1 and u2 in S changes 
with velocity has become clear. 

Summarizing Eigen Status of u1 and u2 

u1(p) e
-ipx and u2(p) e

-ipx is each always an eigenstate of the Dirac equation (for any p). 

u1(p) e
-ipx and u2(p) e

-ipx is each sometimes an eigenstate of z spin, i.e. of S3 (for p = 0 or = p3 i3). 

u1(p) e
-ipx and u2(p) e

-ipx are always basis vectors for any general state |y �  (for any p). 

u1(p) and u2(p) is each sometimes an eigenstate of z spin, i.e. of S3 (for p = 0 or = p3 i3). 
u1(p) and u2(p) are always basis vectors in 4D spinor space (for any p). 
u1(p) and u2(p) change orientation, as visualized in physical space, as p changes. 
Spin S (often written in relativity as SSSS)))) changes direction with p, but differently than u1 and u2. 
Any general spin state u can be represented as a linear combination of u1 and u2 (for any p). 

u(p) = C1(p) u1(p)  + C2(p) u2(p) 
Any general particle state includes a spin part plus a spacetime part (for any p). 

|y �  = u(p) e-ipx = C1(p) u1(p) e
-ipx + C2(p) u2(p) e-ipx 

4.1.11 Helicity 
We mentioned helicity briefly above in discussing how particles approaching the speed of light 

approach a state where their spin axis and the velocity vector v are parallel. It is possible, of course, 
for particles not traveling at the speed of light to have spin aligned with velocity (or any other 
direction.) With massless particles (v = c), however, the two must be aligned, in perfect helicity. 

In general, if the spin axis (using the right hand rule), of a particle is in the direction of v one 
says the particle has positive helicity. If spin points in the direction of – v, the particle has negative 
helicity. The question we can ask then is “what is the helicity operator”? 

The degree of helicity a particle has can be defined in terms of the angle between the spin vector 
and the velocity vector. It is maximum if that angle is zero. Zero helicity would exist if the angle 
were 900. The dot product of the spin vector with a unit vector in the p (or equivalently, the v) 
direction behaves in just this way and has come to be the mathematical definition of helicity. 

Quantum mechanically, spin has three components, either for Si in NRQM or Si in RQM. These 
three components represent the three spatial components (x,y,z directions) of spin in physical space, 
though each component is a matrix in spinor space. So our spin operator SSSS in RQM plays the role of 
a 3-vector in physical space that points in the direction of spin. The inner product in physical space 
of the spin operator vector SSSS and the unit vector in the p direction (= p/|p|) would then be the RQM 
helicity operator.  That is, 

 
1 2 3

1 2 3= i
p p p

S = = S + S + Sp p
p
p p p p

i iS SS SS SS S . (4-49) 

(4-49) is a 4X4 matrix in spinor space because each S i is a 4X4 matrix. (4-49) is a scalar in 
physical space because it is the inner product of two vectors. 

A Helicity Example 
Consider a case where a particle is in the first eigenstate of (4-20), which we know from prior 

work would be a spin up eigenstate if the particle were stationary. Take (4-49) with positive p3
 �  0, 

p1 = p2 = 0 and operate on that first eigenstate. 
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space, but a matrix 
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Example of 
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Summarizing the 
essence of 
u1 and u2 
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 (4-50) 

So, this state has a helicity eigenvalue of + ½, which we should have known from non-
mathematical considerations since |y (1)�  is an up spin (+ z direction) eigenstate as long as its 
velocity is in the z direction, as it is in this problem. 

Note that if p3 were negative (– z direction),  
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Thus, from (4-51), the spin would still be up (+ ½ spin eigenvalue), but from (4-52), helicity 
would be negative (– ½ helicity eigenvalue). 

In general, a + ½ helicity state for spinors means the spin is in the direction of p; a – ½ helicity 
eigenvalue means spin is in the direction of – p.4 

A Second Helicity Example 

Consider a Dirac particle in state |y (1)�  with p2
 �  0, p1 = p3 = 0. We would expect this is not a 

helicity eigenstate, since we know the spin, if velocity were zero, would be in the + z direction and 
here, the velocity is in the y direction. Let’s see if the math tells us the same thing. 
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 (4-53) 

The lower line above is not proportional to the original state |y (1)� , so the state is not in a helicity 
eigenstate, as we suspected.  

To gain more practice with helicity, do Prob. 20. 

                                                 
4 Some authors define the helicity operator as 2Sp so their helicity eigenvalues are ±1 instead of ± ½. 

Example of 
negative helicity 
eigenstate 

Example of state 
that is not a 
helicity eigenstate 
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Wholeness Chart 4-1. Spin ½ Particle Spin Summary 

 NRQM RQM 

Physical space 3D space plus time 4D spacetime 

Spinor space dimensions 2D 4D 

Wave function = ket 
   (plane waves here) 

physical space plus time part e-ikx, 
and spinor space part (2D spinor) 

physical spacetime parts e-ikx and e+ikx, 
and spinor space part (4D spinor) 

Spinor forms  
= basis vectors 

(Dirac-Pauli  
representation for RQM) 
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similar forms for v2 and v1, here and below 

Spinor form dependence Independent of velocity v Depends on velocity v (on p) 

Spin operator 2i iS s=
�

     s i = 2X2 Pauli matrices 0

02
i

i
i

s
s

� �
S = � �

� �

ℏ
     4X4 matrices 

Spin operator character 3D physical space angular momentum vector similar to linear momentum vector p. Both are 
quantum operators. Spin vector components = matrix operators in spinor space. 

Spinors spin eigenstate? Yes. Always Generally no. Yes if v = 0, or spin & x3 aligned 

Spin in directions of      
3D axes 

(Linear combinations not 
normalized here) 

For any velocity 
spin; spin

;

;

z z

x x

i y i y

c c
c c c c
c c c c

+ -

+ - + -

+ - + -

® + ® -

+ ® + - ® -

- ® + + ® -

 

For v = 0, or spin and v both in direction indicated 

1 2

1 2 1 2

1 2 1 2

spin;  spin

;

;

u z u z

u u x u u x

iu u y iu u y

® + ® -

+ ® + - ® -

- ® + + ® -

 

Spin operator eigenvals 
± ℏ/2 

+ (–) for given s i  if spin in pos (neg) 
i axis direction 

± ℏ/2  (½ in natural units) 

+ (–) for given S i if spin in pos (neg) 
 i axis direction  

General spin direction 
(Can normalize 
coefficients if desired.) 

C Cc c c+ + - -= +  

C+, C– determine spin direction. 
Choose them to fit problem spin, 

including spins not along x,y,z axes 

( ) ( ) ( ) ( )1 1 2 2u C u C u= +p p p p  

C1, C2 determine spin direction. Choose them to fit 
particular problem spin for any given p (including 

spins not along p or x,y,z axes.) 

Helicity 
i

i
p
p

s s= =p
p
p

�ssss  
i

i
p
p

S = = Sp
p
p

�SSSS  

Spinors helicity 
eigenstates? 

Generally no. Yes if spin and p 
aligned for c+ or  c– 

Generally no. Yes, if  Yes if spin and p 
aligned for u1 or  u2 

Helicity eigenstates Any general state where spin parallel to line of action of p 

Helicity eigenvalues 
± ℏ/2  (½ in natural units) 

 + if spin in p direction; – if in – p direction 

General states summary 

A state is in a spin eigenstate of Si (S i ) if spin is aligned in + or – direction of ith axis.                                   
A state is in a helicity eigenstate if spin is aligned with p or – p. 

Eigenstate or not, coefficients on the c+,– (or u1,2) can be chosen to produce the 
mathematical state for the particular spin direction (and p), and thus for the helicity, as well. 
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4.1.12 Summary of RQM for Dirac Particles 
Do Prob. 21, which asks you to construct your own Wholeness Chart summary for RQM Dirac 

particles for all but spin and helicity. 
Spin and helicity are summarized herein in Wholeness Chart 4-1 for both NRQM and RQM. 

4.2 The Dirac Equation in Quantum Field Theory 

4.2.1 Summary Chart 
All that we will do in the remainder of this chapter is summarized in Wholeness Chart 5-4 at the 

end of Chap. 5.  I highly recommend following along, step by step, in that chart as we progress from 
here to the end of this chapter. 

4.2.2 From RQM to QFT 
Recall from Sect. 4.1.1, pg. 85, that because fermions cannot occupy the same state, they cannot 

reinforce one another to produce a macroscopic fermionic field. So, we have no classical spinor 
field theory. That is, we have no Hamiltonian density, Lagrangian density, nor wave equation (all of 
which are essentially equivalent), which we could use for quantizing and deriving a quantum spinor 
field theory. 

But in our scalar theory we found the QFT wave equation for fields (in the Heisenberg picture) 
was identical in form to the RQM equation for states (in the Schrödinger picture). It is not a great 
leap of faith, therefore, to assume the same thing will hold true for spin ½ fermions. And, of course, 
as history and experiment have proven, it does. 

Thus, the Dirac equation for fields (where we will, as with scalar fields, work in the Heisenberg 
picture), from (4-15) for states, is  

 ( ) 0i mm
mg y¶ - = . (4-54) 

Its eigensolutions (for given p), identical in form to (4-20) but fields now instead of states, are 

 ( ) ( ) ( ) ( )1 2 3 4
1 2 2 1

ipx ipx ipx ipxu e u e v e v ey y y y- -= = = = , (4-55) 

whose mathematical behavior we have already learned quite a bit about. 
The adjoint Dirac equation for fields, from (4-31), is 

 0i mm
myg y¶ + = , (4-56) 

with adjoint eigensolutions 

 ( ) ( ) ( ) ( )1 2 3 4† 0 † 0
1 1 2 2 1

ipx ipx ipx ipx ipxu e u e u e v e v ey y g y g y y y- -= ® = = = = = . (4-57) 

4.2.3 Summary of General Plane Wave Solutions 
For the Dirac and adjoint Dirac equation, the general discrete plane wave solutions are 

 

 

†

†

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )

,

r r r

r r r r

r
ipx ipx

r ,

ipx ipx

r ,

m
VE

m
VE

u e v e

v e u e

c d

d cy

y y

y

y y

+ -

+ -

-

-

= +

+

= +

+

=

=

�

�

p

p

p

p

p p p p

p p p p
 (4-58) 

Be sure to use the 
summary wholeness 
chart, as you study  
this chapter 

And the RQM adjoint 
equation as our QFT 
adjoint equation 

No classical theory 
for spin ½ fields, so 
we can’t use H or L 
for 2nd quantization 
postulate #1 

So, we take a hint 
from scalar theory 
and take the Dirac 
RQM equation as our 
QFT field equation 

General plane wave 
solutions to Dirac 
field equation 
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and the general continuous plane wave solutions are 
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 (4-59) 

Note that for fields we use lower case for the coefficients, as we did for fields in the scalar 
treatment. You may be anticipating that we want to distinguish them from the RQM coefficients 
(upper case) because we will find the QFT coefficients to be operators, rather than mere numbers. If 
so, you will turn out to be right, as we will see. 

4.2.4 The Dirac Lagrangian, Conjugate Momentum, and Hamiltonian 
From the Dirac equation (4-54), and trial and error, we can deduce the Lagrangian (density) for 

free spinor fields to be 

 ( )1 2
0

/ i ma
ay g y= ¶ -L  , (4-60) 

which can be checked by plugging into the Euler-Lagrange equation, 
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By doing Prob.22, you can prove to yourself that for n = 1 above, we get the Dirac equation, and for 
n = 2, we get the adjoint Dirac equation. 

Conjugate momenta for y  and y are 
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where the adjoint momentum on the RHS might be a little surprising, but is true. 
The Dirac Hamiltonian density can be found from the Legendre transformation as 
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 (4-63) 

4.3 Anti-commutation Relations for Dirac Fields 

4.3.1 No Spinor Poisson Brackets: Try Assuming Coefficient Commutators 
Since we don’t have macroscopic spinor fields, and thus no associated Poisson brackets, we 

can’t really carry out second quantization postulate #2, in which we took Poisson brackets over into 
commutators. But just as we took a hint in Sect. 4.2.2 from the scalar fields case for postulate #1 
(i.e., we assumed that the QFT wave equation was the same as the RQM wave equation in both 
scalar and spin ½ cases), we can take a similar hint for postulate #2. That is, we can postulate that 
the Dirac solution coefficients cr(p) and dr(p) obey the same sort of commutation relations that the 
Klein-Gordon solution coefficients a(k) and b(k) did. 

But, when early researchers did this, they soon found that such commutation relations did not 
work for Dirac fields. They did not produce a viable theory that matched the real world. (We will 
see this near the end of the chapter, but for now, just accept it.) 

4.3.2 Dirac Coefficient Anti-commutation Relations Do Work 
However, it was soon found that coefficient anti-commutation relations, parallel in form to the 

scalar coefficient commutation relations, did work. These are 

Dirac Lagrangian 
(density)�   for free 
fields, deduced from 
Dirac equation 

Dirac conjugate 
momenta 

Dirac Hamiltonian 
density �� from ��

No classical spinor 
field Poisson 
brackets �  guess 
that Dirac coeffs 
have commutation 
relations like scalars�

That guess is wrong�

A new guess: Dirac 
coeffs obey anti-
commutation 
relations.�
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¢
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 (4-64) 

 
We will thus use (4-64) as our postulate #2 of 2nd quantization for Dirac fields. See Fig. 4-3. 

And before too long, we will prove to ourselves that indeed, this postulate does give us a viable 
spinor field theory. 
 

 
 

4.4 The Dirac Hamiltonian in QFT 

4.4.1 The Free Dirac Hamiltonian in Terms of the Coefficients 
Similar to what we did for scalar fields, we find the Dirac Hamiltonian by integrating the Dirac 

Hamiltonian density of (4-63) over all space (a volume V containing the discrete solutions, which 
we can make as large as we like), i.e., 
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/ / i
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Parallel to what we did for scalars, we substitute the Dirac general solution (4-58) into (4-65), 
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 (4-66) 

The first of the two integrals above (i.e., the 2nd and 3rd lines of (4-66), which are multiplied 
together and represent the derivative term) becomes 

H = ��  dV  

This guess is our 
postulate #2 for 2nd 
quantization of 
spinor fields�

Begin derivation of 
coefficient form of H 

Coeff anti-commutators

Same wave equation

Effective 2nd quantization for spinors

   No Classical
Spinor Field
   Theory

  No Classical
    Spinor Particle

       Theory

RQM Spinor
Theory

     Can't quantize
       in usual way

QFT Spinor
Theory

     Can't quantize
       in usual way

   Dirac 
deduced

Fig. 4-3.  The Route to QFT for Spin ½ Fields 

The right guess and 
the same Dirac wave 
equation yield QFT 
for spinors�
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 (4-67) 

In (4-67) above, all cases where the terms in the summations, when multiplied, don’t give us e0 
= 1 for the spatial part of the exponent drop out, because an integral over all space of the oscillating 
function e 

if (x), where f(x) �  0, is zero. So in the first and last lines, only terms with p� = – p will 
survive. And in the 2nd and 3rd lines, only terms in p� = p will. Thus, (4-67), line-by-line, reduces to 
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 (4-68) 

In similar fashion, the last two lines of (4-66), representing the mass term in 1 2
0

/H , become 
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  (4-69) 

The first row of (4-68) added to the first row of (4-69), as we do in (4-66), sum to zero as shown 
in Box 4-3. Similarly the last rows of (4-68) and (4-69) sum to zero as well. (Prove it in Prob. 23.) 

Then we will look at the second lines of (4-68) and (4-69) but first need to recall (4-25), i.e., 
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Adding the second lines of (4-68) and (4-69), and using (4-70) in the second line below, we find 
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Now, if you did Prob. 23, you proved that 

 ( ) ( ) 0sp m v+ =p , (4-72) 

which means (4-71) reduces to 
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By doing Prob. 24, which essentially follows steps like (4-70) to (4-73) for the third lines of 
(4-68) and (4-69), one finds the sum of those third lines to be 
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The only terms remaining in (4-66) are (4-73) and (4-74), so the free field Dirac Hamiltonian is 
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where ( ) ( ) ( ) ( )† †
r r r r r rN ( ) c c N ( ) d d= =p p p p p p  . (4-76) 

An Example 
Now consider the Hamiltonian of (4-75) acting on a state with one c type Dirac particle in an 

eigenstate of 3-momentum p�, another c particle with p��, and a d type particle with p��� . Note that 
Dirac d type particles in a ket are represented by an overbar, i.e., by y . 
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 (4-77) 

4.4.2 Dirac Number Operators 
The only way this makes sense is if (4-77) is 

Nr (p)  = number operator with eigenvalue nr(p) = number of c particles of 3-mom p, spin r in the ket, 

( )rN p = number operator with eigenvalue ( )rn p = number of d particles with p and spin r in the ket, 

       and, the vacuum has – ½ quantum of energy for each p, r for c particles, and also for d particles. 

End of derivation of  
H in terms of 
coefficients 

An example: 
Comparing math 
results for H to real 
world energy 

Comparison yields 
number operators 
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4.4.3 Zero Point (Vacuum) Dirac Particle Energy 
Note that 

 ( ) ( )( ) ( )1 2 1 1 1 1
0 2 2 2 2

infinite negative energy

0 0 0/

r , r,
r rH E N N E= - + - = - -∑ ∑

p p
p pp p

���������

. (4-78) 

It is a striking fact that, according to our theory, the vacuum appears to be filled with an infinite 
number of Dirac c and d type virtual particle quanta, each of different frequency (with ½ Ep = ½ wp 
in natural units), and each having negative energy. 

Does this negative vacuum energy really exist? If one accepts that virtual scalars (and as we will 
see in Chap. 5, virtual photons) fill the vacuum with positive energy, then one has to accept what 
(4-78) is telling us. There appears to be no experimental evidence, however, unlike that often 
claimed for positive vacuum energy, that this is so. Additionally, it then becomes even harder to 
presume states in QFT are harmonic oscillator states, as no known such oscillator has a negative 
energy ground state.  

Box 4-3. Terms That Drop Out of Derivation of Hamiltonian in Terms of Coefficients  
To prove how the first row of (4-68) and (4-69), when summed, equal zero, we first need to derive a relationship 

involving the spinor ur(p). 

Relationship for ur(p) 
Consider the Dirac equation and a single eigensolution to it having 3-momentum p and spin s, 
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Neither cs(p) nor the exponential equal zero, so the remaining factors must equal zero, and thus 

 ( ) ( )( ) = ( ) = 0s sp m p mu um
mg - -p p . (B4-3.3)  

Re-expressing and Combining Terms in (4-68) and (4-69) 
Now from the complex conjugate transpose of (4-25), where r and s are dummy variables and thus interchangeable, 

and the relation holds for any p, including – p, 
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The middle part of the first line of (4-68) can then be written as 
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When we then use the RHS instead of the LHS of (B4-3.5) in the first line of (4-68) and add that to the first line of 
(4-69), as the terms are in the original summation of (4-66), we get 
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Thus, the first lines of (4-68) and (4-69) drop out, as promised. 

Vacuum appears 
filled with Dirac ½ 
quanta of negative 
energy 
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Many, like myself, feel that something is still missing from the extant theory, and that we should 
keep an open mind with regard to what is happening in the vacuum.5 

4.4.4 Positive Energy for Real Dirac Type d Particles in QFT 
Consider a multiparticle state of real (not virtual, like in the vacuum above) d type particles, 

which in RQM, with H = i∂/∂t, had negative energies. Here, with  H = ��  dV = (4-75) instead acting 
on a state with 3 d type particles of given 3-momentum and 2 others with different 3-momentum, 
we find 
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So, our theory produces only positive energy real particles, and we will expect to find the d type 
particles are antiparticles, with opposite charge of particles, but with the same (positive) energy. 

4.4.5 Unit Norms and Orthogonality for Multiparticle Spinor States 
Similar to what we had in QFT for scalars, we define our symbols for multiparticle states such 

that every such state is normalized, i.e., its inner product with itself is unity. That is, we choose the 
constant in front of the state (when it is expressed in wave function form) to get this result. This 
constant is hidden inside (it is implied, not shown) the ket symbol, when we use that to represent the 
state. For example, using the ket symbol, which is more common in QFT, we have 

 1r , r , r , r ,, ,y y y y¢ ¢ ¢¢ ¢¢ ¢ ¢ ¢¢ ¢¢=p p p p  . (4-80) 

And by their nature, each such multiparticle state is orthogonal to every other state that is not 
identical to it in particle types, particle numbers, p, and spin r. If we expressed the following 
examples in terms of integrals over all space (inner products) of the wave function form of the 
states, we would find those integrals equaled zero. 

 4 3 0 0r , r , r , r , r , r ,

r r
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= =k p k p p p p p�����������
 . (4-81) 

4.5 Expectation Values and the Dirac Hamiltonian 
Parallel to scalars (see Chap. 3 for details), we find the expectation value of any operator for any 

multiparticle state, with y j representing the jth state and can be either a c or d type particle, is 

 1 2 3 1 2 3, , ,.... , , ,....y y y y y y=� � � . (4-82) 

4.6 Creation and Destruction Operators 

It will probably not come as a big surprise that the cr(p) and dr(p) operators destroy Dirac 
particles, and their complex conjugates create Dirac particles. We prove this below. 

4.6.1 Proving It 
Before going through the proof, we should note some relations we’ll need that are a direct result 

of certain anti-commutation relations noted, but not shown, in (4-64). Two of these are 

 ( ) ( ) ( ) ( )† † 0r r r rc ,c c ,c
++

   = =  p p p p . (4-83) 

                                                 
5 The article cited in the footnote on page 89 shows that by including the unused solutions to the field 
equations, all ½ quanta terms in the vacuum, of both positive and negative energy, sum to zero. 

d type Dirac 
particles have 
positive energy in 
QFT, like 
antiparticles do in 
experiments 

The coefficients create 
and destroy Dirac 
particles 

Orthonormality of 
spinor states similar to 
scalar states 

As are expectation 
values of operators 
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The first of these gives us 

 ( ) ( ) ( ) ( ) ( )( )2† † † † †0 0r r r r rc c c c c+ = ® =p p p p p . (4-84) 

Do Prob. 25 to prove that from the second of (4-83) and similar relations for dr(p) and dr
†(p), 

 ( )( ) ( )( ) ( )( )
22 2†0 0 0r r rc d d= = =p p p . (4-85) 

Note, as proven when doing Prob. 25, that none of (4-84) and (4-85) would be true if the 
coefficients obeyed commutation, rather than anti-commutation, relations. 

Proof that cr(p) is a Destruction Operator 

 We ask what state results from cr(p) acting on a single c type particle of spin r and 3-
momentum p (no sum on r below), 

 ( ) ?r r ,c y =pp . (4-86) 

To see, operate on this unknown state with our number operator Nr(p) = cr
†(p) cr(p). 
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Since the number eigenvalue of |?�  is zero, we conclude that |?�  = |0�  and thus, from (4-86), that 

cr(p) destroyed the Dirac particle state |y r,p� . 

Note that, using (4-85), we can prove that cr(p) annihilates the vacuum, i.e., 
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. (4-88) 

End of Proof 

Proof that cr
†(p) is a Creation Operator 

What state results from cr
†(p) acting on the vacuum? 

 ( )† 0 ?rc =p . (4-89) 

Start by operating on the above with the number operator. 
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From the first and last parts of (4-90), we see that the state in question has n? = 1 as the eigenvalue 

of Nr(p) and thus, must be the single particle state |?�  = |y r,p� . Hence, from (4-89), cr
†(p) creates a 

single Dirac particle out of the vacuum.  
End of Proof 

Proving cr(p) destroys 
a single particle state 

Proving cr(p) 
annihilates the 
vacuum  

Proving cr
†(p) 

creates a single 
particle state from 
the vacuum 
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4.6.2 The Surprise Result of cr
†(p) Acting on a Single Particle State 

 From the parallels so far with scalar creation and destruction operators, one might expect that 
cr

†(p) acting on a single particle state would create a two particle state. But if we recall that two or 
more fermions cannot occupy the same state (same r and p), it seems such a thing would have to be 
prohibited. Let’s see if it is. Using (4-84), we get 

 ( )
( )
� ( )( )
†

† †

0

2

0

0 0

r

r r , r

c

c cy

=

= =p

p

p p
�����

. (4-91) 

So action of cr
†(p) on a state containing the Dirac particle |y r,p�  destroys that state. 

So, the theory we’ve developed tells us that we cannot create (we cannot have) multiparticle 
states with more than one Dirac particle in a given single particle state. Dirac particles obey the 
Pauli exclusion principle. This is a blessing. If it were otherwise, we would not have a valid 
fermionic field theory. 

Anti-commutators give us fermionic behavior 
As noted above, if our coefficients obeyed commutator relations (like scalar bosons do), we 

would not have gotten (4-84), and that is what caused the operation in (4-91) to prohibit creation of 
a two particle state with both particles being c type fermions having the same spin and 3-
momentum. This is why we stated in Sect. 4.3 on pg. 104 that commutators would not work for 
Dirac particles and we had to use anti-commutators. 

General rule: 
Coefficient commutation relations work for bosons and allow more than one identical single 

particle state to co-exist in the same multiparticle state. 
Coefficient anti-commutation relations work for fermions and do not allow more than one 

identical single particle state to co-exist in the same multiparticle state. 

4.6.3 Parallel Results for d Type Particles 
A parallel analysis for d type Dirac particles yields exactly parallel results as we had above for c 

types. dr
†(p) and dr(p) operators create (from the vacuum) and destroy d type particle states. 

Application of  dr
†(p) to a state containing a single d particle r ,y p , annihilates that state. 

4.6.4 Total Particle Number 
As with scalars, total particle number is defined as the number of particles (i.e. c types) minus 

the number of antiparticles (d types). For spinors, the total particle number operator is 

 ( ) ( ) ( )( )r r
r ,

N N Ny = -�
p

p p . (4-92) 

Again note the subtle difference in phraseology. “Number of particles” is equal to the number of 
particles plus the number of antiparticles. 

4.6.5 ( )� x  and  ( )� x  as Operator (or Quantum)Fields 

Thus, the total particle lowering operator field is 
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  (4-93) 

  and the total particle raising operator field is 
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4.7 QFT Spinor Charge Operator and Four Current 

4.7.1 Simple Deduction of Dirac Charge Operator 
From what we know about the number operators, and parallel to what we found for scalar fields, 

we can simply define our Dirac charge operator as 
 

 ( ) ( )( )
r ,

r rQ e N N= - -�
p

p p , (4-95) 

where – e is the charge on the electron. Note that, with this definition, d type particles will have a 
charge of + e, which would qualify them as antiparticles of the electron. Note the operation of 
(4-95) on a typical state. 

 ( ) ( )( ) ( )
1 1 1 2 1 1 1 1 1 2 1 1

tot charge= 

1 1 1r , r , r , r , r , r ,

er ,
r re N N , , e , , .y y y y y y

-

- - = - + -� p p p p p p
p

p p
�����

 (4-96) 

A state with two electrons and one positron has a total charge of – e. 

4.7.2 The Dirac Charge Operator from the Four Current 
But we could, instead, derive (4-95) more formally. 
Spinor fields in QFT are governed by the same Dirac equation as spinor states were in RQM. 

And we used that equation in Sect. 4.1.7 (pg 91) and Prob. 13 to find the conserved quantity Q� of 
(4-35) associated with the divergentless four-current jm of (4-34). The exact same steps with fields 
yield the exact same expressions as they did for states, except now y  and y  are operator (quantum) 

fields with constants Cr(p), Dr(p)  �  operators cr(p), dr(p). Thus, 

 ( )operator with 0j , j m
m

mm r y yg= = ¶ =j , (4-97) 

and 

 0 3 3 3 † 3 † 30 0 0

V V V V V

j d x d x d x d x d x Qr y y y y y yg g g ¢= = = = =� � � � � . (4-98) 

Derivation of Charge Operator from Divergentless 4-Current 

Substituting the solutions (4-93) and (4-94) post-multiplied by g 0 into (4-98) yields 
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 (4-99) 

As we’ve seen before, all above products where |p| �  |p�| result in exponentials that oscillate in 
space, and when integrated over all space, are zero. The p = p terms then are 
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where the underbrackets are from (4-25). The p = – p terms are 

 † †2 2† † 3
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where we again use (4-25) to show those terms go to zero. (4-99) then becomes 
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† †3 † †
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The “1” may look strange here, but recall we only need to satisfy the 4-divergence relation (4-97). 
So we can add a constant 4-vector to jm = (r , j ) and the result will still have zero 4-divergence. We 
can also multiply jm by any constant and the 4-divergence of zero will still hold. So define a new 4-
vector, the spinor charge density 4-current operator, 

T 
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1
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. (4-103) 

Thus, our operator for our new conserved quantity, which is the spinor charge operator, is (4-95), 
i.e., 

 ( ) ( )( )0 3 0 31 1 r r
r , r , r ,

Q s d x e j d x e Q e N N
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p p p

p p . (4-104) 

End of derivation. 

4.8 Dirac Three Momentum Operator 

4.8.1 Simple Deduction of Dirac Momentum Operator 
 Similar to what we did in Sect. 4.7.1, we can simply define our Dirac 3-momentum operator as 

 ( ) ( )( )r r
r ,

N N= +�
p

P p p p , (4-105) 

since operation by (4-105) on any multiparticle state will yield a sum of the p values for all the 
single particles in that state. Do Prob. 26 as an example. 

4.8.2 Dirac Three-Momentum Operator from the Conjugate Momentum 
One can derive the 3-momentum operator more formally using the relation between 3-

momentum density and conjugate momentum of the field from Box 2-2 (XXX pg 23) of Chap.2, 
i.e., (with sum on n index) 

 1 21 ; 2
n

i
n i n , n ,

x

f
p f y f y

¶
= = = = =

¶
p . (4-106) 

Then, 
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 ( ) ( )( ) ( ) ( )( )3

derived from field equation solutions

i

i i i i i
r r r r

r ,r ,p
P d x p N p N p N N= = + ® = +∑ ∑�
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The derivation of the expression after the second equal sign above is similar to the kind of thing 
we have done before for H and Q, and we won’t do it here. If you have trouble simply accepting 
(4-105), then please do Prob. 27, which asks you to derive (4-107). 

4.9 Dirac Spin Operator in QFT 

4.9.1 Deduction of Dirac QFT Spin Operator 
From what we found for the Hamiltonian, charge and 3-momentum operators, one might guess 

that the Dirac spin operator in QFT would be 

 ( ) ( )( ) ( ) ( )( )QFT QFT(try assuming) i i
r , r ,

r r r rN N N N= + ® S = S +� �
p p

p p p pS SS SS SS S , (4-108) 

where SSSS = Si  is the spin operator of RQM (See (4-39)). Thus, action of (4-108) for i = 3 on a 
sample state would probably give us the total spin in the z direction of the state, e.g., 
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 (4-109) 

But as noted in the underbracket above, our RQM spin operator is not defined for a multiparticle 
state. So, it is not evident how S3 would act on states as found in QFT. 

But what we can do is define our QFT Dirac spin operator as 

 † 3 † 3
QFT QFT 3 3i i

V V

d x d xy y y yS = S ® S = S� � , (4-110) 

and note what we get when we substitute the general solutions to the Dirac equation for y  and y  †.  

For Type c Particles Only 
For simplicity, we will restrict ourselves to c type particles only, and later extend our results to 

include d types, as well. From (4-110), with the preceding superscript c to designate c type, 
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As we should be getting used to by now, all terms where p �  p′ will go to zero in the integration, 
giving us 
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For r �  s, the c operators will destroy a particle of spin s, then create one of different spin r, i.e., 
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So the expectation value of what we would measure for spin in the z direction for the given state 
with s spin would be 
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Hence the only way we can measure anything corresponding to this operator is if r = s. So, with no 
loss in measurement prediction capability (nor thus, in generality), we can drop terms in (4-112) that 
result in zero expectation values, leaving us with 
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Now if | y r,p�  is in a z direction eigenstate, say the up state, then (4-115) acting on it yields 
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And the eigenvalue of our operator is ½, representing an up eigenstate. 

The key to all this is that the S3 operator in (4-110) operates on the column spinor of y   in 
(4-110), and the destruction and creation operators cr(p) and c†

r(p) associated with that column 
spinor operate on the ket in question. They all have spin r and 3-momentum p. So the effect we get 
on a multiparticle state is what we desired. The total spin in the i direction from all particles in the 
multiparticle state. 

All of the above steps can be repeated analogously for S1 and S2 to yield the general result 

 †
QFT = ( ) ( ) ( )r r

c
i i r

r ,
u u N

m
E

S S�
pp

p p p . (4-117) 

For Both Type c and d Particles 
The same steps we went through for c particles and fields above work for d types as well. Thus, 
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Carrying out similar steps for both types yields the QFT spin operator in terms of number operators, 
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4.9.2 Formal Derivation of Dirac QFT Spin Operator 
Angular momentum in relativity is, strictly speaking, a 4D skew symmetric tensor (the purely 

spatial components of which can be employed as the three components of a 3D pseudo-vector.) That 
angular momentum tensor can be converted into an angular momentum density tensor, which can be 
quantized. This gets quite complicated, and we won’t do it here, but will note that upon doing so, 
one finds the quantum field theory spin operator to be (4-110). And thus, with a quite formal 
derivation from general principles, one ends up with (4-119). 

4.10 QFT Helicity Operator 
As noted before, helicity is simply the component of the spin along p, i.e the dot product of the 

3D spin vector and the unit vector in the 3-momentum direction. So, the QFT helicity operator is 
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In terms of number operators, from (4-119), this becomes 
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4.11 Odds and Ends 

4.11.1 Inner and Outer Products in Spinor Space 
For products of two fields, when the adjoint field is on the left and spinor indices are suppressed, 

an inner product is implied. Thus, where, as always, repeated indices mean summation, 

 † 0 a scalar quantityb b a ab byy y y y g y= = = . (4-122) 

When the adjoint field is on the right, an outer product (a tensor/matrix) is implied. For example, 

 † 0 a matrix quantity in spinor spaceXa b d da b abyy y y y g y= = = =  (4-123) 

If these rules are broken under any special circumstances, we will write out the indices to so 
indicate. 

4.11.2 Dirac Matrices and Spinor Relations 
There are a number of ways Dirac matrices and spinors may be manipulated, and many of these 

will prove convenient along the way, particularly when we get to interaction theory. One of these 
we have already seen: the hermiticity conditions (4-12). 

Proving each and every one of these can eat up a lot of time, is not something I, the author, have 
ever done, and is not recommended. Proving one or two of them to yourself can, however, give you 
some confidence in all of them. 

Appendix A of this chapter lists many of these relationships. Prob. 30 asks you to prove one of 
them. The rest can be treated similarly to the way we treat integral tables. I don’t know anyone who 
has ever proven all of the relations in any integral table to her/himself, but every physicist I know 
commonly uses them with confidence. 

4.11.3 Subtleties Regarding Spin 
Even if you have worked hard to understand Dirac spinors, their dependence on 3-momentum, 

and the spin operator, you probably still feel a little insecure (a little “fuzzy”) about them. If you 
don’t, you probably either i) are a very rare student or ii) have not reflected too deeply on them. 

Extant texts typically do far less to explain them than we have in this chapter, and seem to ignore 
key issues and questions, the analysis and answers for which would be highly enlightening. 

The First Issue 

One such example is how, in QFT, one might treat a particle that is not in a pure u1 or u2 state. 
Typically, one would expect the overwhelming majority of particles treated to not have their 
momenta and spin directions so perfectly aligned as to be representable by only one of u1 or u2. Yet 

in QFT, one almost invariably deals with kets such as r ,y p  or r , r , r ,, ,y y y¢ ¢ ¢¢ ¢¢p p p , for which, it is 

seemingly implied, the spin values r, r′, and r′′ equal 1 or 2. These are spin basis states, so it seems 
these kets can not represent more general (non-basis) states. 

When we get to interaction theory applications, we will see that in decay, the particle is analyzed 
at rest. And we can simply align the z axis of our chosen reference frame with the spin axis of the 
particle at rest. No problem. 

In scattering, particles are typically high energy (approaching light speed) and so have their 3-
momenta effectively aligned with their spins. So we can simply choose our z axis for a given 
particle in that direction and things get simplified, because such a particle must then be in either a 
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spin up u1 state or a spin down u2 state. Still further, in scattering, calculations are highly statistical, 
and certain averaging processes over all possible spin states take place. Those cover over and 
automatically account for more general, non pure u1 or u2 spin basis states. 

And yet, the theory stills seems a little lacking, if, as it might seem, it only handles pure spin 
basis states. 

The Second Issue 

The solutions to the Dirac equation are expressed in terms of the spinors u1, u2, v1 and v2, but, it 
is important to realize that the pi values used in the usual expressions (4-20) must be expressed in 
the at-rest coordinate system of the particle (decelerate the particle to rest in the lab) for which the 
spin is parallel with the z axis. 

But if we have a multiparticle state and we take our coordinate system as the at-rest system of 
one particle, this will usually not be the same as the at-rest system of any of the other particles. So 
we can’t use the same coordinate system for all particles, or we won’t represent the spin of those 
other particles correctly. But using more than one coordinate system makes computation a lot more 
difficult, of course.  

The Full Resolutions of These Questions in Appendix B 
Virtually everyone learns QFT without considering the second issue above, and you can 

certainly do so, as well. The first issue is contained in most treatments, but often unclearly. For 
those who really wish to get to the bottom of these matters, I have covered them in greater depth in 
Appendix B of this chapter. A summary of that appendix follows below. 

Summary of Appendix B 
The First Issue  

1. Feynman diagrams in the literature may label a Dirac particle with given p and spin of subscript 
r. That implies r = either 1 or 2, and thus the state should be a pure basis state. But particles are 
rarely in a pure  basis state, so the symbolism seems incomplete and unable to represent the full 
range of states in nature. 

2. In the ket symbolism of this text, we will represent a general, not necessarily pure basis, state as 
|y p�  and a pure basis state as |y r,p� . In Appendix B, we show the mathematical predictions for 
observables for |y p�  work out. 

3. In experiments, spin is typically not measured, but we may calculate a Feynman amplitude (see 
Chap. 1) for a given interaction for a particular basis state spin (r = 1 or 2) for each particle, and 
then use such basis state spin results to find general state results. Typically, this entails an averaging 
over all incoming particles of all possible spin states. Recall that quantum predictions (expectation 
values, scattering, decay) of measurements are statistical in nature, so such averages work well. 

The Second Issue 

1. The usual standard representation forms of spinors u1 and u2 only represent actual spin if the 
particle at-rest coordinate system has spin parallel to the z axis direction. That is, pi used in the usual 
forms of u1 and u2 must be measured in the at-rest system. 

2. If we have two (or more) particles in a multiparticle state, each typically has a different at-rest 
coordinate system. So, we can either i) represent each particle with usual forms for u1 and u2 using 
pi values for each measured in its own (different from the others) at-rest system, and thereby make 
computation very difficult, or ii) represent all particles by the usual forms of u1 and u2 using pi 
values for all measured in the same coordinate system, but then, at best, only one particle would 
have its actual spin represented correctly. 

3. We are typically concerned about expectation values, and such values are the same whether we 
use 2i) or 2ii). 2ii) is easier computationally because everything is done in the same coordinate 
system. It works because in taking expectation values, the “incorrectness” in spin representation in 
the ket is canceled by the “incorrectness” in spin representation in the bra. 
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second issue 
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4.11.4 Eigenstates of Three Momentum Not So Problematic as Spin 
Note that we can get away with considering only p eigenstate (basis state) particles in our kets, 

even though every free, real world particle is actually a wave packet (a general particle state which 
is an integral over different p eigenstates). This is because, in many cases, including those 
commonly treated in QFT, a particle eigenstate of certain p value (every measurement of 3-
momentum would yield p) is an excellent approximation to a wave packet with 3-momentum 
expectation value p (the average of many measurements would be p). 

4.12 The Spinor Feynman Propagator 
We will follow similar steps to derive the Feynman propagator for Dirac fields as we did for 

scalar fields in Chap. 3. Note that, as before, Wholeness Chart 5-4 at the end of Chap. 5 breaks these 
steps out clearly, and should be used as an aid when studying the spinor propagator derivation. 

4.12.1 The Approach 
Recall that the first part of QFT, including this chapter, deals with free particle/fields (no 

interactions). When we later introduce interactions, a mathematical relationship called the Feynman 
propagator will arise, which corresponds, physically, to a virtual particle that mediates force, i.e., it 
carries energy, momentum, and often charge from one real particle to another. It will make things 
easier in the long run, however, if we derive the Feynman propagator for spinors now, rather than 
when we get to interactions.  

Similar to what we did with scalars, we will, heuristically, consider the operator field ( )xy  to 

create a virtual Dirac particle at event y, and y  (x) to destroy that virtual particle at event x. The 
spinor propagator incorporates these two field operators. 

Note, that as we showed with scalars, while this “creation/destruction at a point” perspective 
helps in understanding the derivation of the propagator, the propagator really corresponds to a kind 
of probability density function in y and x. It represents the probability density (actually, the square 
of its magnitude represents probability density, though it is a bit more complicated as other factors 
are eventually involved) of a Dirac particle appearing at y and disappearing at x. It is a double 
density in that it is a function of both y and x, two independent variables, rather than one.  

4.12.2 Milestones in the Derivation 
We proceed in five distinct steps, precisely parallel to those we followed in Chap. 3 for scalars. 

The entire derivation is for continuous (not discrete) eigenstate solutions of the field equation (Dirac 
equation here), as the propagator is not confined to a volume V. We represent the spinor Feynman 
propagator with the symbol iSF(x-y). This actually turns out to be a 4X4 matrix in spinor space, 
which should not be too surprising, since the Dirac equation and its solutions live in 4D spinor 
space. So we also will, at times, use the symbol iSFab(x-y) for the spinor propagator where the a and 
b subscripts range from 1 to 4 and represent the matrix components. 
 

Step 1:  Express the Feynman propagator iSF as a mathematical representation of a spinor or 
anti-spinor created at one point in space and time in the vacuum and destroyed at another 
place and time. 

Step 2:  Express iSF in terms of two commutators (one for particles and one for anti-particles). 
Step 3:  Express those two commutators as real integrals. 
Step 4:  Re-express those two real integrals as two contour (complex plane) integrals. 
Step 5:  Re-express the two contour integrals as a single real integral, the form most suitable for 

analysis. 
 

p eigenstates 
excellent approx of 
wave packet with p 
expectation value 

We’ll use the spinor 
Feynman propagator 
when we get to 
interaction theory 
 
But it’s easier in the long 
run if we derive it here 
 

We can heuristically 
think of the propagator as 
creating a virtual particle 
at x and destroying it at y 
 
But it really correlates 
with a probability density 
in x and y 
 

Spinor propagator is 
a 4X4 matrix 
 

Steps 2, 3, and 4: Math 
manipulation of relations 
for particle and anti-
particle 

Step 5: Combining two 
complex integrals into a 
single real one. 
 

Start with a physical 
visualization of the 
propagator and follow 5 
distinct steps 
 

Step 1: Math 
interpretation of the 
physical propagator 
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4.12.3 The Derivation 

Step 1:  The Feynman Propagator as the VEV of a Time Order Operator 
Fig. 4-4a represents creation of a virtual spinor at y 

and destruction of it at x. Figure 4-4b represents 
creation of a virtual anti-spinor at x and destruction of 
it at y. As explained in Chap. 3, we need a relationship 
for the propagator that includes both scenarios as 
possibilities. 

That is, we need an operator that will create a 
particle first if ty < tx, but create an antiparticle first if tx 
< ty. Our Dirac equation solutions provide the means 
for the desired creation and destruction operations, but 
these have to be arranged to provide us with the time 
ordering dependence of Fig. 4-4. As we did with 
scalars, we consider the time ordered operator T, for 
spinors defined as follows. 

If ty < tx, ( )yy  operates first (creates a particle) and is placed on the right, with  y (x) operating 

second (destroys the particle) and placed on the left. 

 ( ) ( ){ } ( ) ( )for y xt t T x y x yy y y y< = . (4-124) 

If tx < ty,  y (x) operates first (creates an antiparticle) and is placed on the right with ( )yy  

operating second (destroying the antiparticle) and placed on the left. 

 ( ) ( ){ } ( ) ( )for x yt t T x y y xy y y y< = - . (4-125) 

where we note the minus sign on the right hand side. This sign is arbitrary, as either a plus or minus 
will still result in an antiparticle created at x and destroyed at y. But choosing it as a minus here in 
our definition will make things work out to be more compact mathematically later. 

As with scalars, the transition amplitude equals the vacuum expectation value (VEV) of the 
above time ordered operator T, i.e., 

 ( ) ( ){ }0 0T x yy y , (4-126) 

which, similar to that in Chap. 3, represents both possible scenarios of Fig. 4-4.  
To gain insight into (4-126), review step 1 in the scalar propagator derivation of Chap. 3, pgs 

XXX 72-74 XXX. This insight allows us to define our mathematical relationship for the processes 
shown in Fig. 4-4 as the VEV of the time ordered operator T. This is the spinor Feynman propagator 
SF (where we include an extra factor of i because it makes the derivation simpler later on), 

 ( ) ( ) ( ){ }0 0FiS x y T x yy y- = . (4-127) 

Note that the RHS of (4-127) is an outer product in spinor space and thus the LHS is a matrix. 
We can write out the spinor indices a and b  to make this clear, 

 ( ) ( ) ( ){ }0 0FiS x y T x yab a by y- = . (4-128) 

We will write out the spinor indices when it helps to illuminate a derivation, but otherwise will 
follow the common custom of suppressing them. 

Step 2: Expressing iSF in Terms of Anti-Commutators 
Similar to step 2 of the propagator derivation in Chap. 3, for ty < tx, the case for a virtual scalar 

(not anti-scalar), where the Feynman scalar propagator was expressed in terms of commutators, we 
can here express the virtual spinor propagator in terms of anti-commutators. To do this, first note 
that 

Figure 4-4. Creation & Destruction of 
Virtual Spinor/Anti-spinor 

Step 1, first part, 
defining the time ordered 
operator T and seeing 
how it represents 
creation of either a 
virtual particle or 
antiparticle followed by 
its destruction 
 

Step 1, second part, 
defining the transition 
amplitude as equal to the 
VEV of the time ordered 
operator T 
 
The VEV of T is the 
expectation of finding a 
virtual particle traveling 
in the vacuum 

Redefine the transition 
amplitude as the 
Feynman propagator 

Step 2, expressing 
Feynman propagator in 
terms of anti-
commutators 

We will write out spinor 
indices a and b when it 
aids in understanding 
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(4-129) 

where “factor” represents the non-operator quantities in each field operator term that are left 
unchanged when the creation and destruction coefficient operators act on a ket. To the last part of 
(4-129), we can add zero in the form of 

 ( ) ( )
0

0 0 0y xy y- +

=

=
�����

. (4-130) 

And thus, (4-129) becomes (with spinor indices written out) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0FiS x y x y y x x , yab a b b a a by y y y y y+ - - + + -

+
� �- = + = � �  (4-131) 

In similar fashion, for tx < ty, the case for a virtual anti-spinor propagator, one finds 

 ( ) ( ) ( )0 0FiS x y y , xab a by y+ -

+
� �- = - � � . (4-132) 

In summary for Step 2, we have shown the spinor Feynman propagator can be expressed in 
terms of anti-commutators (which are outer products with spinor indices suppressed below) as 

 
( ) ( ) ( )

( ) ( )

0 0 if (virtual spinor)

0 0 if (virtual anti-spinor).

F y x

x y

iS x y x , y t t

y , x t t

y y

y y

+ -

+

+ -

+

� �- = <� �

� �= - <� �

 (4-133) 

Step 3: Expressing Anti-Commutator Forms of iSF as Integrals  

Define the symbol iS+ as the commutator of the field type c solutions (for spinors, not anti-
spinors) of the first line of (4-133), i.e., 

 ( ) ( ) ( ) ( ) ( )iS x y x , y x , ya bab ab
y y y y+ - -+ +

+ +
� � � �- = =� � � �  . (4-134) 

The solutions used on the RHS above are the integral (continuous) form for the Dirac equation 
solutions (4-59). It is common usage to use a + superscript on the LHS of (4-134) to designate c 
type fields, rather than the letter c, which would be easier to remember. Just think “c type field” 
when you see + (and remember that c types create and destroy particles, not antiparticles). Equation 
(4-134) is thus 
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Step 2, first part, 
expressing Feynman 
propagator for virtual 
spinor (not anti-spinor) 
in terms of an anti-
commutator 

By adding a term equal 
to zero, we can use a n 
anti-commutator  

Step 2, second part, 
expressing Feynman 
propagator for virtual 
anti-spinor in terms of 
an anti-commutator 

Step 2, summary 
 
 

Step 3, first part, 
express  iS+ = anti-
commutation relation 
for type c fields as an 
integral 
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where in the second line, since the index labeling means we take a first (row index) and b second 
(column index), we take ( )s r r s r su u u u u ub a a b ab

= = . In the last line we use relation (4-148) from 

Appendix A.  
Similarly, where a minus sign superscript stands for d type fields (since they are associated with 

antiparticles, the minus makes some sense), and we use (4-149) of Appendix A, 

 ( ) ( ) ( )
( )

( )
( )

3
3

indices
suppressed

1

22

x y

,

ipe
iS x y y , x p m d

Eab b a

a b
p

y y-
-

+ - -
+

� �- = - = -� � �
p

p
�����

 (4-136) 

Note that though our earlier expressions for iSF and iS±, contained operators that operated on the 
ket part of the VEV in (4-133), because the anti-commutator of these operators in (4-135) (and 
similarly, in (4-136)) is a number, iS± are simply numbers, not operators. Since the expectation 
value of a number is a number, iSF of (4-133) is only that, a number. (To be precise it is a numeric 
function, not an operator function.) The bottom line is: We don’t have to worry about operators, 
their effects, or VEV brackets any more, but can simply evaluate the Feynman propagator iSF as a 
numeric mathematical relation.  

It will help us in step 4, if we re-write (4-135) and (4-136), as (a, b suppressed) 
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, (4-137) 
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, (4-138) 

where the D± are taken from the Chap. 3 derivation of the scalar propagator, step 3 (pgs XXX 74-75 
XXX, with k �  p, w �  E, k �  p. We can thus write both of the above anti-commutation relations 
as  

 ( )
( )

( )iS x y i m i x y
x y

m
m m

g ±±
 ¶ - = + D -
 ¶ - 

. (4-139) 

Step 4: Expressing the Two iS
±
 Integrals in Real Space as Contour Integrals 

From Chap. 3, step 4, pgs XXX 75-76 XXX, 
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 . (4-140) 

Thus, re-writing iS± in terms of iD±, as we did in (4-139), allows us to evaluate iS± using what 

we already know from Chap. 3, i.e., (4-140). Taking k �  p, w �  E, k �  p, m �  m in (4-140) and 
substituting the RHS of (4-140) into (4-139), we find 
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Step 3, second part, 
express  iS – = anti-
commutation relation 
for type d fields as an 
integral 
 

Step 3, final part, 
combine above parts into 
one symbol iS± 

Re-writing iS + and iS – 
to help in next step 
 

Step 4, express  iS± 
as a contour integral 
 

Our VEV of operators 
expression of the 
propagator has become 
a simple numeric 
function 
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Step 5: Re-express SF in Most Convenient Form 
We would like two things more: 1) express the propagator as a single function so we don’t have 

to keep track (while we are integrating over spacetime and doing other things) of whether the virtual 

field is a particle or antiparticle (i.e., whether to use the S
+
 or S

–
 function), and 2) have all our 

integrations over real numbers rather than deal with contour integrals. 
We did this for scalars in step 5 of the scalar propagator derivation to turn the RHS of (4-140) 

into a single integral in real (not complex) space, i.e., 

 ( )
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2 24
41
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ik x y

F
e

x y d k
k ip m e

- -+¥

-¥
D - =

- +� , (4-142) 

where e << 1. By direct analogy (we could do virtually the same steps over again with a different 
integrand), we can take the last line of (4-141) to get the final result for the spinor Feynman 
propagator 
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Summary of Steps 1 to 5 
Steps 1 to 4 for the virtual spin ½ particle Feynman propagator were 
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For virtual spin ½ anti-particles, they were 
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The two contour integrals in the last lines of (4-144) and (4-145) were combined in Step 5 to 
yield the single integral over real space of (4-143). 

Momentum Space Form of the Propagator 
From (4-143) we can readily write down the 4-momentum space form of the propagator, i.e., its 

Fourier transform, as 

 ( ) ( ) ( )2 2 FF
p m

S p p m p
p m ie

+
= = + D

- +
. (4-146) 

4.13 Appendix A. Dirac Matrices and ur, vs Relations 
We first re-state (4-12) in order to have it grouped with other such relations. 

Hermiticity conditions: 

 † 0 0m mg g g g= . (4-147) 

Spinor outer product relations 
The outer product of spinors is useful in derivation of the Feynman propagator for spinors. The 

first of these is 

Step 5, expressing 
Feynman propagator as 
integral over real, not 
complex space 

Momentum space form 
of the propagator 
 

Yields a single integral 
representing both 
virtual particle and 
antiparticle, the most 
convenient form for the 
Feynman propagator 

Summary spinor 
Feynman propagator 
derviation 

Steps 1 to 4 

Step 5 
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 ( ) ( )( ) ( )
2 2 2r r r r

p m p mIp m
u u u u .

m m m

m m
m ab m ab

a b

g g+ ++
= = = =p p p p  (4-148) 

(Summation on repeated indices r = 1,2, m = 0,1,2,3; outer product �  4X4 matrix in a,b) 
Similarly,  

 ( ) ( )( ) ( )
2 2 2r r r r

p m p mIp m
v v v v

m m m

m m
m ab m ab

a b

g g- --
= = = =p p p p  (4-149) 

The above two relations can be proven by simple substitution using the spinors of (4-20), the 
Dirac matrices of (4-10), and p i = – pi . Prob. 28 asks you to do this for (4-148). 

Dirac matrices products 
Carrying out matix multiplication of each of the two Dirac matrix pair combinations yields 

 ( )4 4 matrix ; shorthandg I gm n mn m n mn
ag gb abg g g g= ´ ® = . (4-150) 

So, for examples g 1g 2 = 0, g 1g 1 = I, and g 0g 0 = – I, where I is 4X4 in a andb. 

Dirac matrices sort of like 4-vector components 
From (4-9), the Dirac matrices may be written symbolically as 

 ( ) 0shorthand for i
i i,mg b ba g b g ba= ® = = , (4-151) 

where gm has four components and seems like it might be a kind of 4-vector in physical space. We 
will see in XXX Chap. 6 that, in some ways, it behaves like this, even though each of its 
components is a 4X4 matrix in the separate abstract spinor space. (This is not unlike the Pauli 
matrices s i of NRQM, where each of the three matrices behaves like a 3-vector component in 
physical space, though it is a 2X2 matrix in abstract spin space.) 

Dirac matrices anti-commutation relations: 
The Dirac matrices obey the anti-commutation relations of (4-152) below. These can be proven, 

at least in part, to yourself by doing Prob. 29 below. Since Dirac matrices multiply via matrix 
multiplication, each component of the matrix on the RHS below, with given m and n, is itself, 
actually a 4X4 matrix. That is, “I” in (4-152) is the 4X4 identity matrix. The gmn notation is thus a 
short hand symbolic way to remember these relations and not the true numeric component metric 
we studied in Chap. 2. 

 ( )

I

I
2 I 2 I is 4X4 identity matrix 

I

I

, gm n mn m n n mg g g g g g
+

� �
� �-� �� � = = + =� � � �-
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. (4-152) 

By way of example, for m = n = 1 in (4-152), 

 1 1 1 1

1 1 1

1 1 1
2 2 2I

1 1 1

1 1 1

g g g g

-� � � � � �
� � � � � �-� � � � � �+ = = = -
� � � � � �- - -
� � � � � �- - -� � � � � �

. (4-153) 

 

Note that (4-152) means that gamma matrices anti-commute only when m � n (then, m n n mg g g g= - ). 

Dirac matrices with lower indices  Definition: 

 g n
m mng g= . (4-154) 
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Contraction identities 
From (4-152), relations (4-155) may be derived. (If you really want to take the time.) Note that 

all matrix multiplications result in other matrices, so a numeric value like “4” really symbolizes “4I” 
where I is the identity matrix in spinor space. Prob. 30 asks you to derive the first relation below. 
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For a four vector Am, “Am slash” is defined by A Aa
ag=  and the following contraction relations 

hold. 
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Traces 

 ( ) ( )Tr Tr are matricesUV VU U ,V n n= ´  (4-157) 

 For a product of an odd number of g-matrices,             ( )Tr 0.....a b m ng g g g =  (4-158) 

For products of an even number of g-matrices, 
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from which, one can find 
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 Also,          1
2 2AB AB , A B AB BAa b

a bg g = + = -  , (4-161) 

 with particular cases          2 if 0AA A AB BA , AB .= = - =  (4-162) 

For any product of g-matrices, 

 ( ) ( ) ( ) ( )1 2 2 2 2 1Tr Tr Tr Trn n.... .... A A ... A A ... A Aa b m n n m b ag g g g g g g g= ® = . (4-163) 

4.14 Appendix B. Relativistic Spin: Getting to the Real Bottom of It All 
 I have not seen the following issue addressed in the literature, though I consider it to be fairly 

fundamental and something that should be understood clearly by all. I have deduced it myself in 
order to assuage gnawing uncertainties I held for quite some time about the theory. Thus, I caution 
the reader to be vigilant and note that any errors found herein are solely my own. 

Consider p and spin both in the x direction as depicted in Fig. 4-1(d) (pg. 96). As shown about 
half way down the right column in Wholeness Chart 4-1 (pg. 102), this state is not represented by 
one of our (at-rest system up/down) basis state solutions u1 or u2, but by the general solution (non 
basis state solution)  u = u1 + u2 (not normalized here.) u in this case is an eigensolution for spin in 
the x direction, but not of the z direction. So, formally, the state shown in Fig. 4-1(d) would be 
represented as 

 ( ) ( )spin 1 2
ipx ipx

x , K u e u ey - -= +p p p , (4-164) 
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where K is a suitable constant providing correct normalization. 
Consider as well, the state of Fig. 4-1(b), which likewise is not an eigenstate of the at-rest system 

up/down eigensolutions u1 or u2. It must have a general state like that shown in Wholeness Chart 4-
1 two blocks below the block referred to in the previous paragraph, i.e., 

 ( ) ( )1 1 2 2spin
ipx ipx

, C u e C u ey - -= +p p p� , (4-165) 

where for given p, the constants C1 and C2 must be determined such that spin will be in the 
direction shown in Fig. 4-1(b). Thus, if (4-165) is taken as our general state of any given Dirac 
particle with given p, then the particular orientation of the spin vector direction will lead to 
particular values of C1 and C2. So C1 and C2 are functions of both p and spin direction. 

So what is the issue? There are two of which I am aware.  

4.14.1 The First Issue  
In the QFT literature, kets are typically treated as eigenstates of p and basis states (up/down 

eigenstates in the at-rest system) spin r. A ket is represented as r ,y p  for a single particle; or for 

example, r , r , r ,, ,y y y¢ ¢ ¢¢ ¢¢p p p  for multiparticles. They are generally not represented as (4-165). In 

other words, such kets cannot represent spin other than for particles in u1 or u2 basis spin states, and 
thus, seem incomplete. 

4.14.2 Resolution of the First Issue 
Consider (the non spin basis state) particle state 

 ( ) ( )n.e.s. 1 1 2 2

non-eigen spin state

ipx ipx
,

m m
VE VEC u e C u ey - -= +p p p

p p
�����������������

, (4-166) 

where |C1|
2 is the probability of measuring the u1 state, and |C2|2 is that of the u2 state. The 

expectation value of any operator for this state is 
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p p

p p p p
p p p p

��� �

�
(4-167) 

Or, with Or=1,p and Or=2,p representing the operator eigenvalues for each spin basis state, 
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The first term in (4-168) is 
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 (4-169) 

The second term in (4-168) is zero, i.e., 

 ( ) ( ) ( ) ( )† † 3 † † 3
2 1 1 2 2 2 1 1 1 2

0

0ipx ipx
r , r ,

V V

m m m
VE VE VEC u e C u e d x C C u u d x .-

= =

=

= =� �p pp p p
p p p p

�����
� � (4-170) 
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Similarly, as you can prove by doing Prob. 31, the third term =0, and the fourth term = Or=2,p 

|C2|2. Then, 

 
2 2

1 1 2 2r , r ,C C= == +p p� ���� , (4-171) 

where the probability of measuring the r =1 basis state is |C1|2, that of the the r =2 basis state is 
|C2|2, and |C1|

2 + |C2|
2 =1. This should look pretty familiar from NRQM, and it may be somewhat 

gratifying to find it here in RQM and QFT also. 

If �� = H, the Hamiltonian, then our energy expectation value would be 

 ( )2 2 2 2
1 2 1 2E E C E C E C C E= + = + =p p p p�� , (4-172) 

as it must be since the two different spin basis states in (4-166) have the same energy. Similar 
effects would be seen for other operators like p or Si (although there are some tricky issues for Si.) 

The Resolution for Free Particles 
We showed above that the mathematical predictions of measurable quantities for general, non-

basis, free states work out the same as for basis states. 
In this book and elsewhere, you may see a Feynman diagram or other figure of a Dirac particle 

with a given p, which is not necessarily in a spin basis state. It is common to represent such a ket 
without the subscript r, i.e., 

 n.e.s. represented as,y yp p . (4-173) 

The Resolution for Interacting Particles 
A Feynman amplitude (the mathematical representation of an interaction, whose magnitude 

squared is the probability of the interaction [see Chap. 1 and later chapters on interactions herein]) 
can be calculated for each basis spin state |y  r, p �  in a given interaction. These can be used, as we 

will see later on, to calculate Feynman amplitudes for more general states |y   p � . 

In scattering experiments, spin is typically not detected, so an average of all possible incoming 
spin states is used. Our outcome predictions are generally of expectation value type form, which is 
itself an average, so things work out OK. We will get to the math of that with regard to interactions 
in later chapters. 

4.14.3 The Second Issue 
The second issue is more complicated. Suppose you had a particle such as that shown in Fig. 4-

5(a), but you wished to express the state in a different, primed coordinate system where the x� 3 axis 
is aligned with the spin direction. Note that it can be expressed in the unprimed coordinate system 
where the x3 axis is aligned with the at-rest system spin direction by finding the correct C1 and C2 in 
(4-165). But how would we express it in the primed system (as shown in Fig 4-5(b))? 

Figure 4-5. Spin and Velocity in Different Coordinate Systems 
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In the primed system, the spin is up, and so we figure our state must be an eigenstate of S3. We 
might then consider that we need to find C1 and C2 in (4-165) such that this is true for 3-momentum 
aligned as shown (i.e., p�3 and p�1 �  0, p�2 = 0). Thus, 
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p p p (4-174) 

Then operate on (4-174) with S3, 
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(4-175) 

If the equal sign with the question mark over it is truly an equal sign (4-175), then the state is an 
eigenstate of spin up as shown in Fig. 4-5(b). But for that to be true, C2 must = 0, and p�1 must = 0. 
But in Fig. 4-5(b), p�1 �  0. 

Conclusion #1: We cannot use the traditional forms studied in this chapter for Dirac spinors u1, u2 
and the spin operator S3 to represent the particle state of Fig. 4-5(b). (That is, using those forms, 
there is no possible mathematical expression for a spin up state in a coordinate frame with the z 
direction aligned with spin and with velocity having a component transverse to that z direction.) 

No lab frame with the z axis aligned with S v �  0 spin direction will work. It won’t yield a z spin 

eigenvector S3 |y �  = ½ |y � . Changing v can cause any possible alignment of spin S v �  0 for a 

particle, except the original S v = 0 spin direction. None of these other systems will work (give the 
proper eigenvector in the z direction). Therefore, only the v = 0 system with the z axis aligned with 

the S v = 0 spin direction does work. 

Conclusion #2: The traditional forms for u1, u2, and S3 (more generally, Si) can only be used in a 
coordinate system for which the particle at-rest coordinate system spin is aligned with the z 
direction (positive or negative direction.) 

Our Mistake Above: In the above example (4-175), we should have transformed u1, u2, and S3 into 
their equivalent forms in the primed system, i.e., where T is the transformation in spinor space for a 
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coordinate rotation transformation for Cartesian coordinates in physical space such as that shown in 
Fig. 4-5, 

 1
1 1 2 2 spinspini i ,,u Tu u Tu T T Ty y-

¢­
¢ ¢ ¢ ¢= = S = S = pp � , (4-176) 

where T is a 4X4 matrix in spinor space. (We won’t determine its mathematical form here.) 

Correcting that Mistake 
So, if we were to go to the (considerable, at this point) trouble to deduce T for Fig. 4-5, we 

would find 
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3 1 1 2 2 1 1 2 2

1 2
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 (4-177) 

where we would solve for the C1 and C2 values that satisfy (4-177). Then the ket in (4-177) with 
those particular values would represent the state shown in Fig. 4-5(b) in the primed coordinate 
system. But u1 and u2 would not look like (4-20), but have other forms. 

We did all of the above to emphatically demonstrate Conclusion #2 above. Keeping that in mind 
can help a lot when tackling relativistic spin problems. 

The Crux of the Second Issue 
The issue then, in QFT, is that in every case with two or more particles in different spin and p 

states in the same multiparticle ket, we have to use a different coordinate system for each particle, if 
we want to employ the usual forms for u1, u2, and Si. We have to use the coordinate system for 
which, for that particular particle, the at-rest system spin axis is in a pure up or down state. So, each 

particle in a mulitparticle state like r , r , r ,, ,y y y¢ ¢ ¢¢ ¢¢p p p  needs its own coordinate system, since each 

typically has a different orientation for its at-rest system spin direction. We can’t use just the lab 
frame system for all of them. But they are all part of the same problem/case (interaction or 
whatever) we are studying and trying to solve. 

For example, consider two electrons in the same multiparticle state as shown in Fig. 4-6, each 
having different velocity and different at-rest system spin direction. We would represent the 
multiparticle ket as 

 ( ) ( )( ) ( ) ( )( )1 1 2 2 1 1 2 2
A A A A B B B Bip x ip x ip x ip x

A B A A A A B B B B, C u e C u e , C u e C u ey y - - - -= + +p p p p , (4-178) 

where for given pA we would determine CA1 and CA2 to yield the correct spin for electron A when it 
is moving as we would see in the lab, and carry out similar steps for the constants for electron B. u1 
and u2 here have the standard form (4-20) we are familiar with. Component pA

i values would be for 
those of electron A in the at-rest system direction coordinate axes for electron A shown in Fig. 4-6. 
pB

i would be for components of 3-momentum of electron B in the coordinate at-rest system of 
electron B. 

electron A

|S  |
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spin direction 
of electron A

A

vA

v B

|S  |
 B
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spin direction 
of electron B
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3
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1 xB
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Figure 4-6. Two Electrons with Different p and Different At -Rest Spin Directions 
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The crux of our present issue then is that, if we take xA
i as our lab coordinates, they are fine for 

electron A, but they don’t work for electron B. We need to use coordinate system xB
i to describe 

electron B if we want to use the standard forms for u1and u2. On the other hand, solving problems is 
enormously easier if everything is done in the same coordinate system. 

A parallel concern is the representation of a ket, where each particle is labeled in terms of its 3-

momentum and spin as 
A A B Br , r ,,y yp p . The 3-momenta can’t be compared directly (to see which 

direction each is going with respect to the other) because each particle’s 3-momentum is expressed 
in a different coordinate system. And what the r spin label means on each is equally non-
comparable. r = 1 for electron A means a different spin direction in the lab than r = 1 for electron B. 

4.14.4 Resolution of the Second Issue 

Re-express Entire Multiparticle Ket in Terms of One Particle’s At-Rest system 
To resolve this, first consider re-expressing the B electron part of (4-178) by transforming it to 

the at-rest coordinate system of electron A. To do this, keep in mind that both the A and B at-rest 
coordinate systems are at rest with respect to the lab, but rotated relative to one another. We can 
transform pB (= pB

i ) to the at-rest coordinate system A using a simple rotation transformation on 
the pB

i components, i.e., re-express 3-momentum of electron B in coordinates of the at-rest system 
A. We will use the subscript symbol B/A to represent B electron components in the A at-rest 
coordinate system. 

In addition to transforming pB
i to pB/A

i, we need to transform the spinors ur to the new 
coordinate system as well, analogous to what we did in (4-176), but the coordinate systems are 
somewhat different here. We haven’t developed this, and won’t here, but consider that if we did, the 
transformation in spinor space corresponding to a change in physical space from coordinate system 
B to A would be symbolized by TAB. This represents changing the B electron components in the B 
electron at-rest coordinate system to those of the A electron at-rest coordinate system. Then (4-178) 
could be represented as 

 
( )
( )

( )
( )

( ) ( )( ) ( ) ( )( )

/ / / /

/ / / /

/ 1 1 / 2 2 /

1 2/ / / /

1 1 2 2 1 1 / / 2 2 / /

B A B A B A B A

B A B A B A B AA A A A

ip x ip x
A B A A B AB B A B AB B A

B A B A B A B A

ip x ip xip x ip x
A A A A B B A B A B B A B A

u u

, , C T u e C T u e

C u e C u e , C u e C u e .

y y y - -

- -- -

� �
� �

= +� �
� �� �
� �

= + +

p p

p p

p p p p

����� ����� .(4-179) 

urB/A is the rth spinor column matrix for the B electron expressed in the A electron at-rest system. 
Now we have the entire multiparticle ket expressed in terms of a single coordinate system 

(4-179), but the column matrix components of urB/A will not look like the familiar ones, so we 
cannot use the definitions (4-20) we have grown used to. 

What We Measure is Key 
As we should have learned well by now, the critical element in quantum theories is what we can 

measure when we do experiments, and that is reflected in the expectation value of the operator 
corresponding to the particular dynamical variable measured. We want to demonstrate that the 
expectation value of any dynamical variable, corresponding to operator � , is the same no matter 
what system we express our particle state in. To keep things simple, consider measuring the 
expectation value of �  for only the single B particle of (4-179) in the at-rest coordinate system A. 
The A particle measurement in the A particle at-rest coordinate system is trivial. The expectation 
value for � B/A (�  for the B particle measured in the A particle at-rest system), where � B/B is �  for 
the B particle expressed in the B at-rest system is thus 
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In integral form, (4-180) is 
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Transformations of form TAB are unitary, so their complex conjugate transposes equal their 
inverses, as noted in the underbrackets above. Every TAB in (4-180) is pre-multiplied by its inverse 
and drops out. We thus get 
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Since the A at-rest system and the B at-rest system are both at rest with respect to each other, 
energy measured in one system of any particle is the same as that measured in the other system for 
the same particle. Thus, if �  is the Hamiltonian, � B/B = � B/A (energy of B particle is the same 

measured in B coordinate system and A coordinate system). If �  is charge, the same thing is true. 

Thus, for these operators, we can find the measurable quantities we want by using the ket (and 
bra) form of (4-182), i.e., employ the familiar form for ur of the B electron as a function of its 3-
momentum components as measured in the A system. 

For directional quantities like 3-momentum and spin, the argument is a tad subtler. Suppose we 
have chosen at-rest system A as our lab frame, and we want to know the expectation value of 

momentum for the B electron in the xA
3 direction, i.e., pB/A3 (operator symbol PB/A3.) Well, in 

either system this is just the vertical component (in Fig. 4-6) of mvB, where vB is shown in the 
figure. We can express this in either coordinate system as shown in Fig. 4-7. 
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Figure 4-7. Vertical Component of 3-Momentum Expressed in Two Different At-Rest Systems 
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Thus, the vertical component of electron B’s 3-momentum, expressed in each system, is simply 

 ( )3 3 3 33 3 1 1 3 3 3 3 1 1 3 3number (operator)
B/A A BA /B B BA /B B B/A A BA /B B BA /B B

p p p P P P= + ® = +i i i i i i . (4-183) 

Thus, we can use the operator form on the right side of the equal sign in the second part of 
(4-183) as the � B/B operator in (4-182). We will find our expectation value for 3-momentum in the 
vertical direction to be  

 3 3 3 31 1 3 3 1 1 3 3/ /B A B ABA /B B BA /B B BA /B B BA /B B
p p P Py y+ = +i i i i , (4-184) 

which is the 3-momentum vertical direction component expectation value. But that is really the 
same thing as 

 3 33 3 1 1 3 3 3 3/ /

all in coord system A,
ket spinors of usual form

B A B AB/A A BA /B B BA /B B B/A A
p p p Py y= + =i i i i

���������
. (4-185) 

Key Point for Vectors: 
If we wish to know the expectation value of a vector quantity of any particle along the direction 

of any axis in the A coordinate system, we can simply find the expectation value in the same 
direction expressed in terms of the B coordinate system components. Thus, we can use the form of 
(4-182) for any directional quantity in the B system. 

Finally, the Resolution of the Second Issue 
So, the expectation value of any operator expressed in the A coordinate system, even if acting on 

a particle with an at-rest coordinate system different from A, can be found using (4-182). That is, it 
can be found using kets expressed in terms of the standard relations for u1,2 and components of 3-
momentum expressed in the A system. 

This makes a lot of things easier, since we can use a single coordinate system throughout. Note, 
this works because doing so results in the same measured quantities (same expectation values), even 
though the spinor forms u1,2 used are not, strictly speaking, the correct ones to describe the actual 
particle spin state. The “incorrectness” in the ket is canceled by the “incorrectness” in the bra, 
resulting in a correct expectation value. 

4.14.5 Multiparticle States and The v1 and v2 Solutions 
Although, to save space and make things simpler, we dealt almost solely with single particle 

states in this appendix, the reasoning is equally applicable to the multiparticle states of QFT. 
Also, all of the logic in this appendix applies in direct parallel fashion to the Dirac equation 

eigensolutions containing v1 and v2. 

4.14.6 Summary of this Appendix B 
See the end of Sect. 4.11.3 (pg. 116) for a summary of this appendix.  
If you don’t get all this, don’t worry. Go with the summary results. Later, when you are a 

practicing physicist, if you have questions about spin stuff, come back to this. 
. 

Copyright owned by 
       Robert D. Klauber 
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4.15 Problems 

1. Show that i) (4-7) solve the relations (4-6), and ii ) they also fulfill the requirements of  being 
traceless, hermitian (matrix equals its complex conjugate transpose), and b and a1 have ±1 
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eigenvalues. Note that eigenvectors for b are any constant times any of (1,0,0,0)T, (0,1,0,0)T, 
(0,0,1,0)T, and (0,0,0,1)T. Eigenvectors for a1 are any constant times any of (1,0,0,1)T, 
(0,1,1,0)T, (1,0,0,-1)T, and (0,1,-1,0)T. Do you believe a2 and a3 would also fulfill all these 
relations and requirements, if we took the trouble to examine them? 

2. Show that (4-9) equals (4-10) and (4-11). 

3. Prove the Hermiticity conditions † 0 0m mg g g g=  by substitution, plugging, and chugging. 

4. Use the form (4-14) of the Dirac equation (reproduced below), insert the Dirac gamma 
matrices (4-10), and show each term in the summation over m. Write the whole thing as a matrix 
equation (which should be a sum of matrices where that sum is post-multiplied by the column 
matrix |y � ). Note that a different derivative is taken on the whole vector (column matrix) |y �  for 
each Dirac gamma matrix. Note also that the resulting matrix equation has four rows, and thus, 
may be considered as four separate scalar equations, one for each index k. Each such equation 
has all four components of |y �  in it. 

 ( )
4 3

1 0

0 1 2 3 4i m , , ,m
m kh hkh

h m

g d y k
= =

� �
¶ - = =� �� �

� �
� �              (4-14) 

5. Show via substitution that the solutions (4-20) satisfy the Dirac equation (4-15). 

6. Find the inner products of at least two of ( ) ( ) ( ) ( ) ( ) ( )† † †
2 2 2 2 1 1andu u , v v , v vp p p p p p . 

7. Find the inner product of ( ) ( )†
1 2v vp p . 

8. Show that the inner product of ( ) ( )†
1 2 0u v - =p p  and that ( ) ( )†

1 2 0u u - =p p . 

9. Show that for the solutions (4-20),(1) (4) 0y y =  and (3) (4) 0y y =  

10. Use (4-10) and (4-20) to show yourself what the four adjoints ( )ny  look like. 

11.  Derive the adjoint Dirac equation (4-31). 

12.  Pick one of the adjoints ( )ny  you found in Prob. 10, plug it into the adjoint Dirac equation, 

and chug the math to show it solves that equation. 

13. Derive the 4-current related to the conserved quantity associated with Dirac particles that 
might be interpreted as probability. (Hint: Pre-multiply the Dirac equation by y , post-multiply 

the adjoint Dirac equation by y , add the two, then group the resulting terms such that the four 
derivative � m is taken with respect to a quantity in brackets. That quantity will be the four-
current with zero four-divergence in spacetime.) You should get the four current jm of the RHS 
of (4-34) multiplied by the constant i, but the constant is irrelevant in � m jm = 0, so, we drop it. 

14. Operate on the four solutions (4-20) with the Hamiltonian H = i� /� t to show that those with 
coefficient Dr(p) have negative energies and those with Cr(p) have positive energies. 

15.  Show that the NRQM states (i,–1)Te–ipx and (i,–1)Te–ipx are eigenstates of the y component of 
the NRQM spin operator, i.e., S2, and that they can be constructed from linear combinations of 
the NRQM up and down (z direction) eigenstates. 
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16. Take p = 0 and operate on the last three of the solutions (4-20) with the relativistic spin 
operator S3 to show that they are spin eigenstates of S3 when they represent particles that are not 
moving. 

17. Pick one or two, other than the first, of the solutions (4-20) and show that for p1
 �  0, p2 = p3 = 

0, a particle, which would be in a z direction (up) spin eigenstate if p were zero, will not be in 
that up spin eigenstate. Then show, for the same solutions chosen, but with p1 = p2 = 0, p3 �  0 as 
seen in the lab, that the particle is in the same spin eigenstate as it would be if p were zero. 

18. Show that as a Dirac particle of spinor form u = u1 + u2 approaches the speed of light in the x 

direction (i.e., p1 � � ,  p2 << p1, and  p3 << p1), then u approaches a spin state in the plus x 

direction (i.e., the spinor u = u1 + u2 is an eigenvector of S 1 of (4-39) with eigenvalue + ½ (in 
natural units.) Then show that for p2 �  p1 and  p3 �  p1, this is not true. 

19. Take the relativistic solutions |y (1)�  and |y (2)�  of (4-20) for the Dirac equation in the non-
relativistic limit, i.e., with v<<1 (c=1 in natural units), and show that they reduce to 
approximately (1,0,0,0)Te-ipx and (0,1,0,0)Te–ipx. Do these look remarkably like the wave 
functions of a spin ½ particle you encountered in NRQM, i.e., spin up state e-ipx(1,0)T and spin 
down state e-ipx(0,1)T? 

Operate on each of the two low speed 4-spinor states you found with the 4D spin operator S3 of 
(4-39). Now, operate on each of the two NRQM 2-spinor states above for up and down spin with 
½� s3. Do you get the same spin eigenstates and eigenvalues? Does the low speed RQM case for  

C type (i.e., having spinors ur) particles parallel that of NRQM? 

20. Take a Dirac particle in state |y (2)�  with p1
 �  0, p2 = p3 = 0. Without doing any math, is this in 

a helicity eigenstate or not? Operate on the state with the helicity operator and prove your 
answer mathematically. Then repeat the exercise for the same state with p3

 �  0, p1 = p2 = 0. 

21. Construct your own Wholeness Chart summarizing Sect. 4.1, RQM for Spinors. You do not 
need to summarize spin and helicity, as that is done for you in Wholeness Chart 4-1. 

22. Using (4-60), show that for n = 1 in (4-61), we get the Dirac equation; and for n = 2, we get the 
adjoint Dirac equation. 

23. Prove that the last lines of (4-68) and (4-69) sum to zero. Hint: First use the Dirac equation 
with a single p eigensolution of spin s for a d type field to show that ( ) ( ) 0sp m v+ =p . Then, 

use the RH relation of (4-25) to show ( ) ( )0
0 0r su p vg- =p p . Then, use that to re-write the last 

line of (4-68) in terms ofp . Finally, combine that line with the last line of (4-69) and show that 

together they equal zero. 

24. Show that third lines of (4-68) and (4-69) sum to (4-74). 

25. Show that ( )( ) ( )( ) ( )( )
22 2†0 0 and 0r r rc , d , d= = =p p p . Would any of these or (4-84) be 

true if the coefficients obeyed commutation relations, rather than anti-commutation relations. 

26. Operate on the state  
1 1 2 1 1 3 1 1r , r , r , r ,, , ,y y y yp p p p  with the P operator of (4-105) and show the 

eigenvalue from such operation equals the total 3-momentum of that state. 

27.  Derive the Dirac 3-momentum operator of (4-107). 
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28. Prove (4-148), i.e., ( )( )
2r r

p m
u u

m

+
=p p , by substituting the spinors of (4-20), the Dirac 

matrices of (4-10), and p i = – pi . 

29. Prove i) several of the anti-commutation relations (4-152) by plugging and chugging for 
different values of m and n, and/or ii) all of the anti-commutation relations (4-152) using (4-6). 
(Hint for part ii): For i� j, use the top line of (4-6), insert bb = I in between the factors in each 
term, and take a ib = -ba i. For i and 0, pre-multiply [a i,b]+ = 0 by b and substitute gm values. For 
i=j , insert bb between the factors and use [a i,b]+. For 0 and 0, it is simple.) 

30.  Using the anti-commutation relations (4-152) and the definition g n
m mng g= , prove that 

4 Im
mg g = , where I is the 4X4 identity matrix in spinor space. 

31. Show that the third term of (4-168) equals 0, and the fourth term is � r=2,p |C2|
2. 


