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Scalars: Spin O Fields

..if I look back at my life as a scientist and adier, | think the most important
and beautiful moments were when | say, “ah-hah, heee a little better” ...
this is the joy of insight which pays for all tleuble one has had in this career.
Victor F. Weisskopf
Quarks, Quasars, and Quandaries

3.0 Preliminaries

This chapter presents the most fundamental concepts in the tbeguyantum fields, and
contains the very essence of the theory. Master this chapteyoandre well on your way to
mastering that theory.

3.0.1Background

Early efforts to incorporate special relativity into quanturachanics started with the no
relativistic Schrodinger equation,

Seeking a
relativistic
guantum theory?
2
Do=Hp  whereH = +v =— Flz,y (3-1)

ot 2m 2m Try relativistic
and attempted to find a relativistic, rather thamnelativistic, form for the Hamiltoniak.® One Hamiltonian in
might guess that approach would lead to a validtikestic Schrodinger equation. This is, Schrédinger
essence, true but there is one problem, as weealbelow. equation

In special relativity, the 4-momentum vector is &otz covariant, meaning its length in «_
space is invariant. For a free particle (i\e5 0),

E/c
1 P
-p E? Relativistic
p‘p,=nfé=g, = Elc b p B e T =P hi (32 energyE
-p°
Changing dynamical variables over to operatordiégepens in quantization), i.e., Relativistic E-
E-H and p - —il@, (3-3) relativistic

operator H

! Actually, Schrodinger first attempted to find awsaequation that was relativistic and came up with
what later came to be known as the Klein-Gordona&qgn, which we will study in this chapter. He
discarded it because of problems discussed latdreogin, and because it gave wrong answers for the
hydrogen atom. Shortly thereafter, he deduced tieralativistic Schrédinger equation we are familia
with. Some time afterwards, other researchers tifieth to “relativize” that equation, as discusseden.
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one finds, from the RHS of (3-2),

H =/- 22,0, + mic*, (3-4)

seemingly the only form a relativistic Hamiltoniaauld take. Unfortunately, taking the square r
of terms containing a derivative is problematia] aifficult to correlate with the physical world.

The solution to the problem of finding a relatiidsSchrédinger equatiohas been founc
however, and as we will see in the next three @rapturns out to be different for different sj
types. This was quite unexpected at first, butdiiase become a cornerstone of relativistic quan
theory. (See first row of Wholeness Chart 1-2 imr@HL.)

Particles with zero spin, such @ammesons (pions) and the famous Higgs boson, arerkras
scalars and are governed by one particular relativistathr8dinger equation, deduced by (al
Schrodinger, actually), and named after, OscarrKieid Walter Gordon. Particles with %2 sg
such as electrons, neutrinos, and quarks, and knasvrspinors by a different relativistic
Schrodinger equation, discovered by Paul Dirac. padicles with spin 1, such as photons and
W's and Z's that carry the weak charge, and knownvactors by yet another relativistic

Bad news:
Relativistic H has
square root of a
differential
operator

But answer has
been found, as we
will see

Each spin type
has its own
relativistic wave
equation

Schrodinger equation, discovered by Alexandru Proba Proca equation reduces, in the massless

(photon) case, to Maxwell's equations.

We will devote a separate chapter to each of thiese spin types and the wave equation

associated with each. We begin in this chapter sgtiars.

3.0.2Chapter Overview
RQM first,
where we will look at

» deducing the Klzein-Gordon equation, the first riglatic Schrédinger equation, using t
relativisticH -,

* solutions (which are states = wave functions) ®Kkein-Gordon equation,

RQM overview
(scalarg

» probability density and its connection to the fummymalization constant in the solutions, and

* the problem with negative energies in the reldiivisolutions.

Then QFT,

» using the classical relativistic. (Lagrangian density) for scalar fields, and thegedredre
transformation to gat (Hamiltonian density),

» from L and the Euler-Lagrange equation, finding the s&mee-Gordon equation, with the

QFT overview
(scalarg

same mathematical form for the solutions, buttihie the solutions are fields, not states,

+ from 2™ guantization, finding the commutation relations @T,
 determining relevant operators in QFH = H d3x, number, creation/destruction, etc.,
» showing this approach avoids negative energy states
» seeing how the vacuum is filled with quanta of ggéilal
« deriving other operators (probability density, 3mentum, charge) and
» picking up relevant loose ends (scalars = bosamsk Emultiparticle) space).
And then,
» seeing quantum fields in a different light, as hami oscillators.

With finally, and importantly,
« finding the Feynman propagator, the mathematicatession for virtual particles.

Free (no force) Fields

In this chapter, as well as Chaps. 4 (spin %2) atgpin 1), we will deal only with fields/particles

that are not interacting, i.e., feel no force =e#ft. Thus, we will take potential eneryy= 0. In
Chap. 7 (XXX ?), which begins Part 2 of the book, will begin to investigate interactions.

We study freé no

interactiong case
first
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3.1 Relativistic Quantum Mechanics: A History Lesson

3.1.1Two Possible Routes to RQM

Recall from Chaps. 1 and 2, thatquantization, for both non-relativistic and refitic particle
theories, entails i) using the classical form oé tHamiltonian as the quantum form of the
Hamiltonian, and ii) changing Poisson brackets ammutators. We recall also from Prob. 6 of
Chap. 1 that non-commutation of dynamical varialbfesns those variables are operators (becatise
ordinary numbers commute.) For example, Non-commutating

) ) . variables must be
HXH-i g ~EAPREM, p=-ig,

(3-5) operators
as the RHS above is the only form that satisfied#iS, and it is an operator.

One might expect that this is the route we woultb¥o to obtain RQM, i.e., I quantization of
relativistic classical particle theory. Howeverstorically, it was done differently. That is, RQM
was first extrapolated from NRQM, not from classiteeory. As illustrated in Fig. 3-1, it can be
done either way.

In this book, to save space and time, we will osthpw one of these paths, the historical one
represented by the lowest arrow in Fig. 3-1.

oS mSseal . |Change Hio reatvitc| eSS e will study
5 e
Particle Theary | No commutators Particle Theory historical route to

RQM from NRQM,
not 1™ quantization

1st Quantization: 1st Quantization: Route we -
H stays the same + H stays the same + could take, route from classical
invoke commutators invoke commutators but will not

relativity

f f

Change H to relativistic
—_—

NRQM RQM

Same commutators

-
Route we will take in this chapter
Figure 3-1. Different Routes to Relativistic Quantmm Mechanics

3.1.2Deducing the Klein-Gordon Equation

As we saw in Sect. 3.0.1, when we try to use ativédtic Hamiltonian in the Schrddinge ,
Let's square

equation, we have the problem of the partial déiseaoperator (see (3-4)) being under a squ
root sign. So, rather than ukk Klein and Gordon, in 1927, did the next bestghifhey usedd
instead. That is, they squared the operators (pena each side twice rather than once) in
original Schrddinger equation (3-1) and thus fr@2], obtained

.0 .0 —1g2,,— 2 2 2.4
i I i a @=H qo—(pope,c +m-c )qo, (3-6)
which becomes from the square of (3-4)
1 OJ
192 (1, 0 0 s o] 0 0 Eﬁ 0 mzczl:]
-——p=[{E———+mc 5> ———g= —+ : 3-7
2o’ B ox, ox - "0 @ 3-7)

X X liz‘l
12

Re-arranging, we have the Klein-Gordon equafiexpressed in two equivalent ways with sligt
different notation)

operators on
both sides of
Schrédinger eq

Then use
operator form
for H 2

To get the Klein-
Gordon equation
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0 0 U 2 _ 2 _ m2C2 _ 2. .
Wa?ﬂu =0 or (aﬂa +,u)¢—0, U =— (—m in nat. umt}. (3-8)

In 1934, Pauli and Weisskoptshowed that the Klein-Gordon equation specificelscribes Kleln;Gor.don
spin-0 (scalar) particle. This should become euidenus as we study the Dirac and Pri equqf|_on|:sf
equations, for spin %2 and spin 1, later on, andpgaymthem to the Klein-Gordon equation. 22:&';3 ytor
3.1.3The Solutions to the Klein-Gordon Equation

A solution set to (3-8), readily checked by subsiin into (3-8) (which is good practice in
using contravariant/covariant notation), is

Solutions to
Klein-Gordon
Ent—| Ent-
Zl & (P, B e J(Expa) , (3-9) equation
VZVEn / CCIOCEIT (discretq

absentin NRQM

where we will discuss the funny looking normalipatifactor in front, containing the volunveand
the energy of theath solution, later. The coefficientdx and By  are constants, and a complex
conjugate form for the coefficient of the last teanove, i.e.B,‘:, is used because it will prove
advantageous later.

This is a discrete set of solutions, typical fosem with waves constrained inside a volWh¢ Continuous
thoughV can be taken as large as one wishes. Each diseaelength in the summation of (3- solutions also
fits an integer number of times inside the volwh&€ontinuous (integral rather than sum) solutic  exist
for waves not constrained inside a specific voluvheexist for (3-8) as well, but we are nu.
concerned with them at this point.

This solution set is also specifically for planewes. We will not consider alternative solution Only plane wave
forms for other wave shapes that would exist irbfmms with cylindrical or spherical geometries. solutions here

The solution (3-9), because we are working in RQ@Va state, i.e.¢Xx) above = ¢x)[Jfor a Solutions in RQM
single particle. Each individual term in the sumimratis an eigenstategx) is a general state are states
superposition of eigenstates. (particleg

Note that in NRQM, we only had terms in the coupget to (3-9) that had the exponential form
of —(Ent — pnx)/ , because that was the only form that satisfiednibe-relativistic Schrodinge Reg|ativistic form
equation. Because we are using the square of ldtevigtic Hamiltonian in RQM, we get addition  pas exira set of
solutions of exponential formi¢Ent —pnX)/ that also solve the relativistic Klein-Gordon etio ¢ tions
You should do Prob. 1, at the end of the chaptejustify the statements in this paragraph __
yourself.

With an aim towards using natural units, we noteftillowing relations, where wave number

=271l A,
Relations for
l/cl:llli/cl:l IEICD i CE I Cw C

0 PREYATS, p, =

p F0O 3 O, Fk=0,C (310) pyandk
“" Hh IZI\jIODI:@ D g 55 EpDK’ Ok
and recall the notation introduced in Chap. 2,
px=p,¥ = Et- pX = Etpx = f
" - ( 25) Notation
kx = k, X' = wt- K )i(:E_p_X:& ¥ (: K %) (3-11) 'eview

in nat. units - E=w, p=k, 9,=I§1, px kx.

It is then common to re-write (3-9) in natural snitith the above notation. In doing so, we also
switch the dummy summation varialsiewhich represents each individual wave in the sation,

2 pauli, W. and Weisskopf, V., Helv. Phys. Acta D97(1934). Translation in Miller, A. I.Early
Quantum Electrodynamics: A Source BoSkmbridge U. Press, New York (1994)
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to the 3D vector quantitl, representing the wave number and direction oh gexssible wave.
For free fields, a given wave with wave number gekthas a particular energy (see (3-2) witk
k in natural units), and we can designate that gneiaeitherEx or wy. It is common practice for
scalars to usk (rather tharp) anday (rather tharkp or Ex.)

The Klein-Gordon equation solutio3-9) then become, in natural units

_ . Natural units
(A< e+ g éx| | (3-12) form of Klein-
Gordon solutions

1

o(x) =
k A/ 2Vay

Except for Box 3-1, which reviews NRQM, we will hegiorth, in this chapter, use natural units.

Definition of Eigensolutions

As noted previously, in RQM, the solutigmof (3-12) is that of a general (sum of eigensjates
single particle state. Each eigensthtess mathematical form (where we are going to diat 2w

part here, because of what is coming) Eigenstates of
e & Klein-Gordon
A "N or @ g BNYE (3-13) equation
Each of these forms has what is called unit ndrhat is, forgk a (and similarly, forg 1),
t 1. i =i Eigenstates have
dix== e ¢ x=1, 3-14) =9

I%Aﬂ A VJ ( ) unit norm

or more generally, all such eigenstates are orttmoabi.e., their inner products are
. 1 ik and are

I@,A@,’A&x—vgé €M d % gy (3-15)  orthogonal

Similar relations to (3-15) exist fag g+, and every a is orthogonal to every gr. Work this out
by doing Prob.2.

Relations (3-13) to (3-15) should look familiar inONRQM. There, (3-14) was the integral of
the probability density for a particle in an eigets. In RQM, however, things are a little diffeten
as we will see, and we use the term “unit normtfa property displayed in (3-14). We defined

Unit norm eigenstates were advantageous in NRQMI tizey will be in QFT as well. Thatis tt  eigenstates to have

reason we omitted thea® part of our solutions (3-12) in forming our defians (3-13). By SC unit norm because it

doing, the eigenstates then have unit norm, amgi$hjust turn out easier later on. will be advantageol

3.1.4Probability Density in RQM

We are going to investigate probability densityRiQM, but first look over Box 3-1, and be sure
you understand how probability density is derivedNRQM.

Probability Density Using the Klein-Gordon Equatio
For RQM, we start with the Klein-Gordon equatiothea than Schrddinger equation. First p¢  Deduce RQM

multiply it by ¢/, then subtract the complex conjugate equation-potiiplied by g i.e., probability density
PE: 92 using relativistic
preli (0?-1)e ¢ - F¢T= (02-19)0' 0 (3-16) wave equation

and note thaﬂzdw—yzqm; = 0. The LHS of the result can be replaced withriew LHS in (3-17)
below, and the RHS with (3-18).

00 ; o Do’ ; 3%  dgpdp' dgp'ag

- t T T 3-17

ot %;w ot “’E 2l T o (3-17)
new LHS LHS of result above =0

O mm¢) ¢T _(D¢T)¢) :(D2¢)¢T_(D 2¢T)¢ + D¢|:[D¢T_ |:|¢T|:[|:|¢ (3-18)

new RHS RHS of result above =0
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Box 3-1. Review of Non-Relativistic QM ProbabilityDensity

In non-relativistic quantum mechanics (NRQM), wea@mtered 1) the wave function solution to the 8dhmger
equation¥, and 2) the particle probability density=%'W (or equivalently wher¥ is a scalar quantity$*¥.) We
review here the derivation of that relation for lpability density.

Conserved quantities in field theory
Recall the_continuity equatiosf continuum mechanics and electromagnetism,

(?)_'f[) +00=0 mfiilisaR Ipd3x: constant in time, (B3-1.1)
V
where p is density (mass or charge densify)s the 3D current density (mass/area-sec or chaepesec), an¥ is all

space, or at least large enough so that everywhesae it, for all timep = 0.V is fixed in space and time, wheregasan
change in space and time insieAny conserved quantity (such as total messr total charg®) obeys (B3-1.1).

The general procedure

Use the governing quantum wave equation to dedncther equation having the form of the continuigyation (B3-
1.1), and we will then know thad, whatever it turns out to be in that case, muptasent a conserved quantity. |
integral over all space is constant in time. If m@malizep such that when integrated over all space, thedtregquals
one, we can conjecture thatis the particle probability density (which whenegrated over all space equals t
probability that we will find the particle somewlkeen all space, i.e., one.) Then throughout tinsegoar particle evolves
moves, and rearranges its probability density ithistion, the total probability of finding it somewite in space is alway|
one. It turns out, from experiment, that the conjexthat this quantitpin NRQM equals probability density is true.

Probability Density Using the Schrédinger Equation:
First, pre-multiply the Schrdédinger equation by tloenplex conjugate of the wave function, i.e.,

= 0 2 L]
Wt E: LP=,iEr—DZ+VEPE (B3-1.2)
I O M OE
Then, post-multiply the complex conjugate of thér®edinger equation by the wave function
-10 2 (I =
E pt=_1 Er—D2+VT|jJT (B3-1.3)
% I oaMm O B
where the potential is real sov=V'. Adding (B3-1.2) to (B3-1.3), we get
t -
uﬁa_wﬁiw:uﬂ_i -EDZ+V w+ L -—ﬁmzwuviv* W (B3-1.4)
ot ot i1 2M i1 v
or
a(wiw) _ § twt
afv) - (W' (07w) - (D) w) + YR VP (B3-L5)
ot 2iM i [
=0 since&vT=v

0w (Ow)- oWt w
This is the same as the continuity equation (B3-if Mre take as our probability density

p=¥y (B3-1.6)

and as our probability current

. 1 1 _ T -
= {w (0w) - (0w )w} . (B3-1.7)
This is how the commonly used relation (B3-1.6pisnd.

ts

1"
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Equating the new LHS of (3-17) to the new RHS 6fl8}, and to make future work easie
multiplying both sides by the constangives the form of the continuity equation

aa¢T ¢

op
@ =iolwo - —+00g=0, 3-19
6t 6t I [(l ¢ ) ot . ( )
where probability density and the probability caitréor a Klein-Gordon particle are
Ij(0 + 6
=i%=i gqo - qo[, and (3-20
i=-i((0g)¢ -(Dd)w) i=(ae-dig  i'=i(p'e'-0"g). (321

Importantly, and perhaps surprisingly, the relatici form of the probability density (3-20) st
the same as (B3-1.6), the NRQM probability density.

4 Currents
We introduce 4D notation for the scalar and 3D aeof (3-19) and define the scalar 4-current

I}% IZJF%OIEI o'y -gHg) .

(3-22)
@ BE 888
The 4D continuity equatioform of (3-19) is then
0i" _ 3 u_in _
67—6#]"—]”#—0 , (3-23)

where we have shown three common notational wagesignate partial derivative. (3-23) tells
theimportant factthat the 4-divergencef the 4-current of any conserved quanfittal probability
in this case)s zero.
Probability for Klein-Gordon Discrete Solutions

For a single particle state in RQM, we are goingagsume at firstfor simplicity, that the

r.
Manipulations of the
wave equation lead to
an equation like the
continuity equation

From that, we deduce
form of RQM
probability density

4-current and4D
form of continuity
equation

4-divergence ofl-
current of conserved
guantity always =0

solution (3-12), has onIv terms with coefficied{s i.e., the general staggcontains no eigenstates

shown with coefficient®y'. Probability density (3-20) is then

= za‘f(pk elkx Z /h ékx Z(‘%A’ é(’x z IA —é‘kx
c2a W FJaw W g Wy WV
where thew, and e came from the time derivatives.

If we integratep over the volume/ (which is large enough to encompass the entite)stde
result must equal 1. When we do so, all terms With k go to zero, so thex — « and cance
out. TheV term in the denominator cancels in the integrativer the volumé/, and the two term
result in a factor of 2 that cancels with the 2ha denominator. The result is

jpd3x=ZIA< f=1.

Thus AJ® is the probability of measuring tHeh eigenstate, similar to what the coefficients
eigenstates represented in NRQM.

Difference from NROM
Note that in RQM

¢)‘i¢di—l M7t1 but i
Z0 k 20‘&

(3-24)

(3-25)

Ll
ot
=p

9
_%T _

d3x=
at ¢

|AF=1 (RQM) (3-26)
k

whereas in NRQM, we had

Scalar probability
density in terms of
first Klein-Gordon
solution set

Square of absolute
value of coefficient /A
= probability of finding
kth eigenstate

of

Comparing probability
in NRQM and RQM
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gopd®>x= |AF=1  (NRQM). (3-27)
=p k
Normalization Factors
Obtaining the RHS of (3-26) is the reason for tbenmalization factorsl//2«V used in the RQM normalization

solution gof (3-12) and (3-9). Those factors result in alt@robability of one for a single partic factors arise from ng(_ed
and AJ? as the probability for measuring the respectivgeestate. That is, the form of t| t_o have tOt%IPrObab'“ty
relativistic field equation gave us the form of m@bability density in (3-20) (and (3-26)), anei - +2and |Al"=

need to have total probability of unity gave ustbemalization factors in the solutions. probability ofkth state

Relativistic Invariance of Probability

This total probability value of unity in (3-25) (@r§3-26)) is a relativistic invariant (i.e., a warl
scalar.) If we change our frame, the energy spec(iie., thew values) will change (kinetic energy Total probability and
for each energy-momentum eigenstate looks diffgretit these changes cancel out in th p, are frame
probability calculation, since they cancel, and always result in a total probabilityooe for any  independent
frame. Further, théy here are constants that do not vary with framethegorobability of finding  (relativistically
any particular state is also independent of wraahé the measurements are taken in. invariant)

Note that this means the normalization factors ehoggrovide relativistic invariance of total
probability, which we would not have had with arilier choice.

3.1.5Negative Energies in RQM

If we take our traditional operator form fbr asid/ot and operate on one of our Klein-Gordon
solution eigenstates of (3-12) and (3-13), we sthgelt the energy eigenvalug. When we do this
for the eigenstates with exponents-ikx, all looks as expected.

a a e—ikx e—ikx
H%A:'%:Ek,;\%/ﬁ'at N AL (3-28)

However, when we do it for the eigenstates withoments in #kx, we have an “uh-oh”, i.e.,

aqq( t
H ¢ =i B =E i S———=— — =-— i
R N B VAN VLT

0 eikx é’kx

(3-29) Half of our RQM
eigenstates have

Sincewy is always a positive number, we have states wétative energies in RQM. We might negative energy
have expected this, since we used the square dfidhdltonian as the basis of RQM, and squal
roots typically have both positive and negativensig
The bottom line: This is not an attribute of whaj@od theory has been expected to have, i.e.,
solely positive energies as we see in our worldwaswill shortly see, QFT solved this dilemma (as
well as others delineated in Chap. 1.)

3.1.6Negative Probabilities in RQM

Do Prob. 3 to prove to yourself that a partigieontaining only eigenstates of the exponenti: Half of our RQM
form H(Ent —pn-x)/ = ikx (i.e., those with coefficient8y' in (3-12)) has total probability of being eigenstates have
measured of —1. The extra states in RQM have paljjsicntenable negative probabilities! negative probability

Time to move on to QFT. density

3.2The Klein-Gordon Equation in Quantum Field Theory

3.2.1States vs Fields

It should come as no surprise, to those who haag @hap. 1, that the fundamental scalar wa' States & fields both
equation of RQM, the Klein-Gordon equation (3-8)aiso the fundamental scalar wave equation spread out in space.
QFT, except thatptherein is considered a field, instead of a state word “field” in classical Butin quantum
theory means an entity that, unlike a particlespsead out, i.e., is a function of space (it he theories, “field” also
different values at different spatial locationsfagpically also a function of time. The stapoof = means“operator”
NRQM and RQM certainly fills that bill, but in quam theory we don’t use the word “field” for
this, we use the word “state” (or “wave functionr™&et” or “particle”.)
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The word “field” in quantum theory refers to a qtignthat is spread out in space, but also,
importantly, as we will soon see, is an operatoQFr. More properly, it is called a quantum field
or an_operator fieldthough the short term fieid far more common. Confusingly, we use the same
symbolgin QFT for a field as we used for a state in NR@M RQM.

Notation
; |(Ijn %F':’ syn:rt:ols 'such af"t\lNhlcrt] fawg no'::arztiit' of a ket symbol, do not repnésstates, but Notational difference
ields. Unless otherwise explicitly noted, in Q ion between states and

lp[3ymbolizes a statgarticle) and @ symbolizes a fieldoperator), fields. In QFT,p is not

On the other hand, in NRQM and RQNEbth symbolsabove represented the same thing, a.state a state, but a field

We will understand these distinctions a little betater, but for now understand that formally,
the Klein-Gordon equation in QFT is called a fielguation because its solutio@is a (quantum or
operator) field. See the second and third rows hbhess Chart 1-2 in Chap. 1.

There are two common ways to derive this equatmanich we present in the following two
sections, plus a third, which is a good check entlteory and can be found in the Appendix A.

3.2.2From RQM to QFT

Fig. 3-2 illustrates, schematically, the two basiates to QFT. The quickest is at the bottom of
the figure, for which we simply postulate that twution @ of the Klein-Gordon equation (3-8)
describes a field (instead of a particle). Thiseasonable, sincgis a function of spatial location
(and often time), i.e., it is a field in the fornmahthematical sense.

Classical Particles to fields Classical
Relativistic > Relativistic ;
Particle Theory Field Theory Two different routes
to QFT
1st Quantization: 2nd Quantization: o
H stays the same + H stays the same + Quantization
invoke commutators way to QFT

invoke cormutators

+ States to fields

—_—
RQM Same wave equation QFT
PiX]—> [0

-

Short way to QFT
Figure 3-2. Different Routes to Quantum Field Theoy

We then must apply the commutation relations feld§ (see Chap. 2, Wholeness Chart 2%5, ¢ 5port route: ROM-
column = & column on right hand page), instead of the comtimtarelations for particle QFT. Similar math as
properties (same chart™olumn on left hand page). When we do this, amdpli crank the ond quantization
mathematics, we obtain QFT. Because the QFT we dbéain describes the real world so well, i ygjon
justifies the original postulate.

The formal mathematics are much the same as faltmative route, illustrated on the RHS of
Fig. 3-2, and treated in the next section.

3.2.3From Classical Relativistic Fields to QFT .
Classical Scalar Fields 2" quantization

The classical Lagrangian density for a free (nade}, real, relativistic scalar field has form route: Classical
fields - QFT
]

C
L2=K (aaqoa”qo— yzw) =K (Wr 0.0 g ;12@0) =K ? alﬁﬂjﬂzw% (3-30)  Start with classical

OpOg Lagrangian density
for free scalar field
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where ¢ since it is a classical field, is real (not coa¥)| i is a constant to be determined by
experimentK is an arbitrary constant, the superscript “0” osstands for scalar (with spir),Gand

the subscript “0” means “freeThis is not the place to do classical theorywsowill not derive
(3-30) here. We do note in passing that (3-30) gemeral result derived by insisting theaand

are Lorentz invariants (i.e., world scalars — séapC 2 including appendix) and that the associated
Euler-Lagrange equation is also Lorentz invarianfdrm. (3-30) is the only form that satisfies
these conditions and results in a linear field ¢éiqua(i.e., ¢ appears only to first power.) A non-
linear field equation might work, but is far morenaeplicated. For free fields, we will find a linear
equation works well.

Using the Legendre transformation, we can readily (8-30) to find the Hamiltonian density,

wherery’ is the field conjugate momentum, Find Hamiltonian
9 0 density from Legendre
o=t ¢= _qo%é,_i 0 =K (@1 Helllg+ ﬂZW) : (3-31) transformation
2K ]

We may be tempted at this point to proceed withntmation, and simply use the and
above along with the appropriate commutators. Hamnewe know that in quantum mechanics most
meaningful things are complex, not real. Quiterdneerse of the macroscopic world we live in, and
for which real fields of formpgenerally apply.

Classical field taken as complex

So, we adopt one more postulate, which is thafield gbe complex. This means re-expressing
our values for and interms of a complex field, but such thatand remain real (energy, and
energy density , must be real numbers.) Doing this, where we chdogakeK=1, yields the free,
complex scalar field Lagrangian and Hamiltoniangies

Ly = (60¢T6”¢— ”2¢T¢) =(Ju DC”TDD(”‘,U%”T(”) ,and (3-32) Re-express Lagrangian
9 0 5 0 5 0 and Hgmi_ltonian
00 :_O¢ - 0 = 0 ¢+ 0 ¢T— OO = WT+ D¢TE[D¢+/J 2¢1¢ . (3_33) denSItIeS n '[ermS Of

og Y ) complex fields

8= =
Take care to realize thatand an are consideredeparate fields in the summation over field types
and note the definitions of their respective coafegmomenta. That is7y’ equals the complex
conjugate of the time derivative of the field (ribe time derivative of the fieId.)TgJr equals the

time derivative of the field, not its complex cogaie.

If, as we progress, we find situations where nedgher than complex, fields are involved, we can
simply deal with the special case of a complexdfiehere the imaginary part is zero. Assuming a
complex field above means we assumed the most @jerase.

Deriving the Klein-Gordon Field Equation
Substituting the Lagrangian density (3-32) into Ehder-Lagrange field equation,

d B HaL _
dx qd’ﬂ a o¢
yields the_Klein-Gordon equation for fiel[dshere again, the values1,2 signify, respectively, the

field g and its complex conjugate tranqua@ (also called the Hermitiadrwhich, for scalars, is
simply the complex conjugate,

0. (3-34) Use in Euler-

Lagrange equation to
get Klein-Gordon
equation
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(0,0 +12)e =( 2+u?)p =0  (a)

(0,09 +12)0 =( *+1?)0"=0.  (b)
In the above, we have introduced thésymbol the 4D equivalent of the 3D Laplacianz, =9'9' =

0i0j = —a'ai. (Note, some authors use instead of 2.) We could, of course, also have obtained
(3-35)(b) by taking the complex conjugate transpokd3e35)(a), since everything inside the
parentheses is real.

Recall from Chap. 2, that given any one qgf , or the field equation, we can deduce any of the
others (via the Legendre transformation and the Hidgrange equation). So knowing any one of
these is equivalent to knowing any of the others, @umdfirst postulate of ¥ quantization could
have stipulated the samein classical theory and QFT, or the same field eqonathstead of .

The dlscrete plane wave solutiotts (3-35) are the same as (3-12), and its Hermitiam

RQM, i. e’
% —|k><
Discrete plane wave

¢ + (3-36) solutions to Klein-

ikx % a' (k Gordon field equation

g + 9"

(3-35)

ékx

()

)=3

Note the new symbolism for each of the solution forwie. use lower case coefficients in QFT
because, as we will see, the coefficients play a mifdreht role in QFT than they did in RQM,
and we need to distinguish them.

The continuous plane wave solutidng3-35) are

d3k ok d3k i
o(x) = Y ——=10(k) &  (a)
2”)3 cq( N 27)30% Continuous plane wave
solutions to Klein-
— s + " (3-37)) Gordon field equation
d3k . d3k
F(x)= ——=——nb(k)e*+ —X__ (k)& . (b
J2(27) EER
— ¢T+ + ¢T—

These solutions represent waves that are not constitaimespecific volume. Wavelengths for such
solutions do not have to fit an integer number oksinmside a particular volume, and thus are not
limited to discrete values.

% These solutions have the familiai(wk t — k=x) form in the exponent. There are actually additional
solutions to the Klein-Gordon equation having fatnfcwkt + k=x), but these have been widely ignored.
These solutions, and their impact on QFT, are dised in R. D. Klauber, “Mechanism for Vanishing
Zero-Point Energy”http://arxiv.org/abs/astro-ph/03096 {Z003).
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Note also the shorthand notation for each of the thfferent solution sets underneath the
brackets. You will see these symbols again and agaygismight want to consider making a copv
of (3-36), pasting it above your desk, and doing nm&raton tests with 1y)rourself every day until Learn the shorthand
they become ingrained in your consciousness. Try tcemdmer thatg ' is not the complex notation for the four
conjugate of¢7+, for example, contrary to what you might expedte ® sign refers to a term with types of solutions
positive energy in the RQM sense (i.e., — sigh betfoeeenergy in the exponent.) It might help t
think that because 1 changes the sign of the imagipary of every complex quantity, it also
changes the sign of the symigol. So, ta')Jr = qa“.

However you do it, being able to readily recall thefinitions of the symbols in (3-36) and
(3-37) will help in the future.
Finding z2°

Do Prob. 4 to prove to yourself that the valug{/@]c which appeared as an unknown constant in
the theoretical determination of (3-30), has the seahee it did in RQM, i.e.,

» M

oS

Third Way to Klein-Gordon Equations: A Consistency €he

Recall from Chap 2. and Wholeness Charts 2-2 andtt2abwe could express the equations of
motion for classical fields in terms of Poisson bracletthe former chart, and for Heisenberg
picture quantum fields, in terms of commutators inl#iger chart. The commutator-based equation
of motion for a quantum field in the next to laskbo the right hand column of Wholeness Chart 2
5 (reproduced below on the LHS of (3-39)) is imierof the Hamiltonian and the field. For scala
fields, this equation of motion fagpshould be essentially the same as the Klein-Gordortieqifar
@ That is,

Heisenberg Picture Field Equation of Motion Klein-Gordon Fididjuation
o=-i[gH] ~BeHPeRRg (5,0 + 42)p=0 (3-39)

In the Appendix A of this chapter, we show thastl indeed true, and thus our theory is self
consistent. It also proves that the Klein-Gordaidfiequation of QFT (3-35) (and (3-39)) derived
above applies to the Heisenberg, not Schrodingeturp.

This is a parallel path to do second quantizatiat ts included in the route represented by the
vertical arrow on the RHS of Fig. 3-2, but it usedifferent, though related, part of the theory.

,uz has same value in
QFT asin RQM

(: m? in nat. unit§ . (3-38)

There is yet a third way
to derive the field
equation of motion, this
time from a variational
math relation

3.2.4Summary Chart

All that we have done in this Sect. 3.2, and whaiwill do in the remainder of this and the next
two chapters, is summarized in Wholeness Charattde end of Chap. 5.

Note the summary is at the end of Chap. 5 becasfe @lumn in it lists the key components il Be sure to use the
the development of QFT for one of the three sppesy(spin 0, ¥, and 1), and we won’t be doin summary wholeness
the latter two until Chaps. 4 and 5. chart, as you study

You can follow along in the chart, as we develop ttheory for scalars, by reading the blocks i this chapter and the
the Spin 0 column. You may want to stick a Posirlthat page as a book marker, so you can eas Next two
flip to it as you read along in this, and the fallng two, chapters.

3.3Commutation Relations: The Crux of QFT

We will soon see how the commutation relations emmassed in the second part of 2nd
quantization found in the last box in the right hand columnidfioleness Chart 2-5 of Chap. 2 and
reproduced in (3-40) below, lie at the root of, atdicture, all of QFT. For scalars, they are

g (xt).m(yt) =gm-ng =id J(x-y). (3-40)
— . . . 2" quantization
Of overriding importance in the theory, as we wilke, are the following coefficie commutation relations

commutation relationsvhich we will derive below from the"2quantization postulate of (3-40). determine coefficient
commutation relations
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a(k),a' (k") = b(k) b (k') =Jdq (discrete); =d(k —k') (continuous).  (3-41)

The coefficient
commutation relations
1) play a fundamental
role in QFT, and

2) imply the coefficients
are operators

The form of (3-41) should tell us immediately thhé Klein-Gordon solution coefficientk),
b(k), etc. in QFT of (3-36) and (3-37) are far differeanimals than théy, By, etc. in RQM of
(3-12). The latter are merely numbers, which conemlfe must, therefore, suspect that dfle),
b(k), etc. are operators, and as we will see, thigisias will turn out to be correct.

Proof of coefficient commutation relations

To prove (3-41), start with (3-40) and take differepatial coordinates andy, but the same Proving coefficient
time coordinate, for gands7 o. This results in the equal time commutation reladi commutation relations

o(xt) 15 (y ) - m(y.e(xt) = o(x.98y 9- oy Jo(x ) =v(x-y), (3-42)

which are only important at this point as a steptm proof. Then, plugging the discrete solutions
(3-36) into the middle part of (3-42), where tosapace we use the compressed notaijona(k),
etc., we get

glat'y) 4 1%

=i(ogt- kx)+ 1 wKt—kx léiéwp(t—k’y)El
@ \/ZV% K \/ZV% @ \/ZV% k' V@ @

5 . i . NN . C
_ 2o —i(wt-k'y) 2 Toi(at—k'y) 5 (gt & x) 1 T j(wt-k x)
b€ + g € aé b €
@r V&V, K’ JZVa{(, @ 1/2Va{( k Ve, E

1 —iwg k x+k'y) (w-ae )t ifk xk'y) ]
akb( - ‘(é SR @ é ‘ ) 5 K-G solutions into
El W= )t —«'y) W+ )t k x#&'y) [ -
= L QJ} d " p @ ¢ Eid(x—y). equal time commutator
K Kk 2\/,@(&{( mqq(e (@ +ag )t ékx+ky+ppé@tq< kx—ky) S
Bakake o~ )t ékxky a ézq(+(q( é(k)(*k'y) EI
(3-43)
Using the math identity for the 3D Dirac delta ftioo
o0 . Re-express Dirac
3(x-y) =1 gtknBy) =L SKIKY) iy our notation (3-44)  delta function

Vin=-o Vi

after the last equal sign in (3-43), and matchengns, we see that all terms whektg4 [K'| must
equal zero. That is,

i, ( A — ’ i +age )t é(kix+k’iy)+
PYN? P_fﬂ]:ﬁ]ﬁ]}fn All terms wherel| #

WA

must=0 |kr|
i(ag - )t Jkix=k' |y) )
N / (akq( a‘ ale e (3-45) These must vanish, so
must= 0 their commutators
.. etc. for all terms irk and’ = 0 (no terms on RHkirandk ') must =0.

So, all possible coefficient commutators whth k" or —k’ vanish. The remaining terms all hakg |
= k' |, which meansx = ak . Some of these have an exponential fafax + x )t, and thus

%&(Eﬁiﬁﬁ%ﬁﬁxm + Some of terms where
) |K| = |K', i.e., those of

must= 0 q ( N )t) f

. exf( i orm.
|W(q;rq<‘r _ q(‘r Q’F) é'th(t éik (x+y) + (3_46) Gk ak

mustz 0 Commutators must 6.

.. etc. for all similar terms= 0 (no time depate on RHS)
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For these terms, the coefficient commutators masish because the exponentiakinvaries in
time, whereas there is no such variation on the RHS
The remaining terms have exponential fam®kx — ak )t and k| = k' |. Adding the terms for

givenk with the terms for k yields . o )
. . C o emaining terms where

arlaa-aa)ele g (aa- ag #y K| = K1, ie., those of

1 exf i(ak — ax)t) form.

must=1 must 1 (3_47)
A7(Bh -~ ) ¢ 0+ L (pp- bip) BEY =l Ee L) Commutators must .

must=1 must 1

where we see that the coefficient commutators needjual unity in order to match corresponding
terms on the RHS. (A subtle point for the purigis: also made the reasonable assumption that the
commutators ik ax and the commutators by by’ have the same value.)

The commutation relations shown above in (3-44Btd7) are the same as (3-41). QED.

If you are ambitious, have extra time, and/or symiphve to prove everything to yourself, do
Prob. 7 to derive the continuous solution commusatd (3-41).

End of coefficient commutation relations proof

With the coefficient commutator relations in hane, are finally ready to dive into the real core
of QFT.

3.4The Hamiltonian in QFT

We find the Hamiltonian by integrating the Hamili@m density over all space (a volumé | _ H dV
containing the discrete solutions, which we canenak large as we like.) In QFT, we expresim
terms of a complex field and substitute our fiejgiaion solutions.

3.4.1The Free Scalar Hamiltonian in Terms of the Coeffants

For a free scalar field = 00, as in (3-33), where we employ our discrete, plaaee solutions

(3-36) we get
H = [H dV in terms of
0_ 3y ([ £ t 29'0) d 3=
HO=[  d*=[(@ D¢’ Mo+ uplp) dx= the field:

- 0 1 ~ikx ikx ain 0 1
Iga—z\/% (a(k)e + 0 (k) & )@E EY ( tk
I( 6¢+,u¢*¢)d3x.
The middle line of (3-48), i.e., theﬁﬁe’x part, becomes

Deriving H in terms of
the coefficients

N @+ Ak ié’X)éa (3-48)

) ok 4 b‘r ékx % ) kx4 5(k ') 5")%8 . (3-49)

or

_ ,_Cq( /_a& a(k)b(k ) —|kx —|kx r’;(k) ( r) éikx @x d3
— = oo X.
KoK AN _bT (k)b( )ékx —|kx+ B( ) é( r) 5x gx
The sum ovek and k' is from negative infinity to positive infinity ithe x, y, and z directions.

All terms in the integration in (3-50) result inreeexcept wherk’ = k or k' = — k, because we
are integrating orthogonal functions between thwiundaries. (This is similar tsin(2X)sin(4X)
integrated with respect % along a complete number of wavelengths, where kher@ andk’' = 4.)
Since the volume of integration in (3-50) equdlsve end up with

(3-50)
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[CLES Z%(—a(k) o)+ ak) d(c)+ Bk )tk )- Bk ) &k ). (3-5)
Following similar steps for the next term in (3-483 get

—jaico*ai@l *x =Iai 90, pd°x

. ZF o _ ZJL e - bk') &) ¥ (3-52)
:Z%(b(“)a( )l (k) ale) + o) Bk )+ dk) Bl )

where we note that terms in the summation with latind —k have an extra sign change since
k. =—k' in the multiplicatiorin the second line of (3-52).

Similarly, for the mass term in (3-48), we get @lmb. 8 at the end of the chapter to prove it)
2
Jrrogx=s 2 (o) dk) -t Bl)+ db) &)+ 4k ) Blx)) @59

Adding the final parts of (3-51), (3-52), and (3}58nd usingk * + £/° = (&, )* along with the
coefficient commutation relations (3-41), we endwifh

L
k)alk )+ bk )tk )+ ) Bk ) £
Z e commutator E

use commuta;

(3-54)
= @ (& (alk) v+ () e ) +3).

or simply

=Z@(Na(k)+%+ Ny (k)+2) | (3-55) W= HdVinterms of
the coefficient

where

N)=a()ak)  NEk)=Bk) ) |. (3-56)

Expressions (3-55) and (3-56) lie at the heart 6T (as we are about to see.

3.4.2Number Operators

Consider what we must get if the Hamiltonian o68-operates on a state (a ket) comprised of
two free scalar particles, each in the same eigenstf energyak . We would expect that

(multiparticle) state would have an energy eigeneaqual to its total energy. i.e.,

HY|24,) = ) (3-57)

But from (3-55), that means
> (Na (K)+2+ Ny (k) +2)|2q,) =

How can we make sense of (3-58)? The answer idttlsahot quite true, and that we can make
sense of it all if, instead of (3-57) and (3-58% @onsider

> . (3-58)

L
]
H8‘2¢g(1>=2(q( %Ia(k)+%+Nb %%2(% ) %% z@ % % EZQ (3-59) H= HdVinterms of
k atype b type number operatol
El particles partlcles rt|c|es

with the following interpretation.
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Na(k) = number operatawith eigenvaluany(k) = number ofa particles with 3-monk in the ket,
Np(k) = number operatawith eigenvaluan,(k) = number ob particles with 3-monk in the ket,
and, the vacuum has % quantum of energy fdr ledar a particles, and also fdrparticles.

This might, at first, be considered a separateytatst, but if the 00 derived by 2 quantization For H= HdV to
for quantum scalar fields is correct, this is tiy@ossible interpretation of (3-59) that work&ieT
part about the vacuum would be surprising to anyehe had not already heard that the vacuum
a seething caldron of virtual quanta. More on #hisrtly.

We also anticipate that thetype particles will be antiparticles, and @ng/pes, normal particles.
More on this later, as well.

work, the vacuum must
be filled with ¥2 quanta

Examples of number operators and kets

In light of the above, the following examples shiblle relatively straightforward. Note we
designaté type particles with an overbar.

Example #1: 10 particle state
HOI5@, 20, %, = @ (Na(k)+3+ No(k)+3) S, 2R, )
b type
particles (3—60)

O _ Every state has vacuum
=W, 2, t3 @ (%Jr—%)%'wl ZQZ,3Q3>. as part of it, so every
Ul k state has huge vacuum
and so we see thdt type particles in our theory have positive ener§ince we know from energy
experiment that antiparticles have positive energy might suspect thab particles are
antiparticles. We will see later that they have agife charge from the particles, and so really do
fit the role of antiparticles.

Example #2: Vacuum state

HO |0) = Z@ (Na (K)+3+ Ny (k) +2)|0) = %@ (%+_%)| 0. (3-61)

state infinite energy

Note that every state is superimposed on the vacaaravery state actually has infinite energy.
We saw this in Example #1.

3.4.3Zero Point (Vacuum) Energy

The infinite sum of % quanta in (3-61) represeh&sriow famous perspective on the vacuum as
being almost inconceivably crammed with energy,vkm@s_zero point energy (ZBHn actuality, Zero point (vacuum)
the sum, while enormous, is usually not considénédite, but for reasons beyond the scope of ot energy results frora™
current discussion, to terminate at a very higlelleknown as the Planck scale. guantization postulate

It is important to recognize that thigacuum energy arose from our postulate of 2r of non-commutation
guantization that a field and its conjugate momentum don’t cwte (see (3-40). Because of thit
we got the coefficient commutation relations (3;4dnd those were used in our derivation of the
form of the Hamiltonian (see (3-54), which resuliedhe appearance of df terms.

The field commutation relations of QFT are siblingsthe particle commutation relations for i
NRQM and RQM. (See Wholeness Chart 2-5 in Chap.Ir2he latter, particle position and Non-commutation leads
momentum do not commute and this results in theweed Heisenberg uncertainty relatior {0 Uncertainty. Source
between position and momentum. In QFT, the field s conjugate momentum do not commute Of Statements that
implying a parallel uncertainty relationship betwebem. This is the source of the statements, oft Uncertainty principle
heard, that the uncertainty principle is the cafdbe zero point energy. results in ZPE

Are the Y2 Quanta Effervescent?

One often also hears that the %2 quanta “pop” in amdof the vacuum effervescently in —
particle/antiparticle pairs. | submit that thisdsheuristic, at best, representation for the pgpul Ruminations on
media. According to (3-55), there is no “poppingt evanescent physical reality alternated wit Yacuum effervescence
nothingness, no pairing of particles at a creagwant followed by a common mutual destructio
event as one might see in a Feynman diagram (@iftérom, but similar in nature to, what we saw
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in Fig. 1-1 of Chap. 1.) Via our fundamental QFTatien forHy’, the ¥ quanta are simply sitting
in the vacuum. They may be virtual in some sensd,ret real, but the QFH operator does not
suggest any intermittent sort of existence.

Further, our derivation oH,’ has been exclusively for free fields, where nerattions are
included (more on interactions in later chaptef$je particles (and antiparticles), for whiek®
determines the energy, do not interact with ottetigles or antiparticles. This means they can’t
create or destroy in pairs, since that is, abolvealinteraction between the associated partates
antiparticles. Sdd,° specifically does not measure the energy of sadfs @nd the % energy terms
therein must be for free fields that are not “pogpiin and out of the vacuum in pairs.

Some argue that experimental measurements of Gaglate forces, the Lamb shift, and the
anomalous magnetic moment of the electron demdastie existence of vacuum fluctuations casimir plates do not
However, Casimir forces are generally computed twysidering the % quanta such as those prove ZPE existence
(3-61) to be standing waves between the platest iShthey donot needin those analyses, to be
“popping” in and out of the vacuum, but merely lirgy there continually. Further, the Casimir
force can be computed without reference to zerotpenergies at all, and thus may not be the
conclusive proof for their existence it is widehkén to be. (See R. L. Jaffe, “Casimir Effect grel t
Quantum Vacuum”, Phys. Rev. D72 021301(R) (2008)://arxiv.org/abs/hep-th/0503158

The Lamb shift calculation involves so-called “vaou fluctuations”, but they are actually Neither Lamb shift nor
higher order corrections to propagators for inténacfields (which we study in later chapters), nc ahomalous magnetic
the % quanta vacuum energy of free fields (whichstuely in this chapter.) The same is true of tr moment solution due to
QFT correction to the magnetic moment of the etec{the famed “anomalous magnetic moment” free field %2 quanta

As a caveat, | note that the remarks in this sutiese entitled “Are the %2 Quanta Effervescent (ZPE)
reflect my personal position on vacuum energy. Tiegority of physicists believe quanta are
continually “bubbling” in and out of existence ihet vacuum. | simply have not seen a sound
derivation of this in the literature, and don'tiegk it is supported by the formal derivation ofaze
point energy shown above.

We will discuss this issue further when we getnteriaction theory.

3.4.4Positive Energy in QFT

Note that unlike RQM, all particles in QFT have itige energy. The QFT energy operakdy H :_ _H dV leads to
operating on states yields positive eigenvaluedétha andb types of particles. The RQM energy Positive energy for both
operator operating on states did not do that, asamein Sect. 3.1.5 (pg. 47). QFT particle types

Continuation of Wholeness Chart 1-2. Comparison of hree Quantum Theories

NROM ROM QFT
Hamiltonian id id H= d°
ot ot
Sign of EnergyE positive positive & negative positive

3.4.5Unit Norms and Orthogonality for Multiparticle Stads

Recall from NRQM, that it was advantageous to ndiresstates, i.e., change the constant in
front of the ket such that the inner product of tate and its complex conjugate transpose (the
bracket of the bra and ket) equaled unity. Thavesdefined

(@lla)= a'(xt)g (xt)d*x=1 and (g )= @ (x.Ye (x.)d*x= 0,k #k'.(3-62)

\ \

states states
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As aside, note that in (3-62), it is assumed thatkiet is expressed in the position basis. For
example, a plane wave momentum eigenstate in #%is vould have forfn

@)= Ag (B ) (|¢4> here is expressed in the position bz)‘. (3-63)

In this book, unless otherwise stated, when weesgxp mathematically, we will assume the
position basis as in (3-63). At such times,Will = |@ xpasis NOw, back to the main point.

In NRQM and RQM, states are single particle staeQFT, they are typically multiparticle,
but we will also find it advantageous therein tormalize. So, we define our_symbols for
multiparticle stateso that every such state is normalized (i.e,_miisnorm) For example, for a
state comprising twa particles of 3-momentuik, one of 3-momenturk’, and fiveb particles of 3-
momentunk”, we would have

IitII:I |

_ _ ] _
(20950 || 2% % %) =[ x= 0. (3-64) Multiparticle states in
v states states QFT have unit norm

where the middle part is just a reminder as to wieamean by the bracket notafion

Note that any (multiparticle) state is orthogotmlevery other state that is not identical tait i
particle types, particle numbers, dngtalues for each. For examples,

Different multiparticle
<2¢(< @5@“4@5@>: 0 (%]g)=0 states in QFT are
! (3-65) orthogonal
(sac|5a:)=0  (ala)=0.

Note on Notation

It is common practice in QFT to employ the bracketation of LHS of (3-64), and virtually
never, the integral form shown between the equgissiAs noted earlier, in QFT, symbols such ¢ tat int Lt
@k, which are not part of a ket symbol, normally dx represent states, but operators/fields. Wht staté, nor.an integrafto

we want them to play the role of states, as in{B-&e must label them specifically, as we did ¢he) "EPresent an inner
and in (3-64). product of states

QFT virtually never
usesy to represent a

3.5 Expectation Values and the Hamiltonian

Note that the expectation value relation for anrafmeO in QFT for a single particle state is the
same as that in the rest of quantum mechanicspr@vided ¢ has unit norm, Expectation value for
=g |9 . (3-66) Single particle in QFT

] ] like those in NRQM
where we don’t confuse the overbar (used here aritgibra or ket) for expectation (or average g RQM

value with its use inside a bra or ket, wheregh#iesb type particles. The expectation value is th
average value we would measure over a large nuaflbieeasurements of the state. If the particle

in an eigenstate of an observable (an operatar), #very measurement of that observable for that
state would be the same (the eigenvalue), andafual to the expectation value. An eigenstate of
energy would measure the same value for energy apery measurement. This is true for a single
particle state, such as in (3-66).

* The ket symbolg in general represents a particle state, but tha fof the ket when we write it out

mathematically, such as we did in the RHS of (3-68anges with the basis we care to use. For exampl
we could express the ket in the momentum basimfimentum space) instead of the position bgsis

in a number of other ways. Mathematically, (3-@3)eally@) . =(x|@) = A (B

® For the purists, we note that (3-64) can be ta®mn invariant relationship if we define our state

properly. That is, we can define our multipartieigenstate with a factor ot/ NV in front, so the

integrand in (3-64) yields a factorVl/The integral over 3D space then yields a facfov.dv is non-
invariant, but one in the numerator and one indés@ominator cancel, leaving an invariant final lesu
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It is also true for a multiparticle state, suchtlagse we run into in QFT. For example, the
multiparticle state in (3-60) is in an eigenstatemergy (the sum of the energies from each of the
ten particles in the state.) Each particle theheis fixed mass plus a fixed momentlkpand hence
fixed total energy. Thus, the energy expectatidoesfor the state in (3-60) is

HS = (50, .24, %, |HS| % . 2% ,. % )=

=(50,.20,.%,| 5,+ 2 + w3+%qe (3+3) |%. 2,.8)

a number, not an operator, So can move outside

= S+ 20,03+ 5 @ (303) (e B R FoPfr P

=1

(3-67)

=50 + 20+ 3 +Za,& (%+%)
Expectation value for

In general, for any operat@, the_expectation value for any multiparticle siate multiparticle state has

(3-68) same form as single
particle state

0 =(q.2.0...10|¢.0,0,.)
where we will typically find the operator expressederms of number operators.

A concept that becomes important later on in QFih& of the vacuum expectation vaglue
simply the_ VEV,whose symbol and mathematical expression are Expectation value for
the vacuum, VEV
()=( [9. (3-69)

If you don't see it right away, do Prob. 9 to praeeyourself that the VEV of the free field
scalar Hamiltonian is

Hamiltonian VEV
<Hg> = . (3-70)

We expect to measure infinite (or enormous, if rahas a maximunk|) energy in the vacuum.

3.6 Creation and Destruction Operators

In this section, we will prove what is perhaps thest fundamental aspect of QFT, which w: The coefficients are
foreshadowed in Chap. 1, that the Klein-Gordon tsmucoefficientsa(k), aT(k), b(k), ande(k) creation and
are not numbers, but operators that create andogigstrticles. Since certain combinations of ther destruction operators
do not commute, we should expect them to be opsratasome kind.

3.6.1Proving It

Proof thata(k) is a Particle Destruction Operator

With the notationnk_ denoting a multiparticle state of a type particles (nd types for now),
all with the same 4-momentukff, what can we say about the state Proving it.

a(k)[n)=[m) (3-71)
To see, first operate on this state with our nunaiperatom,(k) = a'(k) a(k)

N, (1)1 m) = N () ek 0= ) i)l - 372)

use commutator

Then use the commutation relations from (3-41jino (3-72) equals
(a(k)a()" -1)alk)[n)=dc) ok )" & )| 0)- &)l )= &) ) - )|
=a(k)nfn)-alk) r) = p de)| )~ &)l m=(n-2) &) =(cr-1[

So

(3-73)

Na (K)[m) =(n -1)] m)= m| m) m=,n-1. (3-74)
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Since the number operator operating p |[gives a number of particles one less than it did
when operating omy , the operation c&(k) on h¢ in (3-71) reduces the number of particles in the
state by one. We conclude tlagk) is a particle destruction operator.

End of Proof

Do Prob. 10, or at least part of it, to prove omemmre of the last three relations below to
yourself.

alk)| rg)) dk ) destroys ana particle with momentua

(3-75) Summary of operator

)
alk )T| ) >) d(k ) creates ana particle with momentar
) ) tk ) destroys ab particle with momentém functions of coefficients

|ﬁ(>) =(n +1)( alk )T|TQ>) B(k ) creates ab particle witmomentunk .

Creation operatoraT(k) ande(k) are sometimes called raising operatbecause they raise the
number of particles in a state. Destruction opesa(k) andb(k) are sometimes called lowering
operators for what should be obvious reasons. States theé Hbeen operated on by a raising
operator are sometimes called raised stdtese by a lowering operator, lowered states

3.6.2Normalization Factors for Raised and Lowered States
When a raising operator operates on a ket, thdtirgguaised ket does not generally have un Raising and lowering

norm (is not normalized.) Consider particle number results
t _ in a factor in front of
a(k)'[n)=An+D) , (3-76)  the new ket

whereA is some constant (which is a number, not an operahd could be complex). The origina
ket hy and the ketnf +1 (without the constam) in (3-76) have unit norm. (See (3-64) for one
example.) Also, by taking the complex conjugategpose of (3-76), we see tlagk) acting
leftward on the bra has the same raising effedmaaT(k) acting on the ket,

(Alnc+D)" =(a(k)'| ) =(n] dk)=(n+1 A @77)
Note that
<nk|a(k)a(k)T| rp(>=<r;g +1| A /}‘p+]>= A ,ékn+]“ kn+]>= A . (3-78)
(n+YAT 1
(3-78) also equals
(n]a(k)alk)" [n)=(n|dk)" )+ p)=(p[ n+1 0= n+1. (3-79)
use commutator Na(k)

Equating the RHS’s of (3-78) and (3-79), and fongicity taking A as real (complex would also
work, but be more complicated) yields

A=n +1 . (3-80)

From (3-76), we then have the first line in (3-8EJow. Identical logic leads to the third line.
Do Prob. 11 if you can't just accept the secondfandh lines without seeing for yourself how they
are obtained.

t -
a(k)'[n)=yn +1[n +1) Factors arising from
alk = -1 action of creation and
( T)|?<> \/_E| " _> (3-81) destruction operators
b(k)'[M) =Tk +1[ 7 +7)
b(k)[A) =7 R -1
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Note that the above results are ultimately due"fogqRantization. The non-commutation of
fields and their conjugate momenta resulted incefficient commutation relations, which was a
crucial part in the proof that the coefficientsateeand destroy states, as well as the derivafion o
the normalization constants shown aboSecond quantization turned the solution coeffisiant
RQM, which were merely constants, into creation destruction operators in QFT.

3.6.3Annihilating the Vacuum
Note that the vacuum |Bias unit norm, like any other state, i.e., The vacuum state has

(0]|0)=1. (3-82) unitnorm

Note also that 0 (zero) is a number representirigimg, and is different from |Qthe vacuum state,
which actually is something. From (3-81), the attid a destruction operator on the vacuum results

in zero. That is, _
A destruction operator

a(k)|0)=~0]-1=0. (3-83)  annihilates the vacuum,

Don’t worry about the funny looking ket in the midd(which is actually meaningless and no i-€., leaved
something you will ever see in the literature). Toet of zero controls the final result.

In QFT lingo, one says “a lowering operator destr@my annihilates) the vacutim

3.6.4Total Particle Number

For future use, we define the total particle nundsethe number of particles (ig&types) minus
the number of antiparticleb fypes). For scalars, the total particle numberaipeis

Total particle number
N(¢) = (Na(k)_ N, (k)) (3-84) |s_number of particles
K minus number of
Note the subtle difference in phraseology in tha ommonly use the term “number of antiparticles
particles” as being equal to the number of pasiplesthe number of antiparticles. “Total particle
number” on the other hand refers to a negativeeviduthe number of antiparticles.

We will soon see thab particles have opposite charge frarparticles, and thus, in many
senses, represent their negatives. So designdterg s having negative total particle number
seems reasonable.

3.6.5¢(x) and ¢gJ(x)as Operator Fields

Since the field solutiong(x) andgi(ﬁ contain the operator coefficients, they are thio a
operators, or more properly, operator fietdgyuantum fieldsAs noted in Chap. 1 and earlier in the
present chapter, this is often shortened in QFSintply fields At long last, we have proven our
earlier statements about the solutions to the veguation in QFT being operators (fields).

Note that for our field solutions of (3-36j acts as a total particle number lowering operatc
because it destroys particles (@ik)) and creates antiparticles (\W&k)). The former decreases a
positive total particle number, whereas the lattereases the magnitude of a negative total particl
number. Forg, the situation is reversed'(k) creates particles arifk) destroys antiparticles, both
actions increasing the total particle number.

Thus, the total particle lowering operator figddsee (3-36) for full expression)

(pandd are operator
fields since they
contain coefficient
operators

p= ¢ + §— (3-85) ¢is a total particle
destroys creates number lowering
particles anti-particles operator field
and the total particle raising operator fiedd
d= o + ¢ (3-86) ¢ is a total particle
destroys creates number raising
anti-particles ~ particles operator field

When we originally saw the field solutions (3-3&)was suggested, as a mnemonic, that you
make a copy of them and stick it over your deskvdtild be good now to insert (3-85) and (3-86)
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into that copy and make them part of it, as we Wl using those symbols and what they
represent, over and over.

3.6.6Normal Ordering

When the infinite sum of % quanta energy in (3-5&s first found, physicists wanted
desperately to make it go away. The amount of gniesglved should, via general relativity, curve
the universe to such an enormous degree thatghtdmanating from your finger would be bent so
much that it would never reach your eyes. But that what happens in our world, so something
isn’t correct. In fact, the difference in mass-gyelevel of the vacuum, between what is predicted
by theory and what is observed, is on the order faictor of 1620, the biggest discrepancy between
theory and experiment in the history of science.

One approach to solving (“hiding” may be a betteardy this problem is something called Normal ordering puts
normal ordering. Normal orderingn any term, consists of moving all destructigre@tors to the 3|l destruction
right hand side of that term. This has little impéar operators that commute, sucha{k) and  operators in any term
b'(k), for example. That is, changing the teak)b'(k) to b'(k)a(k) is not an issue, since the gn the RH.
factors commute, i.ea(k)b'(k) = b'(k)a(k). However, the terma(k)a’(k) is a different story, since
a(k)a'(k) # a'(k)a(k).

In particular, note the effect of normal orderimgour derivation of the number operator form of
the Hamiltonian in (3-54). Instead of employing th@emmutator relations for tha(k)a'(k) and
b(k)b'(k) terms as done in (3-54), we simply move all thstdiction operators to the RHS, so those
terms becoma'(k)a(k) andb'(k)b(k). Thus, we never end up with thedéterms, the Hamiltonian
is finite, just what we would originally have exped it to be, and the vacuum has zero energy, i.e

Normal ordering makes
H = « (aT(k) a(k)+b'(k) blk )) (normalordered =what is observe ~ (3-87) vacuum energy go
k away
The Hamiltonian only has number operators yieldipgx energy forn, particles, each having 3-
momentunk.

Although use of normal ordering became quite wideag, it suffers from a pretty fundamental
problem. It violates the foundational postulatenoh-commutation of certain operators, upon whic gome argue that using
all of QFT stands. Invoking normal ordering meassuaing, in this one area of QFT, tagt) and  ,5rmal ordering in this
a'(k) (as well asb(k) and b'(k)) commute! But they don’t. And the fact that thdgn't is way is internally
fundamental to every other part of QFT. In normalesing, we simply suspend commutation lon j,-onsisen
enough to get a zero energy for the vacuum, thing lir back for the rest of the theory. It is nou
unreasonable to conclude that use of normal orgdointhis purpose is questionable, at best.

Caveat: The position expressed in the above pgagsanot widespread, and normal ordering to
remove the Y2 quanta terms is often invoked witteltomment or qualification. I, and a handful of
other§ | am aware of, contend it should simply be jettiso.

In any case, in spite of common use of normal dndeto “clean up” the Hamiltonian, the huge Paradoxically bottt) ,
vacuum energy issue has not gone away in mostgisigseyes, and it remains a widely discusse Normal ordering is
unsolved problem as of 2012, the year of this bgisugh | offer a possible solution in the article Widely used to
cited in the footnote on page 50. XXX check pg riorfinal version XXX.) eliminate vacuum

It may seem to you the reader that the entire isstraught with ambiguity, and that is probably EM€"9Y and) vacuum

a reasonable assessment. In spite of that, viytaa#iryone considers vacuum energy to be a reali energy is generally
accepted as a fact

3.6.7The Observable Hamiltonian

One can distinguish observables, which in quantugories are represented by operators, fro~

the theoretically obtained expressions for theesponding operators. That is, thej/erms inH  1he normal ordered
Hamiltonian is the

observable

6 , . _ _ o Hamiltonian.
P. Teller,An Interpretive Introduction to Quantum Field ThgoPrinceton University Press (1995).

Teller submits that a complete and true theory dawt have such an artificial, and arbitrarily irspd,
feature as normal ordering. On page 130, with esfee to normal ordering he states, “If, as appwars
be the case, at this point one must use matherhatitagitimate tricks, concern is an appropriate
response.”
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are not observed, so for reasons of practicaligycan consider the normal ordered Hamiltonian
of of (3-87) to be what we will call the observablamiltonian

The relation (3-87), even though derived viaadkdehocand mathematically questionable normal
ordering process, results in what is actually olesgr This is why normal ordering persists.

Since we will not do a lot with the vacuum, we witld it more convenient and streamlined to
use (3-87) for the Hamiltonian, except when we srecifically interested in vacuum energy. Just
don’t forget, as we do that, what the complete Htamian, as derived via our theory, looks like.

3.7 Probability, Four Currents, and Charge Density

Probability in QFT is found in essentially the sawey as we did for NRQM (see Box 3-1) anc
RQM (see Sect. 3.1.4, pg. 44.) That is, we usegtherning wave equation and manipulate it t
obtain a relationship like the continuity equat{@r19) (or (3-23) in 4D notation). The integral ove
all space of the quantity in that relationship is conserved, and since tptabability (of finding
one or more particles) is also conservgdhas a good chance of being probability densit
Experiment can confirm, or deny, that.

Probability in QFT
found in similar way as
in NRQM and RQM,
i.e., from wave
equation

3.7.1Four Currents Operators and Probability Density QFT

In the present case, the solutions to the govereqation are operator fields, not states, so we
would expect the resulting densjyto be an operator density, rather than a numeisity. Our
expectation will turn out to be true, as we seewel

Since our governing equation is the Klein-Gordonatipn, and that is the same as in RQM, the

same steps (3-16) to (3-20) can be followed. Thaltés the same 4-current relations as (3-22) al Same wave equation as
(3-23), except tha:)nandanr are now operator fields (or simply, in QFT lingafds”), RQM same form for

i ;=0 with j#=i (qa'/“’qoT —qo*'/“’qo) j# is an operator|, (3-88) probability 4-current

S0
o 0p 4 0¢
p=j’=i 5?5 ? (3-89)  But now4-current is an
operator
Since (3-89) is an operator, we need to look adxzectation value to find measurable probabilit
density, i.e., So, need to find
p=(a.0.0..10600,.). (3-90) expectation value of

i ) i ) ] probability operator
To evaluate (3-90), we need first to substitute fvee field solutions (3-36) into (3-89). Do

Prob. 12 to prove to yourself that this results in

_1 + ot _1 : i Probability operator
p‘VZ(a (k)a(k) - b'(k ) blk ))_VZ( Nk ) - N )) (3-91) expressed in terms of
number operators
3.7.2Single Particle State
Let’s now find the expectation value pffor a singlea type particle stateg: . We find all the
number operators except the one fomdype particle with momenturk’ yield zero, so

_ 1 1 1 Probability expectation
p=<¢i'|p|¢&’>=<@’|v (M(k)—'\la(k))l%>=<4f%'|vl<€'>=v- (3-92)  value for single type a
k particle = 1, no surprise
For a plane wave, this is exactly our probabilignsity, a flat distribution over the volume, whos

integral over the volume equals one. So gdnoks like it could well be a probability distrithan.

3.7.3Multiparticle State
But now let’s look at a multiparticle state.



Section 3.7 Probability, Four Currents, and Chd@ygasity 63

p=(3, .4, p\%,%%(%mz% (NN E) %, @)
(3-93)
=(34, 4, 3\3@1,%2%3-

. . . ] Probability expectation
When (3-93) is integrated ovef, we get 4, the number of particles in the statielc total yalue for four type a

probability is never greater than 1, our interpiieteof o as a probability density seems to be i particles =4 > 11
trouble for multiparticle states.

Partially for this reason, QFT rarely deals witlolpability densities for states. It concerns itsel”
instead, withnumbersof particles (and antiparticles) in a state. Thhe, number operators play a
major role. As we will see, this works well, antbals us to solve the kinds of problems in QFT w
need to solve.

3.7.4Anti-Particles (Type b Particles)
Now consider the expectation valueabn ab type single particle state.
_1. (3-94) Probability expectation

_ = — -1 — - -1=
= , )= = k) - k )= J—l@. )\ =—
o <¢& ‘p‘¢&> <¢£ ‘V k (Na( ) No( ))m> <(4g ‘V‘Cg> v value for single type b
So total probability of & type particle would be negative! And for 3 suchtigses, it would be -3.  particle= —1<0!!
This was another tip to early researchers thatdiwesity they were dealing with was more
readily related to charge density, and thparticles were antiparticles, with opposite chafaed
charge density) from particles.
Thus, we have started to see that the concept afapility density, and the mathematics | oq to conclusion that
associated with it, seem to lose some applicabilitfQFT. Particle number, however, takes o

significance, as now antiparticles would simply designated as having negative total partic!
numbers.

So, QFT deals with
number of particles
instead of probability

pa charge probability
density, and its spatial
integral is total charge

3.7.5Charge Density Not Probability Density

If we multiply our four current operator (3-88) the charge of a scalar particjet behaves like

a charge density operator, which we will desigrste”. .
Multiply 4-current

s ,=0 with ¢'=qf = iq(qn”qo*—qu'”(p) : (3-95) operator by particle
charge to get charge

SO 4-current operator

g

ot
This makes sense, as charge would be distributgzhiiallel fashion to probability density, i.e.,
denser charge where the particle is more concentr&urther, total charge using (3-93) multiplied
by g would yield 4, the charge on the state. Similarly, the totakgban the state in (3-94) would
be -g.

Thus, re-interpreting the operatpr as charge density, and the 3D part of the foureou as

charge current density is consistent. In actualitig, demanded in order for our theory to agret wi
experiment. That empirical reality also forcesaadcepb type particles as antiparticles.

Take care that in the future, we may use the syrngbat simply charge density, without a

subscript. Since we will rarely, if ever, deal agaiith probability density, hopefully, there wileb
little confusion.

o . La C
Penarge=0i° =id gf)w* o PE (3-96)

3.7.6Caution in Evaluating Expectation Values of Densityperators

Some care must be taken in the evaluation of eapentvalues similar to that of (3-90). The
bracket, expressed in the position basis, is agmtion over space. But for operators with a apati
dependence such @soften has (and which is typical of charge, masaror type of density), the
spatial dependence in the operator_is mmuded in the integration. That is, writing othte
expectation value as an integral, we integrate thex' of the state, but not theof the operator.
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1)) = 't t "= o X t "ty x  (3-97) Integration implied in
<,0(x )> <¢& (X)L (x.1) g (x )> # e X )P Y sad X" (3-97) expectation value is
This was not evident in (3-92) and similar relatoabove, because there (for plane wave gver ketx’, not over

specifically) the operatqw was not a function of space. operatorx

The point in (3-97) generalizes to other types pérator functions that would be sandwiche
inside a bra and a ket. We will run into thesehim future.

3.7.7The gand qfr Normalization Constants Again
We just assumed, in all of our discussion so fat the normalization constants in our solutions,
1/,/2V , that we derived in RQM, are also valid in QFTnci our field solutiong and ¢T in  gand ¢;T normalization

QFT had the same form as the state solutions in R& our 4 currerjf = (o, j) in each case had constants from RQM
the same form as well, this seems like a reasorasfsiemption. The assumption can be consider Work for QFT
justified by our results in the above few sectidfar example, (3-91) worked out as a correct fort..
for density (probability or charge) only becausetla# form chosen for our constants. The square
root of 2 dropped out in getting (3-91) because of the terons, each with two field factors
multiplied, and the time derivatives in (3-89).
We can therefore consider the results of the sesxtabove as justification for the choice of
normalization constants in the field solutions he Klein-Gordon equation. All of so many other
results, yet to be seen in our studies, will béhierr justification.

3.8 More on Observables

QFT, like the quantum theories studied beforesitnterested in observable quantities, such
energy, 3-momentum, charge, and spin, which areesepted in each of those theories b
operators. The eigenvalues of those operators het we measure. Expectation values of tho:
operators are the averages of what we measurenaugy trials.

Regarding energy, we have already discussed thenaige operator corresponding to it. Sec

(3-87). Regarding spin, scalar particles have nsoaye will put off discussion of particles that do
have it to later chapters.

Finding operators
other than H in terms
of number operators

3.8.1Charge Operator

Regarding charge, we need merely to integrate barge density operataj 0 of (3-96) and
(3-91) over the entire volume, to get the chargeraipr

Q= €dx=q fdx q ( M(k)- k). (3-98)
K Total charge operator

A typical multiparticle state is in a charge eigatis with an eigenvalue of charge equal to the st yje|ds total charge of a
of the charges of all particles in the state. Hettoe eigenvalue equals the charge expectatioreval (multiparticle) state
since we will measure the same charge with eaclsunement. For a sample state,

Q=(7a, 4, 5, qk (Na(K) = Ny ()| 7, @, B ,)= 7o+ & 5+3c  (3-99)

Q

Note, we derived (3-98) using (3-91). If you dicbPr12, you saw that in deriving (3-91) we
summed terms in ¥2 and% that cancelled to net zero. In other words, (Bé8ually has a&/2  Vacuum has zero
and a g/2 term for eaclk. Thus,Q acting on the vacuum would sum up an infinite namtif half  charge
charge quanta for both particles (positive chaege) anti-particles (negative charge), leaving ze
total vacuum charge. (Thankfully, it does. If iddit, our theory would be bound for the trasl
heap.)

3.8.2Three Momentum Operator

The three momentum operator can be found usingrealaionship for physical momentum
density at the bottom of Box 2-2 in Chap. 2 anednating over the volume. (Also shown in tHe 9
block under the title in the RH column of Wholen€dgart 2-2.) That is,
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p'= p'd’x= ﬂMdSX: oL d¢ oL o9

P F+—r—= (3-100)

ox 0p 0X 9gp OX
Substituting the Klein-Gordon solutions (3-36) atiabir conjugate momenta into(3-100), one
obtains the 3-momentum operafdo Prob. 13 to prove it)

P= Kk(N.(k)+N,(k)), 3.101) Total3-momentum

K (Na (k) + Ny (i) ( ) operator yields
total 3-momentum of a
(multiparticle) state

which is pretty much what we would have expectedperating on a multiparticle ket, with all
particles ink eigenstates, would yield an eigenvalue equal ® rtlamber of particles and
antiparticles with 3-momentuknmultiplied byk. If this is less than obvious to you, do Prob. 14.

It is interesting that, similar to what happeneaharge, we have ¥z quanta in the vacuum with
3-momentum, but the total for the vacuum sums to.Z€hat is, in deriving (3-101), we get terms Vacuum has zerg
in the summation of % + Y%k =k (one % quanta for each particle and one for eatibaticle), momentum
similar to what we had for energy. But unlike engerpis is a vector summation, and for every &
momentumk in the sum, there is a 3-momentunk—as well. The net is nil 3-momentum for the
vacuum, which again, is a welcome result.

So far in our theory, only energy has proved pnolaic in having a non-zero vacuum
expectation value (VEV.)
3.8.3The Four Momentum Operator

As discussed in the Appendix of Chap. 2, and elsesytthe four momentum has energy in the
o" componentg/c in non-natural units) and 3-momentum for the otheee components. Given 4-momentum operator

(3-87) forHoO, and (3-101) for the free scalar figid, the four momentum operatisr includes energy ang

_ _ H O m ] momentum

PH=KH = ’EZ 07(Na (k) + Ny (k). (3-102)
operators
here for free usually what
scalars we mean by
symbolk¥

where we note that’ usually refers to the numeric (not operator) 4taeguk).
3.9Real Fields

So far, we have only dealt with complex fieldsislpossible to have real fields, and in fact, we
will see they play a key role in the theory. Thayntout to be associated with neutral particles,
which are, in fact, their own antiparticles.

To see this, look at a special case for our geriidl equation solutions (3-36) whege= qu

i.e., @ is real. In order for this to be true, we must hagl@ = b(k), and of coursea'(k) = b'(k).
Thus, for this case,

p=¢ = ——a(k)e™+ L4 (k)™ (for greal), (3-103)
e A e UL )

which makes sense, since adding a complex numitkitsasoomplex conjugate yields a real number.

In the charge operator (3-98), we would then Hax&) = Np(k) (i.e.,a'(k)a(k) = b'(k)b(k)), so  Real(not complex
charge would be zero for any such particle(s) sti@chb type particle operator (creation, fields create and
destruction, charge, energy, etc.) will be the saperator as that fax particles. There is only one destroy neutral
type of particle (for a real field), so that palgionust be its own antiparticle. charge particles
Conclusion: Real fields are associated with charge-neutralighes, which are their own anti-
particles.

Note on nomenclatureThe term ‘“real fieltl refers to the (operator) field solution to thelfi ~Terminology difference
equation (Klein-Gordon for scalars) that are nomptex. The term ‘“real particlerefers to a between real fields and
particle that is not virtual, but manifest and dedéle. real particles
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3.10Characteristics of Klein-Gordon States

3.10.1Bosons vs Fermions

Although at this point in your career, you shouédfamiliar with bosons and fermions, and their
behavior, Wholeness Chart 3-1 can serve as a hefresurse. It should need no further comment.

Wholeness Chart 3-1. Bosons vs Fermions

Bosons Fermions
What role typically forces typically matter
elementary: photons, Higgs elementary: electrons, neutrinos, quarks|
Some examples L o
composite: mesons composite: baryons (e.g., proton, neutron)

Behavior can occupy same state can't occupy the same state

integer spin half integer spin
Spin Scalars: spin 0 Spinors: spin 2

Vectors (e.g. photons): spin 1 Gravitinos: spin 3/2
Graviton: spin 2

3.10.2Klein-Gordon States are Bosons

The same scalar creation operator that operatesategly on a state results in a raised state
containing a number of the same particle with ek (and thus the same energy and identical in
all regards.) For example, using the creation dpermaf the first line of (3-81) acting first on the
vacuum, then repeatedly on the newly created statehave

a(k)'[0)=|@) - alk)'|@)=v2|2g) - ak)|%)=vVIFR) - ... (3-104)
We are not concerned, for this discussion, withstipgare root numeric coefficients, but with th:

fact that we can have multiparticle states with entlian one individual particle in the samu
individual state.

This means Klein-Gordon states must be bosons.dNN@fEknew this because we were told the
they have zero spin. But here we prove it.

As we will see in the next chapter, spinors dohreote the characteristic displayed by (3-104).

Scalar kets can have

1 particle in same state,
so scalars are bosons,
not fermion

3.10.3Commutators with Scalars, Not Anti-Commutators

Let’'s see what happens if anti-commutators werel isgtead of commutators with the Klein-
Gordon field equation solutions. That is, in theidEion of our number operator form of the
Hamiltonian, in equation (3-54), try the anti-contators

@(k),a*(k')gza(k)af(k')+ a (k') ak ) =g

. ! ; (3-105)
[B(k).b" (k") = b(k)b' (k") + b' (k") bk ) = e -
A minus sign is then introduced, such that instefa@-55), we would get
HO = @ (:+1), (3-106)
k Using anti-commutator
or for an_observable Hamiltonigignoring vacuum energy) instead of commutator
0_ 0 _ theory with faulty energy

H3=0 and thus, HY|q )= t (3-107) ) rediction(wrong

Every real state would have zero energy, whicheisainly not physically true. Therefore, we
can only use commutators with spin 0 boson fieddsl, not anti-commutators.
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We will find in the next chapter, that fermions@FT are governed by anti-commutators in Klein-Gordon scalars:
parallel fashion to the way in which bosons (scalat least, to this point in our studies) ar 1) mustbe bosons, and
governed by commutators. Just as anti-commutatand evork for bosons (scalars), as we sa 2) can °”|¥ use
above, we will also see later that commutatorsteaatk for fermions. commutation relations

3.110dds and Ends

3.11.1Usefulness of 3-Momentum Discrete Eigenstates

As you will see in time, QFT can find real worldpeximental values, for things like scatterin¢ Discrete form of Klein-
cross sections and decay half lives, using onlgreiek eigenstate forms for real states. Thes Gordon solutiongnot
eigenstates, unlike wave packets, typically exténdefinitely in the k direction. But for wave packejssuffice for
experimental predictions, the particle states, Wiite actually wave packets, can be approximat extremely accurate real
to extremely high precision by such discreteigenstates. particle predictions

One exception is the propagator, the mathematggakesentation of virtual particles, which i<
best derived, as shown in Sect. 3.13, and mostilusefctically, via incorporation of the continuous
(integral) form of the field equation solutions.iglis, at least in part, because virtual partieless -
not constrained by boundary conditions to discket@lues and in certain cases must be integrat find Feynman propagator
over all possible, continuous valueskof (for virtual particles)

Except, we will need
continuous solutions to

3.11.2Nevertheless, What about Non-eigen States?

In NRQM (and RQM) we commonly dealt with generaltss, i.e., non-eigen states, which were
superpositions of two or more eigenstates. Graraedjoted above, that we can solve almost all
QFT problems usind eigenstates, we might still ask “how does QFT caragn this regard to
what we learned in NRQM?” It is a good questiooubling many students, no doubt, and not
treated in any other text | am aware of.

A closely related question is “what is created esttbyed by the general solutioggx) (or
#(x)), which for discrete eigenstates, is a summatibterms, each containing a single particle
eigenstate creation/destruction operator?” Doegatipa of ¢J(x) on the vacuum, for instance,
create an infinite number of single particles, @iregle particle comprising an infinite number of
momentum eigenstates? If the latter, what amplgudehose absolute values squared are
probabilities) are assigned to each such eigertstate

Creating a General Single Particle State (Discgeiation Form)
To create a general single particle statge would need a creation operatbform

Creation operator for

C= Aga, (3-108) single particle general
k (non-eigen) state,
so that operation ¢ on the vacuum results in a sum of eigenstates, discrete case.
C|0>=ZA<&I|0>=A1|¢1>+ Alg)+ Alpy+ =9 (3-109)

In (3-108) and (3-109) is a numerical coefficient, the square of the alisovalue of which (for
proper normalization of the ket eigenstates) eqgtiarobability of finding thé& eigenstate.

If only one term irC is used, then only one eigenstate wWitfj £ 1 is created. If a more general
state, comprising a sum of eigenstates, is cre#tied, we are free to select thg as we please in
order to create the particular general state we, lgfovided (for conservation of probability and
correct normalization so total probability is unity

| A P=1. (3-110)
k

Destroying a General Single Particle State (Disdret
Note that the general single particle destructiparator

Destruction operator
D= & (3-111) for single particle

k general (non-eigen)

acting on any single particle general state willdo that state to the vacuum. That is, state, discrete case.
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Ek ak E@ZE * @Aﬂ@*%l%ﬂ Aoy+...)

M 0 O 0O O O ]
=% akm|¢1>+zl ak@z|(02>+|:| q:ﬁl%ﬁ E (3-112)
O O

—A1a1|@>+Ala4¢j>_-l-_ATam_-l-_._+_A‘ J.ga_}d-_A?an‘o>+o+ =( A AF )]0

can normalize = 1

Creating and Destroying Multi-particle State (Dedey)

Applying operators similar in form to (3-108) (witlgpically different values fo” in each
operator) twice in succession creates a two parSthte where each particle is a single partic
general state (i.e., each is a summation of momemrtigenstates.) Any number of such operato
may be applied to create a state of any numbearictes, each in a general (not eigen) state.

Applying (3-111) repeatedly will destroy one genetate single particle upon each application

What ¢X) anda}r(x) Create When Acting on the Vacuum

@dx) acting on the vacuum will create a single geneaatiparticle state comprising a
superposition of an infinite number of eigenstam;h with a constant coefficient in front of i&.|

—|kx X
(00 =3 e ﬁﬁ&%:; e ¢ E@M ¢
constant factor

Similarly, ¢;(x) acting on the vacuum will create a smgle pagtigeneral state comprising a
superposition of particle eigenstates. For discsetations, these operations have little use in QFT

For multiparticle
general states,
repeatedly apply C
and D operators

@). (3-113)

Creating and Destroying Continuous Solution ForimStates

In analogous fashion, the continuous formgd) (or (ﬁr(x)) acting on the vacuum yields a single
antiparticle (particle) wave packet, i.e., an imggver allk, rather than a sum. You don't need to
know more now, but for the future, details are aXXwww.quantumfieldtheory.infat the link
Non Eigen States, Wave Packets, and the HamiltomaQFT. We will work more with these
operations when we derive the Feynman propagatdeat. 3.13

3.11.3c-numbers vs g-Numbers

The terms_c-numbeand _g-numbemere introduced by Paul Dirac to distinguish betwe g-numbers are quantum
classical numbergreal or complex), which commute, agdantum operatorsvhich do not always numbergoperators or

commute. The term g-number can equally apply tethenvalueof a given quantum operator. their eigenvalues
Thus, the 3-momentum of a classical particle israumber. The 3-momentum of a quantun c-numbers are classical
state, in a 3-momentum eigenstate, is a g-number. numbers

Eigenstates are often labeled by their g-numbeagefgalues). For example, the |, and m
numbers for electron levels in the hydrogen atom guantum, or g-, numbems.represents the
energy level number (which is simpler than speniyihe energy itself), the angular momentum
magnitude; anan, thez component of angular momentum. By specifyind, andm, one specifies
the eigenstate of the electron in the atom.

3.11.4Fock Space and Hilbert Space

As you should (hopefully) remember, a quantum siat®dlRQM is an abstract vector in an
abstract vector space, analogous to a physicabvetBD physical space. The same thing is true in
RQM and QFT. This is summarized in Wholeness CBwrt

In all quantum theories, basis vectors (which gpécally eigenstates) are abstractions of the
unit basis vectors along the 3D axes. A generaé staa vector sum of certain amounts of each
basis vector state. Operators in each kind of spatcen the states in that space.

In NRQM and RQM, the states are single particléestand the abstract space they inhabit is
called Hilbert spacewhich has a different single particle eigenstasethe basis vector of each
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“axis”. The dimension of the Hilbert space for aagi system is simply the number of eigenstates
in that system. This can, for many systems, baitefi

In QFT, states are multiparticle, so the basisreitge of each “axis” is a multiparticle state
One “axis” basis vector might be an electron anphaton, each with particular 3-momentum Fock space is Hilbert
Another might be 2 photons and a positron with ipaldr 3-momenta. Yet another might be a space generalized to
electron and photon like the first, except thakeast one of them has different 3-momentum frol multiparticle states
the first. The multiparticle abstract state spat®BT is called_Fock spagcevhich is simply an
extension of Hilbert space to multiparticle states.

Wholeness Chart 3-2. Pligesl, Hilbert, and Fock Spaces

3D Physical Space Hilbert Space Fock Space
\(;:;ga;cter of a Position vector in 3D State vec;(i):gle igal:lt::;(gM, RQM State ve:/lt(lj:ghb:ii;lé in QFT
S;;T:CZZE)?‘S pa oo Normalized eigenvectors Normalized eigenvectors
along “axes” 1hers W1 ,W2 W3 ,[Wa ... 2. e 0o e, ...
Inner product i =g W W =3ds ala, e =0, @, @l @ @ =1,etc.

General state
vector

r=xi,+xi,+x,

W =Cy¥; +Cl¥, + C3l¥5
+ ...,

© =Ciaa +Cla. @ +
Clo, e o

point in 3D space =

State vector &
amount along each

“point” in Hilbert Space =
amount of each single particle

“point” in Fock Space =
amount of each multi particle

its components

basis vector basis vector basis vector

HamiltonianH, P, creatioma'(k), b(k),
destructioma(k),b(k), chargeQ
operate on states

Matrices
operate on vectors

HamiltonianH, 3-momentunP, etc

Operators operate on states

3.11.5a(k) Destroys Any State without Single a Type Particiek Eigenstate
Keep in mind (as we actually already did in the tasv of (3-112)) that, for example,

az‘ﬂ’4%’7§_02> =0,

which is zero, not the vacuum state. In genergauicular type particle destruction operator c
givenk acting on a state that has no particles of thag tf the same 3-momentuaresults in zero.

3.12Harmonic Oscillators and QFT

One sometimes hears that particles in QFT can bsidered to be harmonic oscillators. The
reason for this can be seen with the aid of Whagi@hart 3-3, which summarizes the states of the
NRQM harmonic oscillator (relativistic form is silai, but more complicated, so we won'’t bother
with it) and particles in QFT.

One sees immediately that the energy levels ofwtiedook very similar. Each level iscdabove .
the one below it. (We keep the symbafor this discussion, since it makes the NRQM sumyma QFT particle states have
look more familiar.) And strikingly, each also hasowest level of energy, when= 0 ( = 0 in  Similarities to harmonic
QFT, to be precise), of ¥% quantum [[& or %[ak.) More striking still, each has raising anc ©Scillator energy states
lowering operators that raise and lower energyl$elg [ad(or [ak for each extra particle in QFT.)

These similarities led people to think in termsQ@FT particles as harmonic oscillators. The
vacuum was the lowest excitation of the quanturd figReally, one should say the “state”, not the
“field”, but people commonly express it this wayorusing? Yes.) Each state above (in QFT, each
additional particle) was simply a more excitedestaft the lowest state (in QFT, the vacuum state.)

Destruction operators of

given kind ank destroy
(3-114) any state not having like
kind of particle in &
eigenstate
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Operators acting on states raise or lower the nuwilyearticles, and thus the energy level, and so
excite, or de-excite, the vacuum. Particles aregusitations of an underlying vacuum field.

Wholeness Chart 3-3. Quantum HarmoniOscillator Compared to QFT Free States

NROM Harmonic Oscillator QFT Free States
Energy Levels (n +%) [ad (nk+ ¥2) Lk
Interpretation of n and ng single particle energy level 0,1,2,... number of particles dia energy

Interpretation of wand ax | natural frequency of classical oscillatgr frequency of particle of energyak

Lowest energy level Y Lad Y5 Lak
Interpretation of 1t real particle in lowest state vacuum, virtual paeti
Raising operator raises single particle energy one level raises number of particles by one and
gop gep oy thus, also raises energy one level
. . . lowers number of particles by one and
Lowering operator lowers single particle energy one level
thus, also lowers energy one level
Wave form Hermite polynomial gtk
Nature of wave form real, non-sinusoid complex, sinusoid
Motion oscillates in one place wave that moves
Spatial constraints bound state, local region unbound state, unlimitddme
Free or interaction harmonic oscillator potential = force free, no ®rc

3.12.1“Derivation” of QFT via Harmonic Oscillators

Some texts actually introduce QFT via assumingsttterein are harmonic oscillators. | subm gome texts “derive” QFT
this assumption can only be made after one alr&éadws the form of the Hamiltonian (3-55) anc from harmonic oscillator
the raising/lowering operators (3-75) as we deritrein in Sect. 3.4 (pg. 53.) Otherwise, how coul assumption
anyone understand they should simply assume thes@@s have energy levels similar to those !
the harmonic oscillator?

I contend that assuming harmonic oscillator ba&rain QFT is an unreasonable, and
unfounded, assumption, but that starting withdquantization (a parallel track to what was known
to work in NRQM) is a reasonable assumption. Howetbhee former approach is very common.

3.12.2Harmonic Oscillators Have Different Behavior thant&tes

Note that the wave form for the harmonic oscillatoa Hermite polynomial, far different from ]
the complex sinusoid o™ that fields (and states) have in QFT. And, a haimmscillator ~But there are differences
doesn’t move in space (other than up and downjder & side, in one location), whereas wave Petween QFT particle
(particles = states) do, i.e., they travel fromcpléo place. Further, the free fields (and pasiciee ~ States and harmonic
have been dealing with in QFT are unrestrictecpimce (for discrete solutions, volurdecan be as Oscillator states
large as the universe; for continuous solutionsrettis no volume constraint), whereas harmon..
oscillators are confined to a local region. Stilither, harmonic oscillators are not free staties li
those we have treated, but feel force/interactibre (o the harmonic oscillator potential).

" All of this harmonic oscillator business confused greatly as a student. | simply could not
understand how QFT states could possibly be esdlgritlentical to harmonic oscillators. | was not
confident enough to bring up the counter points tinerd herein, and they were never addressed.
So if you have seen and been confused by the hérosaillator approach, you are not alone.
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Note the caveat: This section and the one abaue itny personal position on this matter, and
not, to my knowledge, shared by many others. Yioeiréader, should make your own call

3.12.3Vacuum Excitations = Real Particles

In spite of the foregoing, one can still think eff states as stable, excited states of the vacut States can be thought of
since our raising operators can create a partiate §om that vacuum, i.e., as excitations of the
_ vacuum(the least excited,
a' (k)[0) =|@). (3-115) m(

or ground, state
The RHS above can be considered as the next higtest above the ground state (above ti

vacuum), and thus, an excited state of the vaci@onsidering such excited states specifically as
harmonic oscillatorexcited states is a different matter.

3.13The Scalar Feynman Propagator

The Feynman propagator, the mathematical formuiatapresenting a virtual particle, such a<
the one represented by the wavy line in Fig. 1-Cloép. 1, is the toughest thing, in my opinion, t Feynman propagator not
learn and feel comfortable with in QFT. If you doféel comfortable with it right away, don't simple to understand
worry about it. That is how virtually everyone feeDver time, it will become more familiar, and il
you are lucky and work hard, maybe even easy. Use wholeness chart as

| have tried to take the derivation of the propagane step at a time, and emphasize what ez You study the derivation
step entails. Wholeness Chart 5-4 (at the end afoCh) breaks these steps out clearly, and shoi
be used as an aid when studying the propagatoratien.

Propagators: NROM vs QFT and Real vs Virtual Plagic

Note that the propagator for real particles, whicki may have studied in NRQM, it the ~F€ynman propagator for
same as the Feynman propagator, which is explidiityvirtual particles in QFT. It may be QFT virtual particles is
confusing, but the Feynman propagator is often kiraglled, “the propagator”. You will have to different from propagator
get used to discerning the difference from context. for real particles of

In QFT, as we will see when we study interactioaspropagator for real particles is no NRQM & RQM
generally needed, and we will not derive one here.

3.13.1The Approach

The first part of QFT is a free particle theory (imeractions, as in this chapter and the ne \ye'|| use the Feynman
three). After this, interactions are introduced.the course of deriving the interaction theory, propagator when we get
mathematical relationship arises that is called Feynman propagator. Physically, it can b i, interaction theory
visualized as representing a virtual particle thasts fleetingly and carries energy, momentum, ai
in some cases, charge from one real particle tthanoThus, it is the carrier, or mediator, of frc
(interaction.) See the virtual photon of Fig. Inldhap. 1.

It will help us pedagogically to derive the Feynnmnpagator now, rather than when we get | But it's easier in the long
interactions. The derivation of interaction thedsyfairly complicated and it will be easier, as Wt ryn if we derive it here
develop it, if we already know the mathematicahtieh for the Feynman propagator, rather the
diverting our attention for several pages to deititben.

Heuristically, it may help to consider the virtysdrticle as created at a particular spacetime
point and destroyed at a later spacetime point,thisdis how Feynman diagrams portray it. From
this (heuristic) perspective the operator figh(y) can be considered to create a virtual scalar
particle at eveny (we used the symbot, in Fig. 1-1), and the field operatgr(x) destroys that
virtual particle at evenk (x; in Fig. 1-1.) The scalar propagator incorporatessé two field
operators in a sort of “short-hand” way.

Note that the above “creation/destruction at a fjojerspective can help initially in
understanding the derivation of the propagatorvireitcaution that it will have to be modified and
refined. We will save that to the end when, afigedting the derivation to follow, this modificatio
will be easier to understand.

We will now derive a relationship for the propagatsing the field operators acting on the

vacuum, and will later see (Chap. 7? XXX) that tésived relationship arises naturally in the full
mathematical development of the interaction theory.
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3.13.2Milestones in the Derivation

We develop the Feynman propagator in five distateps, starting with a physical interpretatior Start with a physical
We represent that interpretation mathematically #reh “massage” it in subsequent steps wit visualization of the
more mathematics, until we obtain the form of thepagator that is most useful (in QFT interactio propagator and follovb
analysis). distinct steps

The entire derivation is for continuous (not disejesigenstate solutions of the field equation
(Klein-Gordon here), since the propagator representvirtual particle in the vacuum and the
vacuum is not confined to a volumé We represent the scalar Feynman propagator \wih t
symboliAg (x - y) . (Including the imaginary factéris common practice.)

Stepl: Math
Step 1 Express the Feynman propagaily as a mathematical representation of a particle interpretation of the
antiparticle created at one point in space and tintee vacuum and destroyed at anoth¢ Physical propagator

place and time. . o Step<2, 3 and4: Math
Step 2 ExpressAg in terms of two commutators (one for particled ane for anti-particles). manipulation of relations

Step 3 Express those two commutators as real integrals. for particle and anti-
Step 4 Re-express those two real integrals as two eor{tmmplex plane) integrals. particle
Step 5 Re-express the two contour integrals as a siimgggral over real, not complex, space Step5: Combining two

the form most suitable for analysis. integrals in complex space

into one over real space
Step 1. The Feynman Propagator as the VEV of & Tmder Operator
) . Fig 3-3a represents creation of a particle, which
i —time _ will be virtual, aty and destruction of it at Fig. 3-3b
represents creation of an antiparticle xat and
¥ LY destruction of it aty. Virtual particles are never gtepi, first part,
detected when real particles interact, so the s#ffeet  defining the time ordered
. V4 on the real particles could be realized by eitfethe  gperator T and seeing
processes in Fig. 3-3. For example, a virtual prti now it represents
carrying charge frony to x would represent the same creation of either a
X X charge exchanges as an antiparticle carrying ofo: yjrtyal particle or
charge fromx toy. Thus, we need a relationship for the gntinarticle followed by
propagator that includes both scenarios as posigibil s destruction

That is, we need an operator that will create
Figure 3-3. Creation & Destruction  particle first ift, < ty, but create an antiparticle first if
of Virtual Particle/Antiparticle t, <ty. Our Klein-Gordon solutions (3-37), (3-85), and
(3-86) provide the means for the desired creatiwh a
destruction operations. But these have to be aedrtg provide us with the time ordering
dependence of Fig. 3-3. To this end, considerithe ordered operatdr, defined as follows.

If t, <ty ¢7T (y) operates first (creates a particle) and is plamethe right, withg(x) operating
second (destroys the particle) and placed on the le

for t, <t, (particle) T{ o' (y)} =e(Xe (). (3-116)

Of course, from (3-85), and (3-86), in (3-11@fx) also creates an antiparticle aqu) also
destorys an anti-particle, but we will see thieeffultimately drops out and does not play a mle i
the Feynman propagator.

If ty < t, @(xX) operates first (creates an antiparticle) andléqu on the right WitrrpT )
operating second (destroying the antiparticle) pteted on the left (where the effects of these
operators for particles will drop out, as we wéks)

for t, <t, (anti-particle) T{qp( X) qu(y)} =g (V)X (3-117)

a) ty <ty b) tx<ty
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We now define what is called the transition ampl@uwhich equals the vacuum expectation Stepl, second part,
value (VEV) of the above time ordered operatoiis lan amplitude, similar to the amplitude of ¢ defining the transition
wave function in NRQM, because, as we will shogée, the square of its magnitude equals tl amplitude as equal to the
probability density of it being observed. (As thguare of the magnitude of the amplitude for VEV of the time ordered
component of the wave function equals the prokgtofi it being observed.) operator T

This transition amplitudes

<0|T{€0( A Y)}| 0, (3-118) We use the VEV because
we will be interested in
the expectation of finding
a virtual particle

traveling in the vacuum

which is the vacuum expectation value (VEV)Tofand this, as we will see below, represents ba
possible scenarios of Fig. 3-3. In wave mechamicstte position basis, the bracket above is ¢
integration over all space. This is still true, bote carefully that the integration variable i€othe
space variable of the bra and ket (thkik but not the time ordered variablesandy. (See Sect.
3.7.6, pg 63.) In QFT notation, we tend to merbipk of a bracket as equaling zero unless the bra
and ket represent the same state.

To gain insight into (3-118), consider the tramsitamplitude operating on the vacuum when a
virtual particle is propagated. Then, from (3-8d (3-86), where an overbar in a state represente

an antiparticle Gaining insight into the
_ time ordered operator T
T{¢’( X)¢'( y)}|0> =¢(Y¢'(Y)[0) for t <1 (particle) acting on the vacuum
5 C
]
=@ ()+ 0 () W) +o (oL
@est_roys creates stroys antiparticle, ~creates L (3- )
article  antiparticl nnihilates vacuum ~ particle C

(¢ )+ (4) F(3)le
=() F(3)|0)+ H() F( ]

G, F, andH are numeric factors that result from the creatind destruction operations (such as the

normalization coefficients that are part of thddieperators), which we will not express explicitly

here. Thus, we have a general ket left, which im ¢hse is part vacuum state, with the amplitude of

the vacuum state part bei@J, and the amplitude of the multiparticle state kmcplus anti-scalar)

part beingHF. As we (hopefully) remember from NRQM, and whichtige for all quantum

theories, for appropriate normalization, the squafréhe magnitude of the amplitude of a state

equals the probability of finding that state. TNGEF)T(GF) represents the probability of observing Taking the inner product

the vacuum state (no particles left after the items) To find the amplitud&F, we need only form .

an inner product of the last line of (3-119) wifi_d.e., of the above [0 with (0|
to get the transition

(OT{e( 6 (9101 =(0 63 F(9]9+(q W) H Y] ampituce
=a(x) F(y) (oo Hy ) (dgys §0) /Y- G320

=1

Note in (3-119) that th(pT_(x) part of(;it (), which created a particle, left thgy) factor, but the
qa“(x) part, which destroys an anti-particle or, in tbése, annihilates the vacuum, resulted in zero.
Also, the ¢)+(x) part of ¢(x), which destroyed a particle, left us with tHéx) factor, but thep (x)
part created an anti-particle in the ket, and thttszero (because the particle + antiparticlekas
orthogonal to the vacuum, the bra, leaving a briack)

So, as we said above with reference to our origdeflnition (3-116) of the time ordered
operator, only the part af(x) that destroys a particle and the parﬁﬁ() that creates a particle will
be relevant.

In a similar way, the same time ordered operatarlmused for antiparticle propagation (with
time forx andy reversed) as in Fig 3-3b and (3-117). You can @tbis by doing Prob. 17.
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So, the VEV of the time ordered operator is an #&oge, the square of whose magnitude i~

the probability of the transition from the vacuumitially (represented by [Pto the vacuum finally lggoslgtléa\;glggtgf the

(represented b@|) Actually, G(x)F(y)l2 is a probability density (to be precise, a dou#esity), transition amplitude is a
because it is a function afandy. That is, the locatiog where the virtual particle is created coulc Propability density(for
be anywhere, and so could the locatiomhere it is destroyed. We would need to integthge € transition to occyr
probability density over all possibbke and all possiblegy to get the actual probability, and this is

what one does in interaction theory to calculatbpbilities and cross sections.

Given all of this, we can define our mathematieddtionship for the processes shown in Fig. :
3 as the VEV of the time ordered operafoiThis is called, in honor of its discoverer, theyikman
propagatoilA: (where we insert a factor obecause it makes things easier later on),

ia (x=y)=(0]T{e(9 & (W} O | (3-121)

Step 2: Expressing\: in Terms of Commutators Step2, expressing
Note fort, <t,, the case for a virtual particle (not antiparfictae Feynman propagator equals Feynman propagator in

Ar (x-y)=(0|¢() o (v)|0) terms of commutators

_ + o 4 - _ o+ _ = ) Step2, first part, finding
09 0ot (94 stenbfhen (Il n® (4 il ®122) - Feynman propagator for

Redefine the transition
amplitude as the
Feynman propagator

=0 = factor)| ) =(factor) @) virtual particle (not
. _ _ " _ antiparticle) in terms of a
= (0l LS =(do' (Yo (9]0 - ot
=( factor)[0) =<0‘q?rp>=0

where “factor” represents the non-operator quastiin each field operator term that are left
unchanged when the creation and destruction coaffioperators act on a ket. To the last part of
(3-122), we can add zero in the form of i
By adding a term equal

0=(0-¢" () g0k (3-123) to zero, we can use a

=0 commutator

Doing that, we find (3-122) becomes

A (x=y)=(0]¢" ()¢ (y) -~ (N (O =(dfF (3 ¢ (Y G-124)
In similar fashion, fot, <t,, the case for a virtual antiparticiene finds, by doing Prob. 18, that Step2, second part,
expressing Feynman

Ar (x-y)=(O " (v) & (XED - (3-125)  propagator for virtual

In summary for Step 2, we have shown the Feynmapagator can be expressed in terms ( @ntiparticle in terms of
commutators as a commutator

iAe (x-y)=(0] ¢ (x) ¢ (y) [0 if t<t (virtual particle) o1g SR Summary
=0 g*(y).@ (x) |0) if t.<t, (virtual anti-particle)
x < ly

Step 3: Expressing Commutator Forms/gf as Integrals

Define the symbolA™ as the commutator of the field typesolutions (for particle) of the first
line of (3-126), i.e.,

Step3, first part,
ia*(x-y)= ¢ (x) @ (y) . (3-127) find A" = commutation

relation for type a fields
where the solutions used on the RHS are the irt€gomtinuous) form for the Klein-Gordon (particles asygn integral

solutions (3-37). It is common usage to use a # figdesignate (3-127), rather than the ledter
which would be easier to remember. Just thiakype field” when you see +. Equation (3-127) is
thus
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. 1 —ikxeik’y
iAt (x-vy)= k),a' (k' d3k dk’
b= 2(277)31[%( )l )% 3-128
S 1 e J(k—k’)d:’k'D_ikxdsk o
(o A 5
and hence,
—ik(x-y)
iA+(x—y):2( 2171)3 © a d . (3-129)

Similarly, where a minus sign stands fbrtype fields (since they are associated with

antiparticles, the minus makes some sense), weal#fe commutator in the second line of (3-126°
ikx iK'y Step3, second part,

A (% =) = @ - 1 (e g e ' find iA” = commutation
8 (x=) @ () # (X)E: 2(271)3-[[ LORNY Jaa dk dk relation for type b fields
(3-130)  (anti-particle

k(

ik(x-y)
=1 5[k,
2(2n) @

Thus, (note different authors may define the sysifol andiA~ somewhat differently)

ik(x-y) Step3, final part,
iAt (x _ y) -1 3.[ e d3k (3-131) combine aboye parts into
2(2m) X one symbolA*

Note that though our earlier expressionsitoandiAi, contained operators that operated on tt
ket part of the VEV in (3-126), because the comtautaf these operators in (3-128) (and similarly Our VEV of operators
in (3-130)) is a numbeiA* are simply numbers, not operators. Since the éatien value of a expression of the
number is a numbeiAe of (3-126) is only that, a number. (To be predise a numeridunction ~ Propagator has become
not an operatofunction) The bottom line is: We don’t have to worry aboperators, their effects, & smple numeric
or VEV brackets any more, but can simply evalu&e Eeynman propagatdhs as a numeric function
mathematical relation.

+
Step 4: Expressing the Two Real Integials as Contour Integrals

It will prove advantageous if we express (3-131)
Im ko as contour integrals. Before doing so, we firsigev
complex integral theory.

__Cct Consider the complex plane for a functioof the
/ ‘\\ complex variablé, i.e.,f (kg). Here, the symbdd, is
/ \ Re Ko not a pole (poles are usually designated with nt
) subscript), but represents a complex numb
N generalization of the zeroth component (the energy)
of 4-momentumk. We concern ourselves with the
particular case whelg) takes on the real valus,.

From complex variable theory,

Review of integral in
the complex plane

Figure 3-4. Contour Integral
for Real, Positive Frequency

1 f
f(cq()=_—f (ko) dkg . (3-132)
121 4. Ko — o) _

Step4, first part,
Now, re-express (3-129) as a regular (not complang) integral as express A" as a
_ g (tty) contour integral

it (x-y)= 1t L &) @L—%k , (3-133)

(2m) H %%
f(a)

where we take the bracketed quantity as equialdg), and where
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—iko te -t
f (ko) :M_ (3-134)
Ko + &
We can then use (3-134) in (3-132) to re-expfdsg) in terms of a contour integral. Using this
for the bracket in (3-133), we find (3-133) becomes

RO PR S ) S L) RS

(2n)° 1277 o Ko~ 0
_ —iko(tx—ty)
1 gk(xy) L e dk d% 3-135
@ ¢ ere (o-a)(or@) (3439
—i e—ik(x—y)

=— > ~d’k

(271)" ¢+ (ko)™ — ()
where the integral notation now implies integrataver four dimensions of the 4-momentum, with
the 3-momentum part fromes-to +eo in real space and the energy part a contour iatégcomplex
space. Note that the integral does not “blow uplaosek, # wy over the contour integral. We are
using a mathematical trick that works, though g jaur usual understanding that, for real partjcles

the zeroth component of 4-momentum equals en&ggdyas at this point become, for us, a variable
that generally does not equal eneogy

We modify (3-135) a little by noting what is alwatlyge mathematically for any four vector, anc'

thus true for 4-momentum components, Modifying terms in our
, ) 5 5 result a little
k¥ =(lo) = (k)" (k) =K +(k) (3-136)
and what is physically true relativistically forstenass, energy, and 3-momentum (see(3-2)),
f-(K)’=p2 - af=pPe(k)’. (3-137)
Substitute the RH expressions of (3-136) and (3-ir8@ the last line of (3-135) to get
_i e_ik(x_ y)
iAt (x-vy)= d*k. (3-138)
Im ko

ForiA™ (x —Y), we carry out similar
steps except that the contour integre Step4, second part,
c- (still c.c.w.) is now about «wyg. In expressA asa

Appendix B, we carry out these steps contour integral

m Re Kk When all is said and done, we find the

W 0 only differences from (3-138) to be the
sign and the contour, which is now

about the negative frequency value and

designated b .

Figure 3-5. Contour Integral for
Real, Negative Frequency

. -ik(x-y)

' € d*k. (3-139)

A ()= (2m)* o K- 1P

Step 5: Re-expresAg in Most Convenient Form Step5, expressing

We would like two things more: 1) express the pgaar as a single function so we don’t hav Féynman propagator as

to keep track (while we are integrating over spagetind doing other things) of whether the virtue intégral over real, not
complex space
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field is a particle or antiparticle (i.e., whetheruse theA” or A~ function), and 2) have all our
integrations over real numbers rather than dedd eontour integrals.

To do this, consider Fig. 3-6, where we have
shown two contour integrals and the quantity
being integrated in both cases is_the integrand
of (3-139). The top loop represetiis (we have
left out a factor of (21)4 in the figure) and
encloses &y with a ccw path. The lower loop

Rek, €ncloses &, but since it has a cw integration
path, the result will have a sign change, and
hence equals the ccw integration in (3-138).
Thus, the lower loop represens.

This means we can define the Feynman
propagator Ar of (3-138) and (3-139) as
proportional to the same integral over the two
different loops of Fig. 3-6. We say

Figure 3-6. Contour Integrals for A~ and A" “proportional” because we also have to include

the concomitant integration over the 3D space
of k not shown in Fig. 3-6, as well as the various tamts involved.

So we can then re-write the Feynman propagatd-a8g) and (3-139) with Fig. 3-6, as Two different contours
. —ik(x- for the Feynman
i e i) . ,
iAe (x—y)=— — 'S (3-140) propagator written with
(27)" ¢ K- same integral, different

where theCr on the integral defines the route we take in thegof Fig. 3-6. meaning for path £

Now, consider enlarging the outer hemispheric pafrtbe two loops in Fig. 3-6, so they extend
essentially to infinity. The value of the contontegrals over them will remain unchanged. But tr- )
2 . . . I . Extending all parts of
k™ value in the denominator of (3-140) will becomelame that any contribution to the integra
over those parts of the path will become negligitiee Appendix C.) Thus, we can effectively tak CONtOUrs toee except

the integral (3-140) as extending only along the ais from —co to +oo as in Fig. 3- 7. along real axis
Im ko Im kg
ko= (6= n)
!
-0 - + oo II
%Aﬁ_’ P ’ P P " —p—
wk Re ko I' Re ko
P
Ko=w, =N
Fig. 3-7. Contour G: for Ar Fig. 3-8. Contour and Displaced Poles foA

We can further simplify by moving the poles an nitiésimal distance) off the real axis as Instead of integrating
shown in Fig. 3-8 and deform the contour so that ill along the real axis. In the limit gs—» 0, around poles on the
the integral will have the same value, though westmow include this slight pole shift in the axis, move poles
propagator expression (3-140). We do this by remafrom (3-136) and (3-137) that we used slightly off the axis

k=12 = (k)" = () (3-141)

to obtain the denominator of (3-140), so we mustperarily restate (3-140) using the right hand
side of (3-141), then shift the poles. Thus, (3)lg&comes
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)= T e e (3-142)
x-y)= ) - . -
o L~ (@ )

If we then use (3-141) again, ignore second oreleng inn, and take = 2nwy, we have our final

iAE (

result for the Feynman scalar propagator Yields a single integral
) over real space
A (X-Y)=—F S d*k. | (3-143) 'epresenting both
(271)" _o K=~ " +ie virtual particle and

. . . . . antiparticle, the most
Note the advantages of this form. We now have glsinmathematical relationship that -;nvenient form for the

automatically describes both a particle propagditiog y to x and an antiparticle propagating from Feynman propagator

x toy. We also have done away with the cumbersome comdegrals in favor of a simple 4D

integral over the entire real (not complex) 4-motnan space. In practice, we can evaluate this

integral then take to zero after the integration is carried out.

Summary of Steps 1 to 5 Summary of
Steps 1 to 4 for the virtual particle Feynman poziar were propagator derivation

i (x=y) =(0T{e(x ¢ (9} =(de( 4o ( Y[9 if y< g (particld
—ik(x-y)

=(0] [ (9.6 ()F0) = " (x-y)= 2(21”)319 PaGLE LD
)

iA*(x—y , a number

Stepsl to4

i o k()
(271)4‘[C+ k? - 2
and for the virtual anti-particle Feynman propagato

e (x=y) =0 T{A()# (W9 =(de (el 9 it k< (antiparticy
+ 1 eik(x_y)
=(0 ¢ 3
2(2n)” A
|A‘(x— , a number
| ok (x-y)
()t ¢ K4

The two contour integrals of (3-144) and (3-145yaveombined in Step 5 to yield the single Step5
integral over real space of (3-143).

ok (3-145)

@ (X) [0 =iA"(x-y)=
)

3.13.3Comments on the Propagator and Its Derivation

The Propagator and Interaction Theory

The derivation above was formulated with an eyeirteraction theory. In that theory, Our definition of
amplitudes are derived for various kinds of intéimats between various particles. The square of tl Feynman propagator
magnitude of each amplitude turns out to be théaidity of that particular interaction (transitjon here will pop up in our
occurring. These transition amplitudes each depemche initial real particles, the final real formal derivation of
particles, and the virtual particle(s) that meditite transition. It turns out that the factor ire th interaction theory
amplitude representing the virtual particle conttibn is identical to the Feynman propagdigras
we defined it in the VEV of the time ordered operg3-121). Thus, it is also equal to (3-143), so
we can simply plug the RHS of (3-143) into the all@ransition amplitude as part of our analysis.

This is one reason we started with the relaﬁyihto create and destroy a virtual scalar particle,
rather than what one might initially expect, thengler creation and destruction operator relation
a(k)aT(k). Our heuristic approach was tailored to match twhe knew would be coming in the
mathematical development of interaction theory.




Section 3.14 Summary 79

Meaning of Spacetime Poingsandx Feynman diagrams

In Fig. 3-5, we imply the virtual particle is credtaty and destroyed at In Feynman diagrams and our derivation,
virtual particles are depicted in this way, anéeast one real incoming particle can be thoughasof jmply creation and
being destroyed & as in Fig. 1-1 of Chap. 1, with a virtual paridreated simultaneouslyyatAt  gestruction at a point,
x the virtual particle is destroyed, with the sirankeous creation of at least one outgoing re pyt more properly,

particle atx. waves are created and

To be precise, it is more correct to think of tinedming, outgoing, and virtual particles a: destroyed, and they are
moving waves spread out in space. What we calctdata giveny andx is the probability density spread out over space.
for the interaction as a function of the coordisatandx. If y andx are closer, one would find the
probability density for the interaction to occurgeeater; if farther away, the probability densgy
less. Integrating over all andy gives the total probability for observing the iatetion.

We are really finding
probability density as

functions ofx andy
Momentum Space Form of the Propagator

From (3-143), we can readily write down the 4-motuen space form of the propagatdine

Fourier transform of (3-143), which will be veryatisl, Momentum space form
1 of the propagator
B (k)= —5— | (3-146) _
ke—-u“+ie Earlier version was

, . physical space form
Green’s Functions and Propagators

Feynman propagators have the form of functions knawmathematics as Green’s functions
and you will sometimes see them referred to in Weat.

Feynman propagator =
Green function
3.14Summary

Scalars and Relativistic Quantum Mechanics (RQM)

Do Prob. 20 to create your own Wholeness Chart sampmwf scalars and RQM as presented in
Sect. 3.1.

Scalars and Quantum Field Theory (QFT)

This part of the chapter is key. Know it, and yaww most of the basic principles in QFT. Spin
% and spin 1 field theory closely parallel thatoélars, so most of the conceptual battle is waged
this Chap. 3.

Free scalar QFT is summarized in the second colafrWwholeness Chart 5-4 at the end of
Chap. 5. If you can, more or less, reproduce thiapMhess Chart column without looking at it (that
is, derive the essence of QFT), you have achiesptething few have achieved.

QFT Grounded in"¥ Quantization

It is important to understand how the entire thespyings out of the two"2 quantization
postulates. All the operators (number, Hamilton@eation/destruction, 3-momentum, charge, etc)
are a direct result of these postulates. So isréloeum energy. Wholeness Chart 5-4 can help to
make that transparent.

In particular, starting with the classical Lagramgidensity (or Hamiltonian density), the
commutation postulate gives us the rest of therthestep-by-step, as illustrated below (where we
use onlya type particles to save space).

Although the steps shown below are specificallysicalars, the developments of QFT for spin %2
and spin 1 particles follow precisely the same ephtaal steps.

Steps to QFT
[0" (6D, &y )] = id'sAx-y) - [ak),a'(k)]= o - Ho & vacuum energy -

Na (k) = aT(k)a(k) as number operator — aT(k), a(k) as creation/destruction operators
! ! !
form of observable operators the propagator interaction theorp be studied
(for real particles) (for virtual particles) (for fefa virtual particles)
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Kinds of Operators in QFT

In QFT there are two kinds of operators. One kimdhe usual one from NRQM and RQM
representing the dynamical variables of classicabty, such as the Hamiltonian (energy), the 3-
momentum operator, charge, etc. The other kind cisempcreation and destruction operators.

The first kind, when operating on an eigenstateggrogluces the original state multiplied by an
eigenvalue. The second kind changes the statedihemstate (ralsmg or Iowerlng the number of
particles in the state.) The second kind compfisesoefficientsa(k), a'(k), b(k), b (k), as well as
the fields of which they are a pafg and qJ Note that operators of this kind do not have
eigenvalues, since their operation on a state @watimt state, rather than re-producing it (tintes a
eigenvalue), and hence they are generahobservable.

Wholeness Chart 3-4. Differedinds of Operators in QFT

Dynamical Variable

Operators H, P, Q, Na(k) eigenvalue times original eigenstate

Raising and Lowering

Operators a'(k), a(k), b'(k), b (k) | new eigenstate, one more/less partidle

Fields 7 andqur as above No

Odds and Ends
For a summary of bosons vs fermions, and Fock spaecWholeness Charts 3-1 and 3-2.

Copyright owned by
Robert D. Klauber

See more at Pedagogic Aids to QFT at
www.guantumfieldtheory.info

3.15Appendix A: Klein-Gordon Equation from H.P. Equatioof Motion

3.15.1Background Math Needed for Delta Function Relation

From Arfken and WebeiMathematical Methods for Physicist«éh ed (Academic Press 1995),
pg 85!

dOX =) ¢ yoyax == X5 ayag=—9X) (3-147)
dx dx dX |y=g
where in our case we will have
X ox a-x  f(X)o Dex) ‘;‘SL_"") L 06X -x), (3-148)
X
so that (3-147) becomes
ID'J(X' -x)I'@Al X', t)dx' =-000¢(X,t). (3-149)
3.15.2Deriving the Scalar Field Equation
The Heisenberg equation of motion for any operator
i%o= [O.H], (3-150)

and for a complex scalar field, this is

Examples Effect on Eigenstate Observable?
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.0
|a¢:[¢,H] . (3-151)
Thus, using (3-33) for to findH = d3x, we have
0o O = i
. I I:| I I
i—-gx,)= @ x.0), [dX Dl —+H ¢ g+ 1 °¢'oIT (3-152)
ot 1 [odly non [T
| [=zgro result [C

where the quantities inside the integral are aitfions ofx’ andt. Sinceg@(x,t) is not a function of
X', we can evaluate the commutator inside the intedi@e second and third terms inside the
integral of (3-152) commute witly and thus drop out. Writing out the independentatde
dependence only when needed for clarity, and ussiegfield commutation relations fap and 1t
(reproduced below from Chap. 2, Wholeness Chartl2sh box in RH column) of

¢ -0 0(x -x), (3-153)
in the second line below, where it says “subs” fiwe (3-152) becomes
: = E
i aqo(x,t) :J’dsx' %(x,t) g (x4 7z(x' ) %J’ dX ' m- ' mer
17 subsE
:J’d X' %M*(x’ 1)id(x' —x) % (3-154)
0 =

=i (x.t).

Next, using (3-150) when the operator is the comptjugate of the canonical momentum,

i%ﬂT(X,t): ' (xt), dX mr =+ Me+uply . (3-155)
-0in

function commutator

of x
functions ofx’

Note that[l' 77 (x,t) =0, because the derivative of a functiorxaé with respect to a primed,
and we can mover inside and outside of any quantity the 3D spat&ivative operates on. We
use this several times in what follows. We therufoon the second term in (3-155) and substitute
(3-149) in the third line below where it says “usath relation above”. That second term is

JoX PR Pe-Tedfegsfo¥ O(rg)Pe-Tem il
('] v pr) use som Terme  (3-156)

commute

:Id3x' D’(go*n*) ' - %ﬁﬂﬁﬂ'((fﬂT) M'e =i0%(x,t).

use math relation above

By doing Prob. 6 at the end of the chapter, thdeeaan verify that evaluation of the third term
in the RHS of (3-155), using similar (but simplstgps, leads to

i%ﬂ*(x,t)ﬂ(ﬂz —,uz)qp(x,t). (3-157)

Substituting the time derivative of (3-154) inteX387), one gets the Klein-Gordon equation
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2
— 2_,,2 -
2 ?= (- 4)o, (3-158)
thus showing that the equation of motion of a schdédd in the Heisenberg picture, expressed in
terms of commutation relations, is equivalent ® lthein-Gordon equation.
3.16 Appendix B: Propagator Derivation Step 4 fdf

We derive (3-139) from the scalar propagator déiowestep 3, (3-131),

ik(x-y) iQ(tty)
i (x-y)=— & —dgk=—1_ E ek () g
2(2m) 2 2( 2m) 2
L S ok femy) () () @
= cos(—k) (x-y) + isin-k)(x-y)) dk (3-159)
2(2n)° ., @ | |
o s vaie S Y
integral same if take thiscoski(x-y)+isirki(x-y)= &ibky)
i (te-ty)
=1 f ek V)
(2m) 20,
=o[-a)
From complex variable theory
=iko(tety)
1 g(ko) , e y
9(~a)=— —22L dk with o(k)=——, (3-160)
( ) |27TC—ko_(‘be<) ( ) _k0+0.4<

which we can check is correct (i.e., equals thesdmécket quantity in the last part of (3-159)) via
g(—%) _ e_i(_“‘k)(tx_t)’) chicks eiak(tx_ty)

~(-a)+ @ 20y
Putting the RH quantity in (3-160) into the LH gtiginin (3-160), we have

(3-161)

1 1 =iko(ty~ty) _ =iky(tyty)
-1 € dg=— ——dk. (3-162)
S N L 27 - (ko)™ = ()

Using (3-162) in the last part of (3-159) resufts i

9(-a)

i e_lk(x_y)
A (x=y)=—5 [ Sd*k, (3-163)
(27)" & (fod bl 1
:kZ_/jZ
where the underbracket part comes from (3-136) arkB7). (3-163) is (3-139).

3.17 Appendix C: Enlarging the Integration Path of Fig3-6

The integral of Fig. 3-6 expressed in (3-140), cawbgen as
i e—iko(tx—ty) dk (x) e—i(Rek0+i Inko)(tx -ty ) ik ()

7 7_ 2 dio &’ x=—— 2
(277) Cr K®=u (271) Cr K®=u

i e—iReko(tX—ty)élnko)(tx—ty) dk (<) ;
= 7 3 dk, d” x.
(27) Ce K —u

dg d >
(3-164)

ZAYS (x—y)= 2




Section 3.18 Problems 83

The factor with Rlg in the exponent oscillates and will be swamped byd&eominator
Whereverko2 - oo, The factor with Ik, in the exponent however is real, so we have to befuda
about it.

For the lower half plane of Fig. 3-6, the integifa¢(x-y) represent\’(x-y), wheret, > t, and
Imky is negative. That means in (3-164) the factor witkylhas a negative value in the exponent
and will go to zero as kg - —oo.

For the upper half plane of Fig. 3-6, the integfal(x-y) representé\(x-y), wheret, > t, and
Imk, is positive. That means in that half of the plane tihe factor with Ik, has a negative value in
the exponent too and will go to zero akjm. + co.

Thus the integral over the contour vanishes whenlefes .

3.18Problems

1. Substitute (3-9) into the non-relativistic Schrodingguation (3-1), and also the relativistic
Klein-Gordon equation (3-8), to prove to yoursekHttbnly terms with exponential formi(Ent —
pn-x)/ CSolve the Schrédinger equation, but all terms #9)(30lve the Klein-Gordon equation.
Do you see that the single time derivative in thenfar equation, and the second order time
derivative in the latter, are responsible for this?

2. Prove that the orthonormality conditions (3-15ktatesg a also apply to statesg;.

3. Repeat steps (3-24) and (3-27) using the terms witfiiceats BkJr in (3-12) instead of those
with Ax. You should find total probability of negative unit

4. Express the Klein-Gordon equations (3-35) and ttiecrete solutions (3-36) in cgs units (i.e.,
with ¢ and (A1) and plug the latter into the former to show piaét: mZc?

5. Prove that the continuous solutions (3-37) solve tlenkKGordon equations.
6. Show that the"3term in (3-155) of the Appendix equal$;+2¢(x,t).

7. Derive the commutators for the continuous solutionthéoKlein-Gordon field equation from
the second postulate of'2quantization. (Warning: This problem may not be twothe
significant investment in time needed.)

8. Starting with the mass term in (3-48), derive (3-53).
9. Find the VEV (vacuum expectation value) of the fiietd scalar Hamiltonian.

10. Show thataT(k) creates am type particle with 3-momentut, b(k) destroys @ type particle
with 3-momentumk, and bT(k) creates & type particle with 3-momenturk. Follow steps
similar to those in (3-71) to (3-74).

11. Showa(k)|n)=/n | R -1). Does it follow in a heart beat thafk )| 7i,) = T [} —1) ?

12. Substitute the free field solutions (3-36) to the KHi€ordon equation into the probability
density operator relation (3-89) to find that operatxpressed in terms of number operators.

13. Using (3-100), the expression for 3-momentum in terishe fields and their conjugate
momenta, and the Klein-Gordon field equation sohgj prove (3-101), the number operator
form of the 3-momentum operator.

14. For the state#eZ@l ,3(7&1 @ 2> , determine the expectation valueRyfthe 3-momentum operator.

15. Show that for real (not complex) scalar fields, idearfor 77to be equal tap, the constank in
the scalar Lagrangian density (3-30) must be %. leiggnn QFT, for real fields, we take=Y%.

16. Show that if instead of the”‘?quantization, postulate #2 of commutator relati(3€0), we
had anti-commutators between the field and its gatgimomentum, i.e.,
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M (x.t) ,ﬂs(y,t)E =g+ g =id (x-y) (3-165)
then the coefficient commutators would be anti-coratar relations, i.e.,
(k). ()5 = (k) b k) = e - (3-166)

(Hint: Just use opposite signs in (3-433 tbw and then in last two rows inside the bracket just
before the last equal sign. Then, all commutator8i5) to (3-47) become anti-commutators.

17. Find the transition amplitude operating on the vacuwhen a virtual anti-particle is

propagated as shown in Fig. 3-3b. Use symbols for riarfactors resulting from creation and
destruction operators acting on the vacuum and sthtgs.

18. Prove (3-125).

19. Reproduce the essence, with the best detail you catemof the Spin O column in Wholeness

Chart 5-4 without looking at it. That is, prove touyself that you know how the free field part
of QFT is developed.

20. Create your own Wholeness Chart summary of RQM, asmegben Sect. 3.1. Take each sub-
section heading of Sect. 3.1 as a block in the laftdhcolumn of your chart. Put the main
result(s) of that section in the block just to its righthe next column. In between main results
insert blocks with short notes on how one gets fronmiaterial above to the result in the block

below. If there are other comments you wish to addltlpem in another column to the right of
the others.



