Page 16 — Derivation going from (2-18) to (2-25) by Luc Longtin

We start from the totally general 2X2 complex matrix in the form of (2-18), to which we impose
the conditions (2-19) for a special unitary group. With a view of writing the matrix in a form that
will reduce to the identity matrix in the limit where the independent parameters vanish, we write:

C[L+6, 8
M=1s " 1+,

...with conditions MTM = I and Det M = 1
In this form, at this point, the §;’s, i = 1, 2, 3, 4, are arbitrary complex parameters.

From the special condition, Det M = 1, we must have: (1 + 6;)(1+8,) — 838, =1

From the unitary condition, M M = I, we must thus have:

i =[' gs; 1 f;(s;] 1 2461 1 %52] =[5
Component  Expression Component  Expression
-1 (L48)A+8)+8:8,=1 12 (148)8;+8,(1+68,)=0
21 (1+6)8+68,(1+8)=0 22 (1+8)(A+8)+6858;=1
Multiplying the 1-1 component with §5: (1+6.)(A+67)83+ 838,68, = 53
Using the 1-2 component, we can write: —(1+8)(A+6,)8; + 638,65 = O3

Using the special condition relation, (1 + §;)(1 + §,) = 1+ §38,4, we have:
(L + 81+ 885 + 838,65 = —(1 + 856,)8% + 636,65 = —65 = 65
So: -85 = 03 or 84 =—03
Substituting into the 1-2 component relation, we get: (1 + ;)83 — (1 4+ 6,)853 =0
So: 61 =0, or 6, =0,
From the special condition: (1+6)A4+63)—0636,=1+6)A+6)+836;=1

Or: 6,465 +06,8]+8585=0

(146 53]_1+51 55
S, 146,

Therefore: M = 62 1467

NOTE: This matrix has four (real) parameters; namely the real and imaginary parts of §; and J5.
However, there is the special condition that imposes Det M = 1, so that there are, in fact, three
independent (real) parameters. Expressing §; and &3 in terms of real variables, we can write:

63 = ay + ia1 SO 6; =a; — ia1
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61 = oy + ia3 SO 6; = g — I:a3
NOTE: In the above relations, a// of the a parameters are real.

[T+ ap tias a, +iaq

-y + iy 1+ay—ias with DetM =1

So: M

There remains to express the special condition in terms of the a;’s.
Thus: 6; + 61 + 8,6 +6363 =0 ...becomes...
(2 4)) + ia3 + dg — ia3 + (ao + ia:;)(ao - la3) + (az + ial)(az - lal) =0

2aptai+as+ai+a?=0 or ai+2aptai+ai+ai=0

So:  ay=-1%1-(a?+a?+a? or ag=+1-(a?+a2+a?)—1

We choose the (+) sign solution, since we want a to also vanish in the limit where the three
independent ¢;’s vanish. We also note that since all the a’s are real, the sum inside the square
root cannot exceed unity; that is: al+ai+ai<i

NOTE: Of course, as planned from the beginning, in the limit where all the parameters tend to
zero, the matrix M approaches the identity matrix, as desired.

Finally, we can also write in a form that will be useful later on, by factoring out a factor of i.

—iag+az; a—ia,

So: M=1I+i ay +iay —iag — a3

..where ¢y = /1— (a? + a2 +a2) —1
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